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CHAPTER 0

Overview

Back to the Top.

1. Motivations/Applications
A few sample results that turn out to be related to homogeneous dynamics are listed.

2 2
1.1. Horocycles on constant negative curvature surfaces. Equip H? = {x+i y € C, y > 0} with the metric dx ;zdy . Let T < Isom(H?)

be a discrete (torsion free) subgroup such that H?/T is compact (such a subgroup is called a uniform lattice). Then H?/T is a compact
surface of constant negative curvature. Conversely, every surface with constant negative curvature arises this way. Let 7 : H> — H?/T" =
M be the quotient map.

Consider a horocycle . in H?. Explicitly, for each v € {x+iy, y = 0}, a horocycle based at v is a circle (with respect to the Euclidean
metric) in H? tangent to {y = 0} at v. For v = oo, a horocycle based at v is a horizontal line above {y = 0}.

H A

v V=00
Now we take the image of # under the projection 7.
THEOREM 1.1 ([Hed36]). Forevery A, n(F) is dense in M.
If M =H?/T (I < Isom(H?) still discrete) is just of finite volume, then

THEOREM 1.2. 1. n(A) is either closed or dense in M.
2. Letn(A;) be a sequence of closed horocycles, then as the length goes to infinity, n(/;) becomes dense in M.

REMARK 1.3. Assume M =H?/T has finite volume. Then there exists closed n(F#€) iff M is non-compact.

By comparison, the image under n of a geodesic is very different. The image could be closed, dense, or in between. And closed
geodesics do not necessarily equidistribute towards the volume measure (though on average they do equidistribute).

1.2. Isometric immersion of hyperbolic spaces. Let H3 be the three dimensional hyperbolic space {(x+iy,z) € C xR,z > 0}
equipped with the metric % (dx*+dy” +dz*). Let I' < H® be a discrete (torsion free) subgroup, such that H* is compact (finite vol-
ume suffices). Consider an isometric embedding ¢ : H?> — H3. The image of : can be explicitly described. There are two cases:

1. given a circle on {z = 0}, then there exists a unique half-sphere in H3 whose boundary is this given circle;
2. given aline on {z = 0}, then there exists a unique half-plane in H® whose boundary is this given line.

Then ((H?) is either a half-sphere or a half-plane described above. Similarly, we consider the image of ((H?) under 7 : H3 — H3/T' =: M,

THEOREM 1.4. 1. w(l(H?)) is either closed or dense in M;
2. Given an infinite sequence of distinct closed n(1;(H?)), thenlim; 7 (1; (H?)) is dense in M.

REMARK 1.5. That the volume ofn(ti([le)) would go to infinity is automatic.

1.3. Oppenheim conjecture/Margulis theorem. Consider a non-degenerate real quadratic form in three (larger than 3 also ok)
variables, viewed as a function Q : R> — R. Assume it is indefinite. Note that if Q is a quadratic form with rational coefficients or
proportional to such a form, then Q(ZS) is discrete in R.

THEOREM 1.6. IfQ is NOT proportional to a quadratic form with rational coefficients, then Q(Z3) is dense in R.
REMARK 1.7. It is also true replacing Z° by primitive vectors. The proof is a bit harder.
REMARK 1.8. This is false if Q has two variables.

The above theorem admits a quantitative version in certain cases. Let Q be a (nondegenerate) quadratic form in 4 variables of
signature (3,1) (what follows does not apply to signature (2,2), (1,2)). Assume Q is irrational as above.

THEOREM 1.9. There exists Ag > 0 such that for everya< b e R,
#{xeZ"| Q) e (a,b), llx| < T} ~Vol{xeR*| Qx) € (@, b), | xll < T} ~ Ao(b— a) T*

1.4. Littlewood conjecture. Let a € R (assume everythingis irrational just in case of some trivialities). By pigeon-hole principle(?),
one can show that

inf  |m|-lma+n|<1.
(mgo,n)eZ?

On the other hand there exists a ("badly approximable numbers") such that

inf  |m|-|ma+n|>0.
(mx,n)€Z?

The Littlewood conjecture is
CONJECTURE 1.10. For every pair (a, B) € R? irrational,

inf Im|-|lma+ ny|-|mB+ny| =0.
(mo,m,n2)€Z3
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To make it look closer to the Oppenheim conjecture, you may write Iy (x,y,2) := ax+ Y, lg(x,y) := px + z and ¢(x,y,z) := x. Let
L(x,y,2) := ¢ lo - Ig. Then the conjecture asserts that when L is “irrational”, then inf(, , ;73 [L(x, y,2)| is dense at 0. By comparison,
the Oppenheim conjecture is equivalent to Q(Z>) being dense at 0.

Our current knowledge is

THEOREM 1.11. The set
{(a,p) € R?, that fails this conjecture}
has Hausdorff dimension 0.

REMARK 1.12. For everyd >0, there exists (a, ) such that

liminfn'* | nall | ng| > o.
nez

According to [Gal62], this was done in [Spe42]. So the exponent on n is the best one can hope for. On the other hand, maybe one can
improve n bylogn (see [Gal62] for some restrictions though).

1.5. Quantum unique ergodicity. Let (M, d) be a closed hyperbolic surface of constant negative curvature. Let A be the Laplacian
operator —yz(% + %).
Fact 1. Eigenvalues of A are non-negative and discrete in R, say enumerated as
0=A <Ay <..
Fact 2. For each 1, the eigenspace E,, consists of smooth functions and has finite dimension;
Fact 3. Different eigenspaces are mutually orthogonal and L?(M) is spanned by them.

(see e.g. Thm 3.2.1, Jost, Riemannian Geometry; Thm 4.43, Gallot, Hulin, Lafontaine.)

Now take f; € E,,. We are interested in the limiting behavior of the sequence of measures {| f; > Vol}, normalized to be probability
measures.

A theorem (quantum ergodicity) of Snirelman says that there exists a density one subsequence n; such that lim|f, Vol = Vol
(suitably normalized) in the weak* topology (this theorem holds for more general compact Riemannian manifold, as long as the geo-
desic flow is ergodic, a property that holds for every negatively curved surface).

CONJECTURE 1.13 (Quantum unique ergodicity). lim|f;,|? Vol = Vol holds without passing to any subsequence.

This is still open. Progress is made when the fundamental group is a "congruence subgroup" where there is an additional supply
of operators, called Hecke operators, that commute with the Laplacian.

THEOREM 1.14. Assume{f;} is a sequence of Hecke-Laplacian eigenfunctions. Then
lim | f,,1? Vol = Vol
in the weak* topology.

In the non-compact congruence case, this also holds for Hecke-Maass forms whose proof requires one more step to guarantee
non-divergence.

2. Measure rigidity

2.1. Unipotent flows. Consider SL,(R) and a discrete subgroup I'. Equip SL;(R) with a right invariant Riemannian metric. Then
the volume measure my on SL, (R)/T is left invariant under SL, (R). We normalize it to be a probability measure.
Consider the subgroup
, SE [R%}

THEOREM 2.1. Assume SL(R)/T is compact. Then my is the unique U-invariant probability measure.

1 s

U::{uszz 01

This would immediately imply the denseness result above.

THEOREM 2.2. Assume SLy(R)/T has finite volume. Then each U-invariant probability measure is a convex combination (possible
in the form of an integral) of the following
1. my;
2. theU-invariant measure supported on a closed (and compact) orbit of U.

The implication to orbit closure requires an analysis on this convex combination.
In general, Ratner’s measure classification on ergodic invariant measures for Ad-unipotent flows roughly reads as follows.

THEOREM 2.3 (Measure rigidity theorem). Assume the following

* a connected Lie group (2nd countable) G together with a discrete subgroup T';
* aone-parameter Ad-unipotent subgroup U = {u;, s € R} of G.

Then every U-invariant ergodic probability measure p on G/T is homogeneous.

Ad-unipotent means that the image of U under the Adjoint representation in GL(g) consist of unipotent matrices.
For a measure p on G/T define the closed subgroup of G by

H:=G,:={g€G, g«u=p}
We say that a probability measure p is homogeneous if there exists x € X = G/T" such that u(Hx) = 1.
REMARK 2.4. When G is a semisimple closed subgroup of SL,,, Ad-unipotent is the same as being unipotent in SL,,.
REMARK 2.5. Various “connected” assumptions may be dropped with similar conclusions. E.g. one may consider ugcz.

REMARK 2.6. Let H, x be as in the theorem and the definition above. Then Hx is closed in G/T. This is proved in [Rag72, Sec.1.13]
assuming G/T admits a finite G-invariant measure (i.e., I is a lattice in G), but the proof carries through without this assumption.

REMARK 2.7. Let H, x be as in the theorem and the definition above. Then by modifying x, one can show that Hx = H°x and U is
contained in H°.
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THEOREM 2.8 (Equidistribution and topological rigidity I). Further assume that T is a lattice in G. Then for every x, there exists
U < H = G closed connected subgroup such that
1. Hx is closed and supports an H-invariant probability measure ip;
2. for every bounded continuous function f : GIT — R,

T
Tlimf f(u;-x)dt exists and is equal toff(x)uH(x).
—codo

3. U~ ppy is ergodic;
4. U-xisdensein H- x.

The logic of Ratner is
Measure rigidity = Equidistribution = Topological rigidity.
Nevertheless, there is a different (potential) approach by deducing the topological rigidity bypassing ergodic theory.
The topological rigidity is the original Raghunathan’s conjecture.

THEOREM 2.9 (Topological rigidity IT). Let G,T" be as in the last theorem. Let L < G be a Lie subgroup generated by one-parameter
Ad-unipotent subgroups. Then for every x € GIT, there exists L< H < G and V < L some one-parameter Ad-unipotent subgroup (of G)
such that

1. Hx is closed and supports an H-invariant probability measure;
2. Lx=Vx=H X;
3. V.~ puy is ergodic.
2.2. Higher rank diagonalizable action. Fact: Let a; :=

et | Then the {a;} e action on SL, (R)/T" admits many invariant

probability measures/closed sets and they are not easy to classify. The conjecture is that the situation would become better in higher
rank.

Let
el
A= e’ tiER,ZtiZO =R2.
e’s
Consider the A ~ SL3(R)/SL3(Z).
CONJECTURE 2.10. ¢ Every ergodic invariant probability measure is homogeneous;

o Every bounded (in the unbounded case, statements need to be modified) orbit of A is homogeneous.

Of course one can propose similar (but necessarily more complicated) conjectures for other (semisimple) Lie groups G and other
As.

THEOREM 2.11. Let G :=SL3(R), I' = SL3(Z) and A same as above. Let 1 be an A-invariant ergodic probability measure on G/T.
Assume for some a € A, hy(a) > 0. Then p is the G-invariant probability measure on G/T .

The topological implication is that

THEOREM 2.12. The Hausdorff dimension of
{x € GIT, Ax is bounded}

is2.

Note that the union of compact A-orbits is a countable union, hence also has Hausdorff dimension 2.
A theorem of slightly different flavor, related to the AQUE theorem above, is

THEOREM 2.13. Let G :=SLy(R) x SL»(R), I' < G irreducible (e.g. T = SL,(Z[v?2))). Let H := {e} x SLy(R). And
A:={(as,id), te R}
Let u be an A-invariant probability measure such that

e h(a,v) >0 for every ergodic component v of |;
e u is H-recurrent (some assumption weaker than H-invariant),
then p is the G-invariant probability measure.

REMARK 2.14. Same conclusion holds replacing the 2nd factor SL;(R) by SL2(Qp). This p-adic version is what is required for the
AQUE theorem.

REMARK 2.15. This theorem is not easily reduced to the ergodic case due to the recurrence condition.

REMARK 2.16. Whether one can eliminate the entropy assumption remains an open problem.

3. Further reading

Here are some general references.

[BMOO] is a nice introduction to homogeneous dynamics including a proof of Oppenheim conjecture in the last chapter.
Einsiedler and Ward have a (ongoing) book project on homogeneous dynamics available on the authors’ homepages.
What we plan to cover in this course (and almost everything I write here) can be found in the monograph [EEE*10].






CHAPTER 1

Denseness of horocycles

Back to the Top.

1. Summary

In [Hed36], the author considers curves in the hyperbolic disk with constant “geodesic curvature” (let cur denote this number),
measuring how far a curve is away from being a geodesic. Under this constancy condition, curves are divided into 4 types:

1. cur=0;
2. cure(0,1);
3. cur=1;
4. cur>1.

Geodesics belong to type 1. Type 2 are those equidistant to some geodesic. Type 3 are horocycles. Type 4 are Euclidean circles
in the interior of the disk model. The paper is about their “transitivity modulo I'’, namely their image in certain hyperbolic surfaces
(orbifolds).

This chapter is about horocycles, that is, curves of type 3 assuming the relevant surface is compact. Actually our discussion applies
to the unit-tangent bundle, not just to the surface itself. Type 4 are compact. It is claimed that type 2 behave like type 1. One can also
show that as the curvature tends to 1, type 2 and type 4 asymptotically behave like type 3.

Firstly, let us introduce some notations

t
. U::{us:z (1) 1 se[R{},A:z{atzz % e(jt tE[R};
o Let I be a discrete subgroup of SL, (R) and let X := SL, (R)/T’, equipped with the quotient topology;
o for g € SL,(R), write [g]r for its image in X.

One can identify X (at least when {+1} c " and I'/ + 1 is torsion free) with the unit tangent bundle of some hyperbolic surface.
Moreover, orbits of A are geodesics and orbits of U are horocyles.

THEOREM 1.1. Assume in addition thatT is cocompact in SL,(R), namely, X is compact. Then the action of U on X is minimal, that
is to say, for every x € X, U.x is dense in X.

In a dual formulation, this says that for every nonzero vector v € R?, T.v is dense in R?. This fails for I' = SL,(Z), but SL»(Z) is not
cocompact.

REMARK 1.2. The proof below applies equally well to the discrete case {us}scz with the same conclusion. Namely, for every x € X,
{us.x}sez,s=0 is dense in X. However, whether {u . .X}sc7 is dense in X seems unknown (see [Zhe21] and references therein).

This chapter roughly corresponds to [BM00, Chapter IV, Section 2].

2. Injectivity radius

We fix some right invariant metric d(-,-) on SL,(R), compatible with the topology. We will not be bothered about the explicit form
of the metric. So just take its existence as a fact. Assuming this, define the quotient metric on SL(R)/T" by

d([glr,[hlr) :=infd(gy,h) = inf d(gy1,hy2).
yel Y1,Y2€0

Fix such a metric, we can define the injectivity radius at a point x € X by
InjRad(x) :=inf{6 > 0 | g — g.x is injective on d(g,id) <5 }.

Since I' is discrete, InjRad(x) > 0 for all x € X. Also note that InjRad is continuous. Hence if I' is cocompact, there exists (and we fix such
an) rx > 0 such that InjRad(x) = rx forall x e X.
Also, one can check that for d(g;,id) < %" for i =1,2, we have d(g;.x, g2.x) = d(g1, &2).

LEMMA 2.1. AssumeT is cocompact. Then there are no compact U-orbits in X, that is, for every s # 0 and x € X, us.x # x. As every
unipotent matrix in SL, (R) is conjugate to an element of U, this implies thatT' contains no (non-identity) unipotent matrices.

PROOE. Assume otherwise, then we can find gy € SL» (R) such that
s :=inf{s > 0|u,.goI' = goI'} > 0.
In the current case inf is actually achieved at sp and ug,.goI" = goI'. Consider

a_juggol'=a gl

1 e 2l et o
0 1 0 e

et 0
0 e ]gof.

As t — +00, this implies the existence of compact orbit of U of arbitrarily small period, which is impossible due to the fact rx > 0. More

explicitly, for ¢ large enough such that
. 1 e 2,
d (1d, [ 0 1

)<rx,

One has, by the definition of rx, that u,-2.; = id, or in other words, sp = 0. Here is a picture

5
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Uxe

(Lgke U e

Ewsteace of closed hmchqs

= Existung of ot clnd havogycles
O

COROLLARY 2.2. Assumel is cocompact and take x € X. There exist t,, s, — +oo with |t, — s,| — oo such that d(x,, y,) — 0, where
Xp=Wy,.x and y, ;= Ug, . X

PROOF. The map t— u;.x from R to X is injective. Since X is compact, we may apply pigeon-hole principle. O

3. Additional invariance
Now we start to prove the theorem. The crucial notion here is

DEFINITION 3.1. Let a (semi)group G act on a topological space W by homeomorphisms. A nonempty subset V of W is said to be
G-minimal iff it is closed, G-stable and contains no proper non-empty closed G-stable subset.

Let Y be a U-minimal set in the orbit closure U.xy. The existence of Y is guaranteed by the compactness of X and Zorn’s lemma.
Our strategy is to find some y € Y and a larger group whose orbit based at y is contained in Y.

PROOF OF THEOREM 1.4. Keep notations as Coro.2.2 above. When 7 is large, we find some A, € SL,(R) with d(A,,id) < rx/4 such
that y, = A, x,,. Write
1+ay, by,
Cn 1+d,
Coro.2.2 ensures that A, is not an upper triangular unipotent matrix.
The key calculation is:

A=

] with ay, by, ci, d;, — 0.

_ 1 s l1+a b 1 -s
1_ n n
e ] cn 1+dn] 0 1
W 1 s l1+a, b,—-s(+ay)
10 1 Cn 1+d, - sc,
1

[ 1+an+scn bp+sldn—an) —s*cy
- Cn 1+d,-sc, ]

Case I, ¢;, = 0 for infinitely many n.

This case is left to you as an exercise.

Case II. ¢, # 0 for n large enough.

Equa.(1) above suggests that the upper right corner dominates when s is large (this is called “shearing phenomenon", we will
return to this point later).

an
Uglts
Axa=Ya
}

Yn U Ao

v
Tn the bt Tihis tends +o the direction
wurmahma U.

We will kill the upper right corner according to the following computation

l4+an+(+0c, bp+s(dy—ay) —s?c,+t(1+d,—scy)

2 u(usAyuct) =
@) (s Apugt) i, Lt d,— e,

Define t = t(s) by imposing the following equality
by + s(dy — an) — s*cp+ t(+dy — scy) =0
3 b, +s(d, — ay) — s%cy, b,—sa,—s
—Il=- =-
dn,—sc, 1+d, -sc,
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The range of s for which the #(s) is ill-defined will be excluded from the discussion (see s = s, s below, where one has 1+d,, —sc, =1+
with ¢ small). With this choice of ¢ = £(s),
(1+dy,—scy) ™! 0

4 u(ugAuct) =
s n s Cn 1+d, - scy

Now for § > 0 (we willlet § — 0 in a moment), choose s = s, 5 = 0 such that either 1+ d;, —sc, = 1+ or 1-0, depending on the signature
of ¢c;. So

dp—0 dp+6
Sn,é = or ’
Cn Cn
whichever is positive.
Define
Vs = UreUs-Yn, X, 5:=Us.Xp, Wheres=s;s.
Then by definition
Vs = (5 us Apu; ug.x, = ut(s)usAnugl.x;lﬁ
(5) [axn™t o /
- 0 (1§ |Tno
Fix §, let n vary. By passing to a subsequence ng, assume that y’n 5 and x/ny 5 converge to y, s and X5 respectively. Hence
, a+81t o ) a-6u"1 o )
= “X__ s OrF "X s
08 0 (1+6) | “ood 0 (1-6) | “oo0

Without loss of generality, assume that the first case happens for infinitely many 6 > 0 converging to 0. It looks like we are not making
any progress except that the “transverse difference” is now in the direction of the diagonal, which normalizes U. So it is time to invoke
the following general fact, which is why we introduced the notion of minimal set.

LEMMA 3.2. LetT' ~ Z by homeomorphisms. I is a semi-group and Z a topological space. Assume that V is al -minimal set and W
is aT-invariant closed set. If ¢ € Homeo(X) normalizes (the image of) I' and there exist vy € V and wy € W with ¢(vy) = wy. Then ¢p(V)
is contained in W.

PROOF OF THE LEMMA. .
P(V) = ¢pT.vo) = p(.vg) =T.wo = W.

O
From the lemma (applied to V=W =Y, Z =X), we see that for a set of 6 converging to 0 and for every ye Y,
a+&1 o0
0 (1+6) Ycv.

Since {g € SLy(R) | gY < Y} is a closed sub-semigroup,
fa;|t=0}.YcCY.

is contained in Y for every y. By definition {u; | s = 0}.Y < Y. By minimality, actually {us | s=0}.Y =Y.
Fix some y € Y, and take a limit point )’ of a,;y as t — +oo. Then the orbit of the full group A.y’ ¢ Y —> AU.y' c Y. Thus we are
done modulo Lem.4.1.
O

4. A duality argument

Let B" := {a;us}ser = A-U and B := {(x1)a;us}ser. B* is the identity component of B and B = B* LI (-1)B" where we have
-1 0

0 -1 as“—1".

abbreviated the matrix

LEMMA 4.1. The action of B* onX is minimal.

REMARK 4.2. The lemma also holds when only assumingT to be discrete and of finite co-volume (referred to as a lattice). Actually,
the lemma follows iff the limit set for T is the full boundary, which includes some infinitely generated, infinite covolume examples.

PROOE. We are going to show that the B-action is minimal first and then explain why this is sufficient.
An equivalent formulation is that the I'-action on SL, (R)/B is minimal. To prove this, we will take a geometric point of view.
Recall that SL; (R) acts on the upper half space A% ={z=x+ iylxeR, y>0}by

a b
c d

This action preserves the Riemannian metric (referred to as the hyperbolic metric)
(dx? +dy?)/ 2.

Geodesics under the hyperbolic metrics are (Euclidean) circles perpendicular to the x-axis together with all the vertical lines.
Another important point is that as the y-coordinate approaches 0, the (hyperbolic) distance between two points of (Euclidean)
distance = 1 actually goes to co. The SL, (R)-action extends continuously to the “boundary” defined by

7% = {(x,y), y =0} L {oo}.

where the topology near co is defined as the “one-point compactification”. Thus topologically the boundary is a circle. The action at co
is given as follows

az+b
z:=—.
cz+d

a b
c d

aco+b alc, ifc#0
o0 = =
coo+d oo, otherwise
Why care? Note that the stabilizer of co is exactly B and the action is transitive on 0.7 (Exercise: convince yourself that this gives a
topological homeomorphism SL, (R)/B = .7?) Thus it suffices to show that the action of I on 8.2 is minimal.

CLAIM 4.1. For every z € 72, the orbit closureT - z > 0.%72.
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Assuming the claim, let W be a closed I'-invariant set on 8.#2 = S!. Thus its complement consists of disjoint union of open
intervals (labelled as I;’s). Take such an interval I with endpoints w;, w». We argue that I' - w; w; (the unique geodesic connecting w;

and w») never contains Iy in its closure, which contradicts against the above claim. Indeed, I translates of w; w; are just geodesics
with endpoints outside the region between w; w» and I,.

W,

X

Tw W, !;11 W,

- translates <4 \ﬁ@j e enters the Irey Yn@?-m.

Hence we are done.

PROOF OF CLAIM 4.1. By co-compactness, we can find a bounded region 9 c #? (whose diameter under hyperbolic distance is
denoted by diam(28) ) such thatI".28 = F2. For every Zzoo € 072 (the case z = co is left to you) and a neighborhood A% ;, of radius r
(in the Euclidean metric) of z, we are going to show that some y - 2 is contained in .4 ;,. Indeed we can find y € I, b € 28 such that
yb.z € Ny 112 When 1y is sufficiently small one can show that for z’ € F?

driyperbolic (2, yb.z) < diam(%8) = dgyclidean (2, YD.2) < 19/2.
Applying this to z’' = y.z finishes the proof. g
Finally, as promised, we explain how to get the minimality of B -action from that of B. So take xj € X and we know that
B.xg=Bt.xgUB*(-1).xo =X.

As B*xy U B*(—1)xp is B-invariant and closed, it is also equal to X. As X is connected (well, the group SL;(R) is connected), their
intersection B*xy N B*(—1)xp is non-empty. But this again, is a B-invariant closed set, so has to be the full X. In particular B* xy = X.
And the proof completes. g

5. Exercises

EXERCISE 5.1. Let G := SLy(R) act continuously on a locally compact Hausdorff topological space X. Take x € X, let G, :={g €
g, g.x = x}. Assume G.x is closed, or is open in its closure, show that the bijection induced from g — g.x

G/Gx— G.x
is a homeomorphism where G/ Gy, is equipped with the quotient topology and G.x is equipped with the subspace topology.
Hint: Baire’s Category theorem.

EXERCISE 5.2. AssumeT is cocompact in SL(R). Consider the standard action of SL;(R) on R?. Show that for every vz € R?, T.v is
dense inR?.

EXERCISE 5.3. Show that SLy (R) does not admit any bi-invariant Riemannian metric.

5.1. A more geometric take on horocycles. I assume you have some familiarity with geometry on the upper half space in this
section.
Notations:

2 2
o H%:={(x, ¥ € R2, y > 0} equipped with the metric dxy;zdy and the left action of SL, (R) via fractional linear transformations;

o T'(H?) is the unit tangent bundle of H?;

o OH? := {(x,0) € R?, x € R} Li {oo} be the boundary of H?; The topology on {(x, y), x € R, y = 0} is the natural topology and the
topology on H? := H? LI 0H? is the one-point compactification topology. The action of SL, (R) extends continuously to H?;

o Let Iy be a discrete subgroup of SL,(Z) such that I'o\H? is a closed surface of genus g = 2;

e Let Iy := [, o], recall that I' is a normal subgroup of 'y and I'y/T) = 728,

« For x € H? and a discrete subgroup I of SL, (R), define the limit set Limit (') := T.x\ I.x in H2.
EXERCISE 5.4. Limit, (') c 0H? for every discrete subgroup T of SL,(R) and every x € H?.
EXERCISE 5.5. For every x, y € H? and discrete subgroup T of SL, (R), Limit, (') = Limit, (I).
Thus the limit set is independent of the choice of base point and we henceforth denote it by Limit(T').
EXERCISE 5.6. LetT be a discrete subgroup of SLy (R). Show that Limit(T") is a I'-minimal set.

(AT-set is said to be I'-minimal iff either it is empty or for every x in this set, I'.x is dense in this set. Actually Limit(I"), if infinite, is
the unique nonempty I'-minimal set)

Recall that for every geodesic Y (or closed convex subset) on H? and every x € H?, there is a unique point, denoted as 7y (x), in Y
such that

dist(x, Y) = dist(x, my (x)).

For every x € TY(H?), let x* := lim;— oo gr.x and x~ :=lim;_._,, g;.x where g; denotes the geodesic flow. Let X~ x* be the unique
geodesic in T'H? connecting x~ and x*. By abuse of notation we also let X~ x* denote its projection to H2. Fix some point o € H? (say,
take 0 = (0,1)), and x € T'H?, let ¢ = #,(x) be the unique real number such that

X = gt.nxf_—x:(o).
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(a priori, 7—— (o) is just an element in H* but we identify it with the unique element on x~x* < T'H? whose projection to H* is
n—=(0))

EXERCISE 5.7. The map ®, : T'H? — (0H? x H? \ AOH?) x R defined by

X Do(x) = (x7, xT, £, ()

is a homeomorphism.
This is the so-called Hopf coordinate.
EXERCISE 5.8. Check that ®,(g;.x) = (x7,x*, t,(x) + 1).
EXERCISE 5.9. Check that fory € SLy(R), ®,(y.x) = (y.x~,y.x*, %) for some real number *.
Thus the orbits of I' on T'H?/{g;} ;g corresponds to the orbits of I on 0H? x dH? \ AGH?.

EXERCISE 5.10. LetT be a discrete subgroup of SL»(R). Using the fact that g;-action on T\ T'H? is not minimal, show that the action
of T on 0H? x 0H? \ AOH? is not minimal.

This action is still quite chaotic, at least when T' is a lattice, but if we take one step further, it becomes totally discontinuous.
Let FATA be the “fat diagonal” in H? x 0H? x 0H?, i.e.

FATA := {(x1, X2, x3) € (OH?)*, x; = x;, 3i # j}.
EXERCISE 5.11. LetT be a subgroup of SL, (R). Show that the diagonal T -action on (0H?)3 \ EATA is conjugate to theT -action on H?.
Now turn to the special I', 1“6 we defined. Recall in Lec 2 we have shown that Limit(I'g) is the full 0H?. Show that also
EXERCISE 5.12. Limit(T'y) = 0H?.
(Hint: use Exer 5.5 and the fact that I' is a normal subgroup)
EXERCISE 5.13. Use this and the “thin” property of hyperbolic space to show that closed geodesics are dense in T\ T'H?.

(In Lec.3 we established denseness of closed geodesics on SL;(R)/SL(Z) by constructing an explicit one and then considering
commensurable lattices)

For a point v on O0H? and x € H?, let /£, (x) be the unique horocycle - the unique Euclidean circle tangent to O0H? at v(# oo) and
passing through x (when v = oo, #, (x) is a horizontal line passing through x). We shall think of %, (x) as a subset of T'H? by equipping
every point /7, (x) with the unique unit tangent vector that is orthogonal to ./, (x) and pointing towards v.

In Lec.2 we have shown that the projection of every horocycle is dense in I'g\ T'H?. Here is a more geometric approach following
Hedlund’s paper.

EXERCISE 5.14. Show that for every nonempty open interval I c 0H? and x € H?, the set
U Hy(x)

vel
is dense in '\ TIHZ,
(Hint: use Exer.5.13)

EXERCISE 5.15. Let v € 0H?, show that if there exists x € H* such that 7€,(x) is dense in T\\T'H?, then #6,(y) is dense in T{\ T*H?
for every y e H?.

EXERCISE 5.16. The set of v such that 76, (x) is dense in T\ T'H? is dense in 0H?.

Let 2 be a Dirichlet fundamental domain for I'j. Accept the fact that if I'y, were finitely generated, then 2 would have only finitely
many sides.

EXERCISE 5.17. Show that Ty, is not finitely generated.
EXERCISE 5.18. Letv e dH2N D, then F,(x) is not dense in 1“6\ TIH2,

(Hint: without loss of generality assume v = oo, argue that, fixing a base point o, there is an upper bound for the y-coordinate of
y.0 asy varies in T'j.)
Since .7, (x) is not compact in I'y\ T'H?, we have demonstrated an orbit of the horocycle flow that is neither dense nor compact.

EXERCISE 5.19. Take somey € T'H? such that{g,.y} is compact inTo\T*H?. Show that 7€+ (x) is dense in To\ T'H2.
(Hint: approximate some dense horocycle in T'H?)

EXERCISE 5.20. Let v € 0H? and fix some x € H?. Suppose the Euclidean radius of y..#€,(x) can be arbitrarily large asy varies inT.
Then #€,(x) is dense inT'y\ TIHZ.

(When the horocycle is based at infinity, by saying the Euclidean radius is large, we mean that the horocycle could be very low)
(Hint: show that you can approximate every periodic geodesic)

EXERCISE 5.21. Show that indeed, sinceT'o\ T'H? is compact, that the Euclidean radius of y.7¢,(x) can be arbitrarily large asy varies
inTy for every pair v € 0H? and x € H?.

(Hint: use the fact that the some (well, in the current case, every) geodesic stemming from v is bounded in I'g\ T1H?)






CHAPTER 2

A dynamical reformulation of Oppenheim conjecture

Back to the Top.

We recommend the last chapter of [BM00] for an elementary account of the proof of Oppenheim conjecture. See [Mar97, LM 14,
BGHM10] for history and more recent stories.

1. The statement

The goal of this and the next lecture is to prove a weak Oppenheim conjecture. In this lecture we will reduce the proof to a
dynamical statement whose proof is delegated to the next lecture. A stronger form will be treated later with the help of non-divergence
of unipotent flows.

THEOREM 1.1. Let Q be a non-degenerate indefinite quadratic from with real coefficients in N = 3 variables. Assume that Q is nota
scalar multiple of some quadratic form with rational coefficients. Then the closure of Q(ZV \ 0) contains0.

REMARK 1.2. This theorem says nothing nontrivial to the quadratic form Q = xy— V222 since Q1(1,0,0) = 0. However, it is nontrivial
for Q = x* + y*> — /222 since the value of Q, at integral points can never be 0 unless (x,y,z) = (0,0,0).

Later we will specialize to the case when N = 3, from which the general case would follow. Details are left to the reader.

REMARK 1.3. Counter examples exist when N = 2. For instance consider the quadratic form Q(xy, x2) := (x1 — V2x2)x>. Note that
V2 is badly approximable which means that there exists ¢ > 0 such that {v/2m} |m| = c for all non-zero integer m where {-} stands for the
distance to the nearest integer. We will sketch a dynamical explanation below.

2. The space of lattices
For a quadratic form Q in N variables, define for k =R, Q, Z,
(6) SOq(k) :={geSLn(k)|Qog = Q}.

The definition makes sense for Q irrational. It might happen that SO (2) is trivial. If M is the symmetric matrix representing of Q, i.e.
Q(v) = v'" Mg (v written as a column vector), then

@) SOq(k) :={g e SLn(k) | g"" Mg = Mg}.
One can compute the Lie algebra of SO, (R) as
500 = {X €sl,[®R) | MoX + X" Mg =0}.
Where does it act on?
DEFINITION 2.1. A subgroup A of RN is said to be a (unimodular) lattice if A is discrete and cocompact in RN (with Vol(RN/A) = 1).
Here Vol is taken with respect to the standard Euclidean metric on RY.
EXAMPLE 2.2. ZV is a unimodular lattice in RV .
EXAMPLE 2.3. Z[v/2] may be viewed as a lattice in R* by the geometric embedding, i.e.
A:={xp|x,yeZIV2], y=0(x)}
where o is the nontrivial element in Gal(Q(v2)/Q).
EXAMPLE 2.4. Z[v/—2] may be viewed as a lattice in R? by identifying it with C, explicitly,
A={(x, \/Ey) |x,y€Z}.

EXAMPLE 2.5. You can get a unimodular lattice starting from a lattice by multiplying a scalar.

o lattie *lede with o {wdm;dn] chywain

Explicitly, for every discrete subgroup A of RN, one can find vy,..., v, in RN that are R-linearly independent and A = Zv; ® Zv, &
...®Zvy,. Such a set {vy,...,v,} will be called a basis of A. And n is called the rank of A. A is a lattice iff n = N. Conversely, given n
vectors vy, ..., U, that are R-linearly independent, the subgroup Zv; + ... + Zv, is a discrete subgroup of RN.

11
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Assume a discrete subgroup A has rank N with basis (vy, ..., vn). Then Vol(RN/A) = |det(vy, .., yn)| = lv1 A ... A vy ll. This is because
{aqvi +...+anvyla; €[0,1)}
forms a strict fundamental domain for RV /A, namely, it is in bijection with RV /A under the quotient map. Also, let us recall that
VolRN/A) = | vy |l - dist(vy, Rvy) - dist(vs3, Rv; + Rvy) -... - dist(vy, Rvy + ... + Ruy—_1).

Thus A is a unimodular lattice iff det(vy, ..., vn) = £1.

It is useful to be familiar with quotient constructions in Euclidean spaces. More precisely, an Euclidean space is a finite-dimensional
R-linear space together with a non-degenerate positive definite quadratic form (or an “inner product’, if you prefer). The “standard”
RY is nothing but the vector space R" together with the form Q;4(x1, ..., Xn) := xf +..+ va. Once an Euclidean space is given, we can
talk about distance, volume...

If W is an R-subspace of RY, then we think of W as an Euclidean space by restricting the quadratic form to W. Since Qs is
positive definite, its restriction to every subspace is also positive definite. Also, the quotient R /W is equipped with a natural Euclidean
structure by identifying it with the orthogonal complement of W in RY. Alternatively, you can define the quotient metric on RY/W
and then argue that it comes from a quadratic form. These two methods give the same Euclidean structure on RV /W,

DEFINITION 2.6. Let Xy be the set of unimodular lattices in RN equipped with the Chabauty topology.

Alternatively, one may think of Xy as the set of all lattices of RN up to R*-action.

A detailed treatment of Chabauty topology may be found in [BP92, Chapter E, Section 1]. For us, it suffices to know that under
the Chabauty topology, a sequence (A,) = Xy converges to A € Xy iff one can find a basis v, ..., ”Kl of A, such that as n — oo, (vl")
converges to some v° € RN foreveryi=1,.,Nand A=&;Z vee.

Note that for a sequence (A,) < Xy, if there are bases (v],..., v}) with (vl”)n converging to some v$° € RN for every i, then
(v5°,..., v}’vo) are automatically R-linearly independent and they span a lattice A with covolume Vol(RN/A) = 1.

The space Xy admits a natural action of SLy (R) and

n

LEMMA 2.7. The map g — g.Z" from SLy(R) to Xy descends to a homeomorphism SLy (R)/ SLy(Z) = Xx.

PROOFE. SLy(2Z) is equal to the stabilizer of ZN in SLy(R), this proves the injectivity.

For every A € Xy, find a basis vy, ..., vn. Replacing v; by —v; if necessary, assume M := (vy, ..., vy) (v; written as column vectors)
has determinant 1. Then M.Z" = A. This proves the surjectivity.

We leave it to the reader to convince himself/herself that the map is open and continuous. U

DEFINITION 2.8. For a discrete subgroup A <R we define

(8) sys(A) := inf [v|
U#()EA

where ||-|| is the standard Euclidean norm.

Clearly sys(A) > 0.

You may interpret sys(A) as the length of the smallest geodesic in the quotient flat torus RV /A.
One can check that sys : Xy — R is continuous.

The following is sometimes referred to as Mahler’s criterion.

LEMMA 2.9. 1. A set 2 c XN does not have compact closure (we will simply write unbounded later) if for every € > 0 there
exists A € B with sys(A) <e.
2. Foreverye >0, the set
{A | sys(A) = e}
is compact in Xy.

DEFINITION 2.10. For a discrete subgroup A of RN, we let || Al := Vol(V/ A) where V is the R-linear span of A. For a lattice A of some
Euclidean space V, we let || Ally := Vol(V/A).

As we have discussed, if vy, ..., v, is a basis of A, then
Al = lvql - dist(va, R.vq) - ... - dist(v,, Rvy + ... + Rvy,—1).
Let us also remark that dist(vs,Rv;) = [|v2 II[R{N,[RW1 and more generally
dist(vk,RUl +...+ Ryk_l) = || Vk”RN/(RU1+...+[RVk_1) .

PROOF OF LEM.2.9. 1. follows from the continuity of sys. Let us prove 2.

Fix some € > 0 and take A € Xy satisfying sys(A) = €. It suffices to construct a basis of A with bounded distance to the origin.

Consider the projection p : RY - RN/A. AsVoIRN/A) =1, p restricted to the subset [—1, 11V is not injective. This shows that there
exists vz € A, vl = C1(N) for some positive constant C; (V) depending only on N. In particular, if we choose v; € A such that

o1l =sys(A),

then |lv; || = C; (V). Note that v, is primitive in the sense that v; is not an integral multiple of any vector in A other than +v;.
Let 71 be the projection from RN to Vi := RN/Rv,. Since Aq := 1 (A) has rank N — 1 and spans V1, we have that A; is discrete and
actually a lattice in V.

Note that
1=|All = [|lv1]l - dist(ve,Rvy) - ... - dist(vy, Rvq + ... + Ruy—1)

=llvill- iy (v2)lly, - dist(wy (v3), Ry (v2)) - ... - dist(mwy (vn), Ry (v2) + ... + Ry (Vn-1))
=lvill- ALy, z€- 1ALy,
= [Ally, et =:Cale).
Now choose v, € A\ Rv; such that
71 (w2) Il = sysy, (A1).

A similar argument as above shows that |1 (v2)[| < C3(V, €). By modifying v, by some integral multiple of v;, we assume that [|v; || <
Cs(N, €) = C3 with a possibly larger Cs.
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Next we want to argue that sysy, (A1) > c1(N, €) for some constant ¢; (N, €) > 0 (we will soon see that can take c¢; = 0.4¢) depending
onlyon N, e.

Say we have a nonzero vector in A; of length smaller than A. Then its lift v € A has the property 0 < dist(v,Rv;) < A. So if we write
v = x.v1 + w for some w orthogonal to v; then [[w| < A. Let ny be the nearest integer to x, then v’ := (x — ny) v1 + w € A has norm

[V'] <lx=nxllvil + A <050 vl + A

So if we had chosen A = 0.4¢ < 0.4sys(A), then || /|| < 0.9sys(A), which is a contradiction. Thus every non-zero vector in A; has length
greater than 0.4¢.

Let 75 be the natural projection RN — RY/(Rv; + Rv,) =: V». By abuse of notation, also denote the natural projection V; — V5 by
TTo.

With similar arguments, Ay := 7m2(A1) is a lattice in V> and

A1y, =l (v) - 1 A2y, = A2y, < Cl_l'Cz =:C4(N, €) =: Cy.

With similar arguments, sysy, (A2) > c2(N, €). So we can find vs, ... up to vy with bounded norms. And one can check that each step
you get a primitive subgroup of A and {vy, ..., vn} forms a basis of A. So we are done. U

DEFINITION 2.11. A primitive subgroup of A is a subgroup A such that the Q-span (or equivalently, the R-span) of A intersecting
with A gives back A.

The Z-span of two primitive subgroups may not be primitive. e.g., consider (1,1), (1,-1) in Z?, each of which is primitive, but they
span a index 2 subgroup of Z?, hence not primitive.

3. Values of a quadratic form and orbits of its symmetric group

Now comes the equivalent formulation of weak Oppenheim. For a rational quadratic form Q, this would imply that SO¢(Z) is not
cocompact in SO¢(R) if Q(v) = 0 admits a solution in vy € Z" (in which case we say Q is isotropic over Q). When N = 5, a rational
indefinite quadratic form is always isotropic over Q (see [0’M63, 63:19, 66:1])

LEMMA 3.1. For a non-degenerate quadratic form Q in N variables with real coefficients, the following two are equivalent:

1. the closure of Q(ZN \0) contains0;
2. the orbit closure of SO (R) based at the identity coset is unbounded inXy. In other words, SOq(R).Z"N contains non-zero vectors
of arbitrarily small length.

PROOF OF 2 = 1. By assumption and Mabhler’s criterion, there exists g;, € SO (R) and u, (# 0) € ZN such that gn ' Uy tends to 0.
Hence

Q(uyn) = Q(gn-un) — 0.
And we are done. O

REMARK 3.2. For the proof of Thm.1.1 this direction is sufficient. However we feel that it is conceptually better to do the converse,
too. Actually, this provides a different way of understanding why Thm.1.1 fails when N = 2 - it suffices to find a bounded, yet non-closed
orbit of the diagonal group A on SL,(R)/ SLy(Z). And one can do this by constructing two closed orbits of A and a third orbit Ay such that
in the forward direction, Ay approximates one closed orbit and in the backward direction Ax approximates the other. This relies on the
fact that closed A-orbits are dense (for instance, one can find one by explicit construction and then consider all lattices commensurable
to it) and an argument with local coordinates in stable/unstable/flow direction.

Why is this sufficient? Note that if Q is an indefinite rational quadratic form in two variable, then either Q is Q-equivalentto Qy = xy
or Q1 = x*> — by? for some b >0 and Vb ¢ Q. In the former case, the orbit 0f SO (R) based at the identity coset diverges (that is, the orbit
map is proper) and in the second case the orbit is compact, stabilizer of which comes from certain elements in Q(v'b).

Now go back to the proof of 1 = 2 of Lem.3.1. We need the following fact.
LEMMA 3.3. For every rxo € R, SOq(R) acts transitively on the level set
V,:={veR"|Qw) =r}.
And for r =0, there are at most 2-orbits of SOq (R) on Vp \ {0}.
PROOE. By linear algebra, up to change of R-coordinate (i.e. up to GLy(R)), we may and do assume that Q takes the form
QX1 ey XN) = (XF + oo+ X2) = (X2 o+ X2, ) =2 Q1 (X1, vy X5) — Q2 (X1, wvvy X r)

for some s+t = Nand s, t € Z>o. When one of s, t is equal to 0, the form is definite and we assume that we already know how to handle
this case.

For x € RN, we write Uy = (X1, .00, X5) and wy := (X541,..., XN).

Now we fix ry and if V},, is empty there is nothing to prove. So assume otherwise and take xg € V;,,. Let r1 := Q1(vy,) and rp :=
Q2(wy,). Thus by transitivity in the (positive) definite case, we can find k; € SO, (R) (i=1,2) such that

kl-l/xo = (\/T_,O,...,O)
kz.wxo = (\/7‘_,0,...,0).
Let SO(xf— 2, (R) be embedded in SO (R) by leaving the rest of the coordinates unchanged. When r = r; —rp # 0, itacts on x% —x2

s+1
transitively. The level sets are not connected, but the group SO(yy) (R) is also not! Both have 2 components.
As for the case r = 0, one can show that SO,2_2 ,(®R) has two orbits on x2—x2,,=0. O
s+

=r

s+1

Here is an illustration of the proof by pictures
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W

REMARK 3.4. Assume Q is indefinite non-degenerate. One can further show that when N = 3, SO (R) acts on Vy\0 transitively. When
N =2,S50q(R) acts on Vo \ 0 with exact two orbits.

PROOF OF 1 = 2. By assumption for every € > 0 there exists ug( € 7V such that |Q(ue)| < €. On the other hand, By the (proof
of) Lem.3.3, there exists non-zero u}, u € SO (R).u, such that
lucl. uZ] <6Q.e)=06
where 6 tends to 0 (for a fix Q) as & does so. Hence sys(g:Z") < 6 and we see that SOq(R) - Z" is unbounded as £ — 0 by Lem.2.9. O
Now we specialize to N = 3.

In light of Lem.3.1, to prove Thm.1.1, it is sufficient to show that SO (R) - Z* is unbounded. Find gy € SL3(R) such that Qo g lisa
scalar multiple of Qg =2x;x3 — x%. Then

S0Q, = 80500 & '-
So sufficient to show that SO, (R)go.Z> is unbounded in X3, which will follow from

THEOREM 3.5. Let A € X3 be such that SO, (R).A is bounded, then SO, (R).A is closed, and hence compact.

In some sense we cheated a little bit. Because we are going to use a trick on quadratic forms . And the true dynamical result we are
going to prove is (to be proved in the next lecture):

THEOREM 3.6. Let A € X3 be such that SOq,(R).A is bounded, then either SOq,(R).A is closed and hence compact, or the closure of
SOq, [R).A contains a {vs}s=o-orbit or a {Vs}s<o-orbit. where
0 0 1 1 0 s
0 0|]= 10
0 1

PROOF OF THM.3.5 ASSUMING THM.3.6. Say, we have a {v;}s>¢-orbit (the other case is similar) based at A’ for some A’ € SOq, (R).A.
Write x = (x1, X2, x3) € A’ . Then

V; 1= €exp (s-

Note that {v,} is not contained in SOq, (R).

Qo(vs.X) = Qo(x1 + X3, X2, X3) = (2X3)§ + (21 X3 — X3).
First we can find some x € A’ such that Qy(x) < 0 and x3 # 0 (I leave it to you to convince yourself that this is possible). Then there is
some s (replace x; by —x; if necessary) with Qq(vs-x) = 0. By Lem.3.1, this implies SO, (R)v; - A = SOq, (R) - A is unbounded. U

PROOF OF THM.1.1 ASSUMING THM.3.6. To prove Thm.1.1, by Lem.3.1, if SOq, ([R)go.Z?’ is unbounded in X3 then we are done.
Now we assume otherwise. If SO, (R) go.Z3 is compact, or equivalently, SO (R) .Z3is compact, then by Lem.3.7 below, Q is proportional
to a rational quadratic form, contradiction. Thus we have a {v};>¢ (the other case s < 0 is similar) orbit in the closure of SOq, (R) go.Z3.
Repeat the argument above, we find s € R such that Qg (vs.x) = 0 for some x € gOZS. But vs.gOZ3 is in the closure of SOq, (R) go.Z3,
implying that we can find (v,) goz3, (8n) ©SOq, (R) such that g;.v, — v,.x. Hence

Qo(vy) = Qo(gnvn) — Qo(vs.x) =0.
Thus the closure of Q(Z3) = Qy(go.Z>) contains 0. O

LEMMA 3.7. For a non-degenerate quadratic form Q, if SOq(Z) is cocompact in SOq(R), then Q is a multiple of a rational quadratic
form.

Note that if Q is NOT a multiple of a rational quadratic form, then for some non-zero coefficients «, § of Q, one has a/ ¢ Q. Hence
there exists o € Aut(R/Q) such that o (a/f) # a/f, in particular, oQ is not proportional to Q.
So it suffices to complete

Step 1. for every o € Aut(R/Q), show SOq(R)° = SOq(q) (R)°;
Step 2. for every pair Q1, Q2 of non-degenerate quadratic forms of the same rank, show SOgq, (R)° = SOq, (R)° = Q; = AQ; for some
Ae R#O.

STEP 1. First note that
SOU(Q) (R) = O’(SOQ (R) o SOQ (Z2).
Consider the linear representation
SL3(R) ~ Sym := {R — Symmetric matrices}, g.M:=gMg'",
and the map (call it ¢) g — g.0(Q) from SOq(R) to Sym. Then ¢ factors through
SO@(R)/SOq(Z) — Sym
and hence has compact (and bounded) image. Now we need two facts

1. SO (R)° is generated (as closed subgroup, which follows by a Lie algebra calculation) by one-parameter unipotent flows
{u; := exput},er (uis some nilpotent matrix in 504 (R));
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2. For every unipotent flow {u;} and M € Sym, either {u, - M} is unbounded or M is fixed by {u;}. (if you do not believe this, do
some explicit calculation with upper triangular unipotent flows)

But we already saw that SO (R).0(Q) is bounded, thus SOq(R)® fixes o(Q). So SOq(R)° is contained in SO4 (@) (R). But they are both Lie
subgroups of SL3(R) of the same dimension, so we must have

SO0 (R)° = SOy (R)°.

STEP 2. By conjugation we assume Q; = Qp =2x1x3 — 2x§. One can compute that s0¢, (R) contains (and is generated by)

1 01 0 0
0 , 0 1], 1 0
-1 0 01 0

(note that they do not form an sl,-triple, you should multiply the first and the second, but not the third, by 2) and hence SOg, (R)

contains
e’ 1 s s§%/2 1
9) a;:= [ 1 ‘ , Ug:i= 1 s ] , U = s 1
et 1 212 s 1
Then a direct computation (at the level of Lie algebra is perhaps easier) shows that in order for so(, (R) to contain these elements, Q»
must be a scalar multiple of Q, and we are done. O

4. Exercises

4.1. Non-commensurable lattices in SL, (R), I. We apply ideas in Lec.4 to a different example. Our ultimate goal is to show that
two cocompact lattices in SL, (R) is either commensurable or their product is dense in SL, (R), which will (hopefully) be achieved in the
next set of exercises.

Notations:

e G:=SLy(R) x SLp(R), H:= A(SLy(R)) and I' is a cocompact lattice in G;
e g:=Lie(G) and h := Lie(H);

SRERAEE

), IER}Z{Aat,IER};

(=}

0
1 ¢ 1 ¢
. U:{([ 0 1 ],[ 0 1 ]),tE[R}:{Aut,tEIR},
1 ¢ 1 -t
. V:{( 0 1];[ 0 1 )rtER}:{VtyIER})

o« Vii={v, =20}, V i={v,, t <0}
e W= AUV, Wt := AUV, W™ := AUV".

EXERCISE 4.1. Show that W is a group and W*, W~ are semigroups.

EXERCISE 4.2. Let
b= {(X,-X) | X e sl (R} cg.

Show that g = b & h* and this decomposition is preserved by Ad(H).
Now take Ag € G/T such that H.Aq is not closed. Define Y, := H.Aq and
0 :={y€eYy|H.yis openin Yo}.
EXERCISE 4.3. Show that G # Yy.
LetY; be a nonempty U-minimal set in Yy \ O.
EXERCISE 4.4. Show thatY; is not a closed U -orbit.
EXERCISE 4.5. AssumeY is not preserved by A. Show thatY, contains a W -orbit.
(Hint: consider Aut(Y;).)
EXERCISE 4.6. AssumeY is preserved by A. Show thatY, contains a W -orbit or a W™ -orbit.
(Hint: consider Map(Yy, Y1).)

4.2. Totally geodesic hyperbolic planes in H?, I. We apply ideas in Lec.4 to yet another example. Our ultimate goal (hopefully
achieved in the next set of exercises) is to show that the image of a totally geodesic immersion of a hyperbolic plane in a closed hyper-
bolic three manifold is either closed or dense.

Notations:

e G:=SL,(C), H:=SLy(R) and I is a cocompact lattice in G;
e g:=Lie(G) and b := Lie(H);

el 0
° A::{ 0 e_r ,IER}Z{at,IER};

7={lo 1

1 it
cvie{l g

o Vii={v, t20}, V i={vy, £ <0}
e W:=AUV, Wt := AUVt W™= AUV,

) te[Ri}:{u,, teR};

, telR}z{vt, teR};

EXERCISE 4.7. Leth™:={i- X, X € sl»(R)}. Show that g = b @ h*. Moreover, this decomposition is preserved by the Ad(H)-action.

EXERCISE 4.8. LetH.A( be a non-closed H-orbit in G/T. Show thatYy := H.Ay containsa W* ora W~ -orbit.






CHAPTER 3

Orbit closure of orthogonal groups in the space of lattices

Back to the Top.

Notations and assumptions.

o Qolx1,X2,x3) = 2X1 X3 — X3;

¢ H:=50¢,(R) = G:=SL3(R), X3 =SL3(R)/SL3(2);

el 0 0 1 s ¢
e Ai=<a;:= 1 0 reR3Ui={ug:=] 0 1 s SER };
0 e! 0 0 1

0
0
1
o Vi=<vg: 0
0

I
S = —

0
1
0
0 0 0 0 1
-uO::[O 1], vozz[o 0 0];
0 0 O 0 0 O

o bis the Lie algebra of H and h* denotes its orthogonal complement, see Sec.3.1 for explicit calculations;
» Fix some x € X3 with H.xy being bounded and non-closed. Write Y for the closure of H.xy.

See last lecture for the precise definition of h+.

1. Overview
In this lecture we prove Theorem 3.6 from Chapter 2.

THEOREM 1.1. Let A € X3 be such that SO, (R).A is bounded, then either SO, (R).A is closed and hence compact, or the closure of
SOq, (R).A contains a {vg}s=o-orbit or a {Vs}s<o-orbit.

By comparison, the ultimate knowledge regarding this is:
THEOREM 1.2. Every SOq, (R)-orbit in X3 is either closed or dense.

Outline of proof. Recall that from Chapter 1, we wish to obtain something nontrivial that preserve Y, (or a minimal subset of Yy)
in the direction of the normalizer. The normalizer of H is basically H itself. We restrict our attention to an one-parameter unipotent
subgroup U of H, then we can start to apply the same argument as in Ch.1. Take a U-minimal subset Y; of Yy. The possibility of having
aclosed U orbit is excluded. Then by arguments as in Ch.1, we would have some additional elements preserving Y; in the normalizer of
U. Under the current situation, two possibilities for these additional invariants exist. They could be contained in A or V (or in between).
So for our purpose we may assume that the U-minimal set is A-stable. And to treat this case, instead of considering those preserving
Y;, we consider the set of g € G mapping Yy to Y;. The lack of group structure here would cause us some difficulty, taken care of by A.

2. The proof

In this section we prove Thm.1.1.
Consider the following
0:={yeYy|H-yisopenin Yo}
Thus 0 is an H-invariant open (possibly empty) subset of Yy, in other words, Yy \ @ is an H-invariant compact set.

LEMMA 2.1. @ # Y unlessYo =H- xp.

PROOE. Otherwise each H-orbit is open, and hence closed in Y. In particular H.xp is closed. But Yy is not closed, so here is a
contradiction. O

Eventually we would know @ is empty, but this is what we can do at the moment.
Now take Y; to be a nonempty U-minimal set in Y\ &. There are three cases to consider

Case 1. Y] is a compact U-orbit;
Case 2. Y; does not fall in case 1 and Y; is A-invariant ;
Case 3. Y; does not fall in case 1 or 2.

Actually, case 1 is not an option since Y; is bounded and hence has a lower bound on injectivity radius. So we are left with case 2
and 3.
Before we proceed, let us note that given x € X3, for y close enough to x, there exists unique small ky, € h and small wy, € ht such
that
y = exp(hy) exp(wy).x.
2.1. Case 2. In this case, we are going to show that
Vg0 O Vs<o © {g € H| gY1 € Y},

which implies the conclusion of Thm.1.1.
Since Y; € Yy \ @ and by the definition of @, for every x € Y, there exists y,, — x with y, € Yo and

Yn= exp(hn) exp(wy)x

where h,, €h, w, € hL both converging to 0 and w,, # 0. Replacing y,, by exp(—h;)y, we assume h,, = 0. The case when w,, belongs to
Lie(V) for infinitely many n’s is easier and we assume this is not the case.

17
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LEMMA 2.2. Assume wy, does not belong to Lie(V) for n large enough. For 6 > 0 small enough and n large enough, there exists t, 5
such that

L. |AdGy,,) - wp € 37,10'06] ;
2. every limit point of(Ad(utnﬁ) - wp) lies inLie(V).

See Sec.3.4 for the proof. Now assume the lemma and choose ¢, 5 as above. Define

Xn,s = Wpy 5. X0, Vo 2= Wpy 5.V
then
Vs = exp (Ad(uy, ;) - wy) . Xp,s.

By passing to a subsequence depending on §, we assume limx;, 5 = Xeo,5 € Y1, lim yp 5 = Yoo,6 € Yo and limAd(uy, ;) - wy = ssvo for some
Iss| € [52,10'%5]. Hence

Yoo, = €XP (S5 V0) -Xoo,5 = Vs -Xoo,6

with ss — 0 as 6 does so. Thus
Y02 UVs;.X00,6 = V53 U.Xoo 5

= Y2 V5;U.Xoo5 = Vs, Y1
The closed set
{geH|gY1 < Yo}

is not necessarily a group. Hence we can not conclude the existence of a vg (or half of it) orbit inside Yy immediately. This is where the
assumption that Y; is A-invariant steps in. Indeed,

-1
vez[del =a;vga, Y1 =avgYica Yo=Yy, VIER,

so depending on the sign of s5, {g € H| gY1 =Yy} contains v or vs<o. We are done.

2.2. Case 3. In this case, we are going to show that
Vc{geH|gY1 =Yy},

which implies the conclusion of Thm.1.1.
Take x € Y;. Since U.x is not closed, we can find y,, = exp(h,) exp(wy,)x € Y, with h, € h, w,, € ht, hy, wy, — 0 and by, + w, ¢ Lie(U).
We can no longer assume h;,, = 0.

LEMMA 2.3. For 0 >0 small enough and n large enough, there exist t, 5 and s, s such that
U, 5 Uy, s €xp(hy) eXp(w”)“t_nl,a =exp(hys) exp(Wn,s),

for some hy, 5 € b, w, s € bt with

0
mac{ s |, [} € (= 5,105]
and every limit point of (hy,, 5 ® w, 5) lies in Lie(A) & Lie(V).
See Sec.3.8 for the proof. By passing to a subsequence, let

Yoo,s =limy;, :=limug, ju;, 5. yn;

Xoo,s =limux;, :=limu,, ,.x.
Also let ho 5 ® Weo 5 be alimit of (hy,,5 & wy,5). Write g5 := exp(hoo,5) €Xp(Weo,s). Note that g5 normalizes U.
As in Chapter 1, we arrive at

Voo,6 = 86-%00,6 €Y1, Xoos € Y1.

Hence

85Y1 = 85U Xo0,6 = U.Yoo,56 = Y1.
As
{geG|gYi=Y1}
is a closed subgroup, if we write g5 = exp vs with v5 — 0 in Lie(AV), then there exists some vy € Lie(AV) such that

exp(sv)Y1=Y;, VseR.

If v has non-trivial Lie(V)-component then we are done. Otherwise we go back to case 2. Hence the proof completes.

3. Proof of the two lemmas

The reader is encouraged to prove Lem.2.2 and 2.3 on his/her own since the proof presented here has simple ideas but messy
details.
Both b and h* are invariant under the adjoint action of H, and hence can be considered separately. In matrix terms,

Ad(g).M=gMg™', ad(X).M=XM-MX, exp(ad(X))=Ad(exp(X)).

3.1. Computation of the Lie algebra.
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0 0 1
3.1.1. Lie algebra of the orthogonal group. By definition, writing My=| 0 -1 0 |,
1 0 0

500, = {X €5sl3| MoX + X" M, =0}.

Write X = (x;;), then we are solving

[ 0 0 1 X11 X12 X13 X11 X21 X31 0 0 1
0 -1 0 X21 X22 Xo3 + X12 X222  X32 0 -1 0 =0
| 1 0 0 X31 X3z X33 X13  X23 X33 1 0 0
X31 X32 X33 X31 —X21  X11
= | —xo1 —X22 —Xo3 [+]| X322 —X2 X12 | =0
X11 X12 X13 X33 —X23 X13

< X31 = X22 = X13 =0, X32 = X21, X33 + X11 =0, X23 = X12.

That is to say
X111 X2 0
50Q, = X21 0 X12
0 xa1 -xn1

3.1.2. Computation of its complement. The notation 5050 below is justified by the fact that it is indeed the orthogonal complement
of s, in sl3 with respect to the killing form (Exercise: check this).

50, = {X €5l3| MoX - X"" Mo = 0}

Write X = (x;;), then we are solving

X1 X2 Xi13 0 0 1 X11 X211 X31 0 0 1
X21 Xo2  Xo3 ] [ 0 -1 0 |—| x12 X220 X302 0 -1 0 (=0
| X31 X32 X33 1 0 0 X13  X23 X33 1 0 0
X31 X32 X33 X31  —X21 X1
= | —X21 X2 —X23 | =| X32 —X22 X2
X111 X2 X3 X33 —X3 X13

< X33 = —X21, X11 = X33 and X3 = —X12.

That is to say
X11 X12 X13
1
505, = X1 —2X11 —X12
X31  —X21 X11

3.2. Computation, conjugacy by unipotents. Take w = (w;;) € bt, note that

2 3 4
Ad(ug) - w =exp(sad(ug)) - w=w+s-ad(ug) w + % ad(u0)2 w+ % ad(uo)3 w+ % ad(up)*w

where the higher order terms vanish.

Write
w1 w1z w13
w=| w1 —2wyn -—-wi
w31 —w2 w11
0 0 O 0O 0 O 1 0 O
=wsg - 0 0 O + W 1 0 0 + w11 0 -2 0
1 0 0 -1 0 0 0 1
—w 0 -3 0 w 0 0 6
210 0o 3[+=(00 0
3 o o o 6100 0
The reason why we write it in this form is that
0 0 O d 0 0 O d 1 0 O d 0 -3 0
000|291 0 of X810 —20|X8%]0 0 3
1 0 O 0 -1 0 0 0 1 0 0 O

0 0 6
0 0 O
0 0 O
Using this, one can compute that
Adup)w =
2 8 2 w4 8 2 —wi | Wiz
(10) 7W31+th1+w11 §W31+?LU21+ILU11+ 3 I!LU31+§M/21+7L011+I 3 +T
tws + woy * *
w31 * *

where the terms marked as * are determined by the others, since the matrix is an element in h*.
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3.3. Linear independence of characters. Intuitively, one sees that the upper right corner of Equa.(10) should dominate the rest.
To turn this intuition into a solid statement is not so direct due to the possible cancellations between different monomials. By modify-
ing the value of ¢, though, we can avoid this. For simplicity let

4

— W
41 31

f2
—w
2 11

8
5 w21

’ ’ r‘t

(11) 6[:=max{

—w12||w13}
3 I'le If’

Let |- ||Sup denote the maximal value of the absolute values of entries of a matrix, then

(12) ”Ad(ut)-w"sup = 56
For simplicity write
(1) t4 + a + i + t_wlz wis
= —w —w —w —_—.
Pw g WLt gt S wn 3 6

LEMMA 3.1. Fort =1, we have that

Oy
max{|pw (D], |pw@0)|,|pwBD)]|,|pPu@n],|puGD)|} = T

To prove this lemma, consider the matrix

1 1 1 1 1
24 28 22 2 1
My:=1| 3* 3% 32 3 1
44 43 42 4 1
54 5% 52 5 1

LEMMA 3.2. det(My) =4!312! # 0, and coefficients ofMO‘1 satisfy

MY < 415143322 < 10°
My il < =g =
foreveryi,j.
PROOF. M is a Vandermonde matrix. Details left as an exercise. O
PROOF OF LEMMA 3.1.
puw () 111 11 £ ws)
4 93 92 r
puw(2D) 24 28 22 2 1 L wy
pw@t) [=]3* 3% 32 3 1 Ly
pPuw(4r) 44 48 42 4 1 —wy
puw’0 50 5% 52 5 1 %
And
4
w31 20 Pu(®
Swa pPw(21) pPuw(21)
_ ) _ -1 -1
6= %wn - MO : pw(?)t) S5”]\40 “sup‘ pw(?)t)
—Lglz pw(41) Pw(41)
% sup pw(St) sup pw(5t) sup
Hence
Pw(l)
pw(2t) 5 5
pw (@1 Z T Z T 90"
pw(4t) 5 ”MO ||sup 10
pw(51) sup

3.4. Proof of Lemma 2.2. Let w;;(n) be the (i, j)-th coefficient of w),. Let 6 >0, for n large, we can find ¢ € R such that

4 3 2

— 4 r —wi2(n)| |wr3(n)
(13) 5.—max{ Zwm(n) , awﬂ(n) , Ewu(fl) ,' 3 ,‘ 6 },
namely, Equa.(11) holds with §; = § and w;j=w;j(n). Let t, 5 € {t,2t,..., 5} such that the maximum in Lem.3.1 is attained. By Lem.3.1,
0
[Aduy, ;. w), Hsup TR

Also note that as n — oo, ;5 necessarily goes to +oo. Equa.(12) says that

|Adug, ;.wyl|, . <56.

sup —

From Equa.(10), one sees that for (i, j) # (1,3),

416
‘(Adutm. w”)i,j ‘ = %,

which shows that as n goes to the infinity, only (Aduy, ;.w), , survives. Now the proof is complete.

1,3

3.5. From SL2 to SO(Q). In this subsection, we provide an explicit morphism from SL; (R) to SO¢, (R).
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3.5.1. sl(R) as a quadratic space. Note that SL,(R) acts on
5l (R) = {2 x 2 trace zero matrices}
via the adjoint representation. And this action preserves the symmetric bilinear form
-Tr:(X,Y)—-Tr(X-Y).
To identify sl (R) with R3, consider the basis

0 1

0 0
0 0

E = -1 0

, B E3=

_ L1 oo

TV2lo -1 )

And we fix an isomorphism R3 = s, (R) by sending e; to E; where (ej, ez, e3) is the standard basis of R3.
Then one can check that

0 0 1
(-Tr(Ei-Ep);;=| 0 -1 0 |,
1 0 0

which means that — Tr is identified with Qg under the fixed isomorphism.
3.5.2. adjoint action of sI2 in basis. Denote by p : SLy(R) — SOgq, (R) the morphism obtained by the above identification of 5[ (R) =

R®. Let us compute dp : 51, (R) — 500, (R).

Let
x=|“ € sh(®).
Then
a b 01 0 1 a b
ad(X)El_[c -a 0 0 _[0 0 c -a
_| Q@ p e Al | =C 24 i (V3B +0F
“lo ¢ 0 “lo Tean OF2TEEs
1 [a b 1 0 11 0 a b
ad(X)EZ‘_z[ —a] 0 -1 | Zl0 -1|lc -a
1 [a -b 1 a b 0 —v2b
——2[ e a ]——2 e a —[ 5c o ]_(—\/Eb)E1+0Ez+(—\/§c)E3
and
a b 0 0 0 0 a b
adXMEs=| . _, -1 0]_[—1 0 c -a
-b 0 0 0 -b 0
=| . 0]_ a _b]_[ 2a b]_0E1+(—\/§b)E2+(—2a)Es
Hence we have that
. b 2a  -vV2b 0
dp: c —a]H -V2c 0 -V2b |.
0 —V2c -2a
Sanity check: RHS is indeed a matrix in s0, (R).
3.6. Image of a unipotent flow. Let
1
“=[o 1]

Then

o O
|
° N
[72)
|
&o
172
——
| —
I:
&
“©

p(u§)=eXp(dp[ 8 (S) “=eXp([

3.7. Exponential of a lower triangular matrix. Say we have

(=)
o
(=)

o 0] [+t 0
Pl y —x b A+a) |’
we would like to express x, y in terms of a, b.
Indeed, by definition of exp,
2 3
0O L P P I e
0 1 y —x 21y —x 31y —x
So we should compute the powers of this matrix first.
x02_x20:x02n_x2”0
y —-x 0 (-x)? y -x 1o (x|
And odd powers are
x o 17! x2n+l 0
y -x = yxZn (_x)2n+1
Thus
ox 0] et 0 | [a+at o0
P x y(exgjx) e | b 1+a) |
And thus
2In(1+a) )
14 =In(l+a), y=b| —————|.
(19 r=ind+a),y ((1+a)—(1+a)*1

The equality for y is not needed. Also note that for |a| < 1
(15) IIn(1+ @) - al < 2|al?
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and that if (a,) is a sequence contained in some fixed compact sub-interval of (-1, +c0) and (b,) is a sequence converging to 0 then
the corresponding (y,) should converge to 0.

3.8. Proof of Lemma 2.3. For convenience, let us repeat Lem.2.3.
LEMMA 3.3. For0 >0 small enough and n large enough, there exist t, s and s, s such that
(16) U, 5 Uy, 5 €xp(hp) exp(wn)ut_nlﬁ =exp(hys) exp(wys),

forsomeh, s€b,w,s€ bt with

1)
a7 max{| s, [ wn,s} € 1575, 10""0)
and every limit point of (h,, 5 ® wy, 5) lies in Lie(A) ® Lie(V).

PROOE. Define k!, := dp~!(h,,). Write
1+a, b,
o 1+d, |’

exp(h)) =

For s, € R, write s":= s/(-V/2), t' = t/(-V/2). Hence p(u/,) = u; and p(u),) = u,.
Choose s, 5 depending on ¢, s (to be determined later) such that

_ (I+dp—t .cp)™t 0
I I li / 1_ n,o
(18 uS;L,éut;z,b‘ exp(hn)(ut;m) B Cn L+dp—t) scn
See Chapter 1 for details. Define h’n 5 by
(A+dp—t cp)™! 0
U _ n,0
(19) &P (h"ﬁ) - Cn l+dp—t) scn
Write wy, = (w;j(n)). Choose t such that
t* r 2 —wi2(n)| |wis(n)
5=maX{|dn—t’Cn|, Ewiil(n) ) awmn) ) Ewll(n) ‘ 3 ' 6 }
Also let . )
rt t 3 —wi2(n) | |wis(n)
I h hl i
0 = max{ 2 w31 (n)|, 3l wo1(n)|, 5 w1 (n) ,‘ 3 d .

We choose t,, 5 from ¢,2t,...,5¢ such that the maximum in Lem.3.1 is attained (with §; replaced by o).
Define h,, 5 := dp(hln,a) and
Whs:=Ad(uy, ;). wy.
Now everything is defined and it remains to check the conclusion of Lem.2.3.
First one can verify Equa.(16). By Equa.(18) and (19),

u'S;m u,t;m exp(h},) (u'[;m)*1 =exp (h'n 5)
(apply p) = ug, u;, exp(hn)u;nlﬁ =exp (hn,s)
= uy, Uy, , exphy) exp (wy)uy
= exp (hns) exp (Ad(uy, ;). wy) = exp (hy,s5) exp (W) .

That h, 5 €h, wys € bt follows from their definition. It remains to verify Equa.(17) and that every limit of (hns) is in Lie(A), every
limit of (w,,s) is in Lie(V).
By the discussion below Equa.(15) and that ¢, — 0, we find

(7.5),,,| 0

Thus every limit of (h;, s) is in Lie(A). That every limit of (w,,s) is in Lie(V) follows from the proof of Lem.2.2.
For n sufficiently large such that |d,| < 6,

<|d,|+5|t'c,| <6ld,| +5|d, —t' ¢, <116.

!
d, - ly,5Cn

Combined with Equa.(15) we see that (assume 6§ < 1)

‘(h;"‘s)z,z‘ =

2 252
+2 =116 +2-11°6° < 3006.

!/ !/
d, — ly.5Cn dn—tn,(scn

This shows that
[Ans| <10'°5.
If § = &', then the remaining conclusions follow from the proof of Lem.2.2.
If 5 > &', then 6 = |dy, — ¢’ cp|. For n large enough such that |d,,| < 0.16,

>

dn =ty sCn| = |t sCn| = ldnl 2|t cn| = 1dnl = |dyn = t'cp| = 21dp] = 0.86.

05.5),.| =

If § is sufficiently small such that 2- (1 1)26 <0.1, then

Now by Equa.(15),

2
-2 >0.86 —2-(11)262.

dn— 1), 5Cn dn— 1), 5Cn
‘(h/”ﬁ)z,z‘ >0.50 = || hps| = 0.56.

Again, the rest of the claim follows by arguments in Lem.2.2.
Now we are done. O
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4. Exercises

4.1. orbits of diagonal groups. We say that a matrix g € SL,(R) is R-diagonalizable iff there exists h € SL,(R) such that hgh™! is
a diagonal matrix. Note that for a matrix X.4iq € SL2(R), being R-diagonalizable is equivalent to being hyperbolic in the sense that
Tr(X) > 2. Fix a discrete subgroup I of SL, (R), an R-diagonalizable matrix y € I' is said to be primitive iff it can not be written as (y')"
for some n € Z, n # +1 and some other y’ € T that is R-diagonalizable. By definition +id is never primitive. Let

Prim(I') := {y is R-diagonalizable and primitive }.
EXERCISE 4.1. AssumeT < SLy(R) is a discrete subgroup containing{+id}. Find a bijection between
{ compact {a}-orbits } = Prim()/ ~r
where ~r is the equivalence relation defined by g ~t h iffg = yhy™" for someyeT.
EXERCISE 4.2. Classify all compact {a;}er-0rbits on SLy(R)/ SL (Z).
EXERCISE 4.3. Classify all divergent {a;} ;g -orbits on SLy(R)/ SLy (2).

Recall that an orbit {a;.x} is said to be divergent iff for every compact set in C < SL,(R)/SL»(Z) there exists #p > 0 such that for all
|t] > ty, we have a;.x ¢ C.






CHAPTER 4

Nondivergence of unipotent flows on X,

Back to the Top.
The main reference for this chapter is Kleinbock’s Clay notes [Kle10].
Notation:
1 s et 0
. U.—{us.— 0 1 seR},A.—{at.—[ 0 et tE[R},

¢ Xp = { unimodular lattices in R? }

1. Summary

DEFINITION 1.1. Fore >0, define
€. :={A Xy |sys(A) = €}.
By Lem.2.9 from Ch.2 (Mahler’s criterion), 6, is a compact set and every compact set in X, is contained in %, for some € > 0.

THEOREM 1.2. [Uniform non-divergence of unipotent flows for X,] For every compact set K c X, and € € (0,1), there exists 6 =
0(K,€) > 0 such that the following holds. For every interval (a,b) with a < b inR and A € X, satisfyingug,.A € K for some sy € (a, b), we
have that

Leb{s€ (a,b)|us.A ¢ €5} <e.
—-a

Actually the choice of § is also independent of the unipotent flow we use — you may replace u; everywhere by its conjugates.

THEOREM 1.3. Ife <1 and A € X are such that us.\ ¢ 6, for every s in some interval of infinite length (i.e., something like
(a, +00), (—00, b), (—00, +00)), then A contains a horizontal vector of length less than €. That is to say, (v1,0) € A for some0 < |v1| < €.

COROLLARY 1.4. For every two X1, xo with compact U-orbits, there exists u € U and a € A such that x, = au.x,.

The reader might have noticed that the converse also holds since U-action fixes the horizontal direction. Also note that such U-
orbits are closed and compact. In this case, one may think of U-action on A as “Dehn-twist” along the closed geodesic represented by
(v1,0) e A =1 (R?/A) .

Here is a compact U-orbit U.Z?%:

2. The proof

LEMMA 2.1. There exist C; >0 and a1 > 0 such that for every interval (a, b) inR, everyv = (vy,v2) € R? and every p € (0,1), we have

1
b—

, Leb{s€ (a,b)|lus.vl < pMo} < Crp*".

where My := SUP e (q,p) I1Us- V1.

PROOE. Take C; =2v2and a; = 1.

Note u.(vq, v2) = (V1 + SV, 12).

If|vs| = \/%Mo then for every s € (a, b), llus.vl| = [v2] = \/%Mo. Soifp < Lz’ then we are already done. Otherwise, C; p%' = 1. Also ok.
So now we are left with the case when |v; + sovz| = \/%Mo for some s € (a, b). Refer to the picture below, we see that

1
b—a

Leb{se (a,b)|lvi +sval < pMp} <2

0
=Cyp.
V2 10

It remains only to note that |v; + sv| < |lus.(v1, v2)ll. ]
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To go from this Lemma to Thm.1.2 or 1.3, we need
Key observation. A rank 2 unimodular lattice A € X, is not allowed to contain two linearly independent vector of length strictly
smaller than 1. For otherwise, if v, w is such a pair,

IAl=lZve Zwl < viilwl <1,

contradicting against the assumption that A is unimodular.

No matter what the
unimodular lattice is,

you at most see a

single line in a small

neighborhood about

the origin

Let
Prim(A) := {vz € A|R.vNA=Z.v}

be the set of primitive vectors.

PROOF OF THM.1.2. Find §¢ € (0,1) such that K < 65,. We shall determine § later, depending on §¢ and .
Take g € (a, b) such that us,.Ag € K < €5,. Let

I(Mo,80) :={s € (a,b) | sys(us.Ag) < 8o}
which decomposes into a disjoint union of open intervals

I(Ag,e0) = || Ia
ace

with certain index set 7.

o

‘ o o
a W B Y,

T e

Take one I, = (x4, yq)- By the remark right before the proof, for s € I, there exists a unique v (up to £1) in Prim(Ag) with
lus.vsll < Oo.

By connectedness, this v has to be independent of s € I,. For this reason denote it by v,. By Lem.3.1 and the assumption that
ug,.Ag € 65,
1
T Leb{s€ I |llus.vqll < pdo} < C1p™.
a
We take p = p(¢) such that C; p* < €. Let § := pdy.
{se(ab)lusval <6t = || {s€lo|lusvel <pdo}
acd
implying
Leb{s€ (a,b)|lus.vall <8} = ) Leb{s€ Iy|lusvall <pdo} < D |4l -e<(b-ae.
14 acs/
O

PROOF OF LEM.1.3 . Let I be this infinite interval. Since for each s € I there exists a unique (up to +1) v, in Prim(A) with |Jug. vl <
1. By connectedness argument, this v = vy is independent of s € I. Thus [lus.v|| < 1 for all s € I. But coordinates of u;.v are polynomials
in s, being bounded then implies that u;.v is constant. Therefore U fixes v and we are done. g
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3. Exercises
3.1. Nondivergence in rank 1, a number field example. In these set of exercises, it is more convenient to write R* as R? & R?.
EXERCISE 3.1. Show that Z[v/2) is a principal ideal domain.

Thus every torsion free (finitely generated) Z[v/2]-module is free.
Fix an embedding of Q(\/Q) in R. Let o be the other embedding of @(\/E) in R. Consider the action of @(\/Z) on R? o R? given by

x.(v,w) = (x.v,0(x).w).

EXERCISE 3.2. This is a linear action. Write down the matrix representation of this action. Namely, for every x = a+ bv2 € Q(v/2),
write down a 4-by-4 matrix representing the action of x on R?> ® R? with respect to the standard basis.

Let A be a rank-1 Z[v/2]-submodule in R? & R2. We may write A = ZIV2).(v,w). Let |Al := vl - lwll.
EXERCISE 3.3. Show that | Al| is independent of the choice of generator for the Z[+/2]-module A.
Define

X, (Z[V2]) := {A <R? @ R? lattice , A is preserved by Z[v2] } .
EXERCISE 3.4. Show that such a lattice is a rank-2 Z[v/2]-module.

Thus for A € XL(Z[\/E]), we can find a Z[v/2]-basis (v1, wy) and (ve, wo) in R @ R%. Define |A| := vy A v2ll - lw1 A ws . Define
det(A) := (v1 A v, w1 A wo) € (R®R)/Z[v2]*. Here Z[v2]* denotes the invertible elements in this ring Z[v/2].

EXERCISE 3.5. Show that indeed, the value of det(A) in (Re R)/Z[V2]* is independent of the choice of bases. Thus |A| is also
independent of the choice of bases.

EXERCISE 3.6. Find the relation between this newly defined | A|| and the old | Allgiq defined as the volume of R*/ A.

Define
X (ZIV2) = {A e X, (Z1VaD| deth =1}

Here “1” is the image of (1,1) in (Re R)/ Z[V2]*. Equip X4(Z[v/2]) with the Chabauty topology, viewing it as a collection of closed
subgroups of R? & R?.

EXERCISE 3.7. Show that the free Z[V2]-module with basis {(e, e1), (e2, e2)} (denote this module as Ag) belongs to X4(Z[V?2) and
that g — g.\o induces a homeomorphism

SLy(R) x SLy (R)/ SLy (Z[V2]) = X4(Z[V2]).

For A € X4(Z[V2]), define
SySz(y7 (M) := Inf JIA]

where A varies over all rank-1 Z[v/2]-submodule of A. For every € > 0, let

Ge = {A € Xa@IV2) | sy57,,5 (M) = e}

EXERCISE 3.8. For every € >0, 6, is a compact subset of X4(Z[v/2]).
EXERCISE 3.9. Conversely, every compact subset of X4(Z[v/2]) is contained in €, for some e > 0.
EXERCISE 3.10. For € > 0 small enough, for every A € X4(Z[v/2]), the set
{(v,w)e Allviwll < et
is either {0} or generates a rank-1 Z[v/?2]-submodule of A.

1 ¢
0 1

1 ¢
0 1

’

o= |

) and U :={uy, t e R}.

EXERCISE 3.11. Prove the following. For every e >0, there exists § > 0 such that for every A € X4(Z[V2]),
o either A contains a Z[v/2]-submodule preserved by U with norm smaller than e,
e or
limsup % Leb{r€ [0, T]|u;.A ¢ €5} <e.

T—+00






CHAPTER 5
Nondivergence on X; and the strong form of Oppenheim conjecture

Back to the Top.

Notations:
» H:=S50¢,[R) with Qq(x1, X2, X3) := 2X1 X3 — x%;
e X3 :={unimodular lattices in R3};

1 s 5 010
eu;:=|0 1 s|=exp|s-|0 0 1||,U:={us:seR}cH;
0 0 1 0 0 O
1 0 s 0 0 1
e vei=[0 1 0]—exp s-10 0 Of [ Vi={vs:seR}Z H;
0 0 1 0 0 O
et 0 0 1 0 0
ea:=|0 1 O |=exp|t-|0 0O O|][|,A:={a;: teR}cH;
0 0 ef 0 0 -1

e B:={au;: s,teR}cH.

1. Summary

Finally, in this section we prove the strong form of Oppenheim conjecture. The general case can be reduced to the case of three
variables, which we now state

THEOREM 1.1. Let Q be a non-degenerate indefinite ternary real quadratic form that is not proportional to a rational quadratic
form. Then Q(Z3) is dense inR. Actually Q(Prim(Z?)) is dense in R.

THEOREM 1.2. For every non-closed orbit of H on X3, its closure contains a {vs}s=o or {vs}s<o-orbit.

A stronger statement will be proved later. See Ch.12, Thm.1.1.

By similar arguments presented in Chapter 2, Thm.1.1 would follow from Thm.1.2 and the following (whose proof is left as an
exercise):

THEOREM 1.3. IfanH-orbit is closed, then the stabilizer in H is discrete and of finite covolume in H. Also the corresponding quadratic
form is a scalar multiple of some rational quadratic form.

To promote the weak version to this one the following non-divergence theorem is needed.

THEOREM 1.4. For every € > 0, there exists a compact subset € of X3 such that for every A € X3, at least one of the followings is true
1. The portion of time forus.A to spend outside € is smaller thane, i.e.,
1
limsup —|{s€ [0, T]|us.A ¢ €} <¢;
T—+too 1

2. An{(x,0,0), x € R} contains a non-zero vector of length smaller than €;
3. An{(x,1,0), x,y € R} contains a lattice (0of Re; & Rey) of covolume smaller than €.

COROLLARY 1.5. Lete € (0,1) and pick € as in the above theorem. Then every orbit of B intersects non-trivially with €.

Finally let us make a convenient definition. Let e; := (1,0,0) and e» = (0, 1,0).

DEFINITION 1.6. We say thatR.e; is A-rational iff AN Re; is a lattice in Re,, and Re; @ Re, is A-rational iff A nRe; & Rey is a lattice
inRe; ® Re,. In either of these two cases, we say that the orbit U.A degenerates.

This notion is justified by the fact that in these cases the orbit is essentially contained in certain (embedded) SL, (R) ix R2/SL,(Z) x
72, which is interpreted as the space of lattices of lower rank with a fixed volume together with a marked point in the quotient torus.

2. Proof of the theorem

Now let us prove Thm.1.2. Start with Ag with H.A¢ non-closed. Let Yy := H.Ag. Define & as in Chapter 3, the union of all H-orbits

in Yy that is open in Y. Note that @ # Yj.
The old argument takes care of the case when Y, \ @ contains no degenerate U-orbits.
Indeed under this assumption every U-orbit in Yy \ @, by Thm.1.4, intersects with some fixed compact set non-trivially. Hence we

can find a nonempty U-minimal set Y; in Yo \ @. As in Ch.3, there are two cases:

1. Y; is A-stable, we consider Map(Yy, Yp) :={gY1 < Yo};

2. Y; is not A-stable, we consider Aut(Y;) := {gY; = Y1}.
The arguments in Ch.3 should go quite smoothly here. In case 1, you may need to do a further perturbation to guarantee the sequence
you get has a convergent subsequence.

2.1. New story, general assumption. However, it is unavoidable that Yy \ @ may contain some degenerate U-orbit. Let us take a
nonempty B minimal set Y; < Yy \ @ whose existence is guaranteed by the nondivergence corollary Coro.1.5. Take some A; € Y; such
that U.A; degenerates. We will assume Re; ® Re; is A;-rational and leave the other case when Re; is A;-rational to the reader.

29



30 5. NONDIVERGENCE ON X3 AND THE STRONG FORM OF OPPENHEIM CONJECTURE

2.2. Case 1, no closed U-orbits. Assume Y; contains no closed U-orbit.
As we assumed, U.A; is stuck in the following closed set (for simplicity write Re; » := Re; @ Rey)

X3(Re1 2, ¢1) := {A € X3 |Rey 2 is A-rational, |[ANRe 2| = 1}

where ¢; := | A1 NRey 2. Also let
Xz (c1) := { lattices in R? of covolume c; } .
Then we have a natural continuous surjection 7 : X3(Re; 2, c1) — X2(c;) with compact fibres that is equivariant with respect to

pr:1g € SL3(R), g preserves Re; 5, det(glReLz) =1} - SL(R)
g§— g|R€1,2‘

In particular we have

Xo(Re, ) £\ =)

L Equivariant

%) £\ w=(0Y)

Now we wish to find a U-minimal set in Y;.

2.3. Case 1.1, some 71(U.Ay) is compact. Assume for some Ay € Y1, 7(U.A2) is closed and hence compact.
Then U.A; is compact (since 7 is a proper map) and let U.A3 be a nonempty minimal U-set in Y, := U.A;.
Then we can find pairs (x5, y,) in Y» such that y, = exp(w;,)x, with

o Wy, = , W #0, w, — 0.

%
0 0 =
0 0 O

First assume w,, € Lie(V) for infinitely many 7, then exp(w;,) € Aut(Y) := {g € SL3(R), gY> = Y2} and since the latter is a closed
subgroup, we have the full V c Aut(Y>).
Otherwise w,, is not fixed by Ad(U) and for any § > 0 and for n large enough we can find ¢,, 5 such that

* ||Ad(y, ;). w, | = 6 (i.e. for some constant C > 1, LHS belongs to (C~'8, C4));

« every limit of (Ad(uy, ;).wy,) is in Lie(V).
And by taking a limit we find

* Xoo,8) Voo, € Y2 and w5 € Lie(V) such that ye 5 = eXp(Weo,5) Xc0,55
® Woos #0, Weo 5 —0asd —0.

Arguing as above, we have V c Aut(Ys).

2.4. Case 1.2, 7(U.A) is never compact. Assume for every A € Yy, 7(U.A) is not compact.
Then there is some compact set such that every U.A intersects non-trivially for every A € Y;. Therefore there is a nonempty U-
minimal set in Y; and the rest of the proof is not so different from Sec.2.3.

2.5. Case 2, exists a closed U-orbit. Assume Y; contains a closed U-orbit U.A,.

2.6. Case 2.1, recurrence in non-centralizer direction. Assume that there exists a sequence (y;) < Yo converging to A, such that
o yn =exp(wy) A with wy, € b, w, ¢ Lie(V).
[Recall from Ch.3, h* is a complement of h = s0¢, (R) in s[5 (R) that is invariant under the adjoint action of SO, (R)]
Without loss of generality assume ||w;, || < 1 for all n. Let

tp:=inf{r=0]| |Adu;.w,| = 1}.

Let @y, : [0, ] — {we bt | lwl <1} defined by
@n(t) :=Aduy).wy.

By passing to a subsequence, assume ¢, ([0, t,]) converges (in Chabauty topology, or equivalently, w.r.t. Hausdorff distance). Let E,
denote the limit set. It is connected and closed.
[Side remark: We want something more than the perturbation method as in Ch.3 could possibly provide.]
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2.6.1. Lucky case. Assume there is some 6 > 0 such that
Eoon{llw| <8} < Lie(V).
For n large enough s.t. | w, | < 6y, we define
tn(60) :=inf{t = 0| [|[Adus.wy| =do}.

By passing to a further subsequence we assume ¢,([0, £, (0¢)]) converges to E,,(6¢). By our assumption, Ex,(d¢) is a connected subset
of {w e Lie(V), lwll < 8p}. So itis an interval. Since U commutes with V, for every w € E,, exp(w)U.A, < Yy. Therefore,

V[O,(SO]-AZ c Y(], or V[_50,0].A2 c Y(].
W.L.O.G, assume vy 5,1.A2 < Yo. Hence for every £, s € R,
(20) v[o,ez%]atus.Ag =a,ugvi 5,-A2 < asusYo = Yo.

By Thm.1.4, there exists a compact set such that for every ¢ > 0, there exists s; > 0 such that a,u,.A> lives in this compact set. In
particular we may select ,, — +oo and s, € R such thatlimay;, s,,. A, exists and call it A,. Then by Equa.(20) and a continuity argument,
we have

V[0,+oo)~Aoo c Y().

So we are done.

2.6.2. Unlucky, try again! 1f the assumption in Sec.2.6.1 does not hold, then we can repeat what is done above the Sec.2.6.1. So we
get some EQ) . If lucky, then we go back to Sec.2.6.1. If not, then we can repeat this process again to get ES). It suffices to note that this
process should stop.

Indeed recall the computation we made in Ch.3, Equa.(10)

Aduy)w =
£ I 2 —w tt £ 2 - w
21) S W3 +HIwa + w1l Wi+ ywe+iwi+ 312 qW3l W+ 5w+t 312+%
tws) + wo * *
w31 * *

If this process would continue, from the computation we sees right away that for w((,é) € E((,Q , Weo € Exo,

(Woo)3,1 =0;

(wc(f)))?),l = (wc%))z,l =0;

(wc(i’)))?),l :(wc(;?)z,l = (“’g)l,l =0;

(wéi))&l = (wc()i))z,l = (wgé))l,l = (wéi))l,z =0 = wy €Lie(V).

Thus we are always lucky at some point.

2.7. Case 2.2, recurrence only in centralizer direction. Assume the assumption made in Sec.2.6 is wrong. This can be rephrased
as saying that there exists some §y > 0, assumed to be much smaller than InjRad(A,), such that

Obt™! (Map(Az, Yo) N A3, (id)) < b & Lie(V)
where Obt: h & IJJ‘ — SL3(R) is a local diffeomorphism (around (0,0)) defined by
Obt(h, w) := exp(h) exp(w).

This is the last and the most annoying case. It is here that we are using the fact that Y; is B-minimal. We are going to derive a
contradiction and show that this case is not allowed. The argument below is a more-or-less reproduction of [BM00, Page 182].

2.7.1. Step 1. Y, is not a closed B-orbit.

Indeed, otherwise, one sees that Y; is even compact by Thm.1.4. But this is impossible by considering a;.A; as t — —oo.

2.7.2. Step 2. Step 1 together with minimality imply that there exists b, = a,u, € B with a,, — oo such that b,;.A2 — A,. Note that
if we write a, = a;, then t,, — +o0.

2.7.3. Step 3. Since Y; € Yy \ @ and by our assumption made in this subsection, we find (v,) c Lie(V) such that v, #0, v, — 0 and
exp(vy).Az €Y for all n.

2.7.4. Step 4. This is the key step.

Since b,,.A2 — A2, we can find for every large n, a unique A, close to id such that b,,.A2 = 1,,.A,. By assumption one can write
An = hpexp(v(Ay)) for some h,, € Hand v(A,) € Lie(V). We want to argue that i, € B.

Now fix some large n and will take ! large compared to n. We have

bp.(exp(v)).A2) = exp(v)).byp. Az = exp(v)).Ay. A2

where v; =Ad(by,).v; € Lie(V). When [ is large compared to n, 1/; is small.
By assumption for n large and [ larger,

exp(v)) - A, = exp(v) hpexp(v(Ay,)) € Hg(6o) NH-V.
Although the computation of log(exp(X) exp(Y)) is usually hard, we still have (again, for [ large)
exp(v)) hy exp(v(A,)) € Hq(Bo) NH-V = exp(Ad(h},").v)) € Aq(8o) NH-V
= exp(Ad(h,").v) € H4(80) NV = Ad(h,,").v) € Lie(V).

[some & should be smaller than the others, we leave it to the reader to fill in the details]

As [ varies, v; spans Lie(V). Thus h,, preserves Lie(V) and is contained in +B, the normalizer of V in G. Since h, is close to the
identity, h,, belongs to B. [Rmk: since h,, is close to identity, this is a Lie algebraic calculation of ng(Lie(V)), the normalizer of Lie(V) in
g:=sl3(R). That is, it suffices to compute the connected component of Ng(V).]

Here is a pictorial summary:
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will lead to a
contradiction

2.7.5. Step 5. Step 4 says that
bn.Az = hn exp(v(ln)).Az
for some h;, € B close to the identity. This is impossible! Why? Note that A, is a periodic U-orbit and everything here normalizes U.
Hence both sides are U-periodic. However, the centralizer of U preserves the period but a;, (recall b, = a;, u, with t,, — +00) makes
the period much larger. This is a contradiction.

3. Proof of Theorem 1.4

From now on we discuss how Thm.1.4 is proved. From the start assume item 2 and 3 do not happen and want to prove item 1
holds.

A direct computation shows that a vector v € R® ® AR is fixed by U iff v € Re; ® Re; A e. For a primitive subgroup A of A € X3, we
still denote by A the vector (well-defined up to +1) representing A. For instance if A = Zv & Zw, then A is viewed as a vector +v A w €
A?R3. Now assume U.Aq does not degenerate, then every nonzero subgroup A is not fixed by U and by the feature of polynomials,

lim flu;,Al= lim [u.Al = +oo.
t——o00 t—+o0
We can ensure at least the trajectory under U of each subgroup can not be small for a long time:

LEMMA 3.1. There exist C, > 0 and a > 0 such that for every interval [a, b] in R, everyx € R® @ A’R® and every p € (0,1), if My :=

SUPe(q,b] [lusx|l, then
1

b-a

Leb{s€ [a,b]|luxl| < pMo} < Crp%;

The proof is left as an exercise.
The key observation we made last time does not hold anymore. The following notion is aimed to save the situation, providing a
sufficient condition for being contained in a compact set.

DEFINITION 3.2. Ford,p € (0,1), A € X3 is said to be (0, p)-protected (by the flag {{0} ¢ Zv c A c A}) iff there exists0c Zvc Ac A

where Zv and A are primitive subgroups of rank 1 and 2 such that
vl 1Al € (p6,6).

LEMMA 3.3. Taked,p € (0,1). If A€ X3 is (6, p)-protected then A € 6.

PROOE. It suffices to prove that every non-zero vector w in A has norm at least p. So we may assume that ||w| < 1.

Pick v and A as in the definition. Because A is of covolume one, w has to be contained in A since || w| < 1. Moreover

po=lAl=slvi-lwl=dlwl = lwl=p.
O

Key observation. Here we have already employed the special feature of X3 (not valid for X-4): once we find Zv and A two primitive

subgroups such that [|Zv|, [|A]l < 1, then it is automatic that Zv is contained in A. Therefore, in searching for a flag that (9, p)-protects

A we may look for Zv and A in an independent way (the condition of Zv c A automatically holds).
Thus Thm.1.4 follows from Lem.3.3, the key observation and the following:

LEMMA 3.4. For everye >0, there exist &', p,6 € (0,1) such that for every A nondegenerate, there exists Ty such that forall T = Ty,
1
T Leb {t €[0,T] | Ax € Prim! (usN), Ixll € (p8,6), us.A ¢ (55'} <g,

and
1
T Leb {t e€[0,T] | AN e Primz(utA), Al € (06,6), us.A ¢ Cger} <e.

If we fix a compact set in X3 from the beginning and allow €', p,  to depend on this compact set, then conclusion holds for Ty = 0
and all A contained in this compact set.

PROOF OF LEMMA 3.4. Let Cy, a2 be as in Lem.3.1.

Fix some 6 € (0,1). Take ¢’ := §/2. Choose p € (0,1) small enough such that C»(2p)%*2 < 0.5¢. Assume that A contains no degenerate
vectors. We are going to prove the first inequality and the second one can be proved similarly, which is left as an exercise.

By taking Tj large enough, we assume that for every Zv € Prim!(A), for some ¢ € (0, Tp), lus. vl = 8 (and we can forget about the
non-degeneracy condition from now on).
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Indeed, take ¢ = 1, there are only finitely many Zv € Prim! (A) such that |lu,.v|| < 8. List them as {Z v, ..., Zv;}. Since u; does not fix
v; for every i by non-degeneracy condition, we have that |lu;.v;|| — +oo as t — +o0. So we can pick Ty such that ||ug,.v;|| > 6 for every
i and this would do the job.

Consider the set {t € (0, T),u;.A € 65,2}, which is open and hence can be written as a disjoint union of open intervals. Take one of
them, say (a, b). At the moment, we have not excluded the possibility of (a, b) = (0, T) yet.

For every t € (a, b), by definition, there is some Zv € Prim!(A) such that ||u;.v|| < §/2. For every such Zv and ¢, define 0(Zv, t) to
be the maximal open interval in R containing ¢ such that

SEC(Zv,t) = |u.v| <é.

From the definition, it is possible that & (Zv, ¢) is not contained in (a, b), or even (0, T). On the other hand, it is impossible for (0, T) to
be contained in G (Zv, t) by the choice of Ty. Thus,

sup lag.v| =6.
0,7)N@Zv,1)

If (a, b) contains some end point of & (Zv, t) then this also holds replacing (0, T') by (a, b). Otherwise, we must have for t = a or t = b,
sys(u;.A) = 6/2. No matter what, the following always holds

o
(22) sup lu;.vll = =.
(@b)NO(Zv,1) 2

As Zv, t varies, {O(Zv, t) N (a, b)} covers (a, b). Now we claim that it is possible to select a subcovering with multiplicity at most 2
(the number 2 is not important, but it should be an absolute constant). The multiplicity of a covering refers to the maximal number of
possible overlaps. Here is one possible way of proving the claim, you may wish to find your own.

Since each of a, b belongs to some G (Zv, t), we can find a finite collection of {&'(Zv, t)} that covers (a, b). By passing to a further
sub-covering if necessary, we assume it is minimal and is given by {€'(Zv;, t;) = (a;, b;)} with a; < a;+;. Then we must have

m<a<@m<bh<a<b<a<..<a<b_1<b<b,

and the claim follows.
Let I; := (a;, bj) N (a, b). By Equa.(22), SUPgey, lus.v; |l = g. Then by Lem.3.1,

{SE I;
|1;]

Adding them together completes the proof. d

< C2(2p)* <0.5¢.

lus.v;ll = (2p) 2
s-Vill=(2p >

4. Exercises

4.1. (C,a)-good property of polynomials of bounded degree. Let C,a >0 and J be an interval in R, recall a function f: J — Ris
said to be (C, @)-good on ] iff for every interval I c J of finite length and every p € (0, 1),

(23) l—;lLeb{te I|f(0)] = pM;} < Cp®.

where M :=sup,¢; | f(1)].

In this set of exercises we show that there are constants (C, @) such that every polynomial of degree at most three is (C, a)-good on
R. The general case would follow from the same proof with some constant depending only on the degree.

Given four distinct points v = (v, v1, V2, v3) in R, for k=0,1,2,3, define

X—V;
LE) =] ——.
ik Vk— Vi

EXERCISE 4.1. Fix such av as above. Prove that for any choice of four real numbers (wy, wy, w2, ws), there exists at most one polyno-
mial p of degree at most 3 such that p(v;) = w;.

EXERCISE 4.2. Same assumption as in last exercise. Show that p(x) := 22:0 wy. - LX(x) satisfies p(v;) = w; for everyi =0,1,2,3.

EXERCISE 4.3. Same assumption as in last exercise. Let €,6 > 0 be two positive real numbers. Assume further that |v; — vj| = 6 for
every pair (i, j) with i # j. Also assume |w;| < € for all i. Show that for every x € [0, 1], |p(x)| < 4e573 where p is as in the last exercise.

EXERCISE 4.4. Let I  [0,1] be a measurable subset with Leb(I) = 96 > 0. Show that there exists four points (vy, v1, V2, v3) in I such
that |v; — vj| = 0 for every pair (i, j) withi # j.

EXERCISE 4.5. Find C,a > 0 such that for every polynomial of degree at most three and p € (0,1), Equa.(26) holds when I = [0, 1].

EXERCISE 4.6. Show that every polynomial of degree at most three is (C, a)-good on R with C,a same as in the last exercise.






CHAPTER 6

Nondivergence of unipotent flows on Xy

Back to the Top.
Notations

e Xy :={ unimodular lattices in R } = SLy (R)/ SLy (2);
« for a discrete subgroup A in RV, let | A|| := Vol(Ag/A) where Ag denotes the R-linear span of A in RY;
o for A<RYN, sys(A) := inf, e I vll, and for § > 0, €5 := {A € Xy : sys(A) = 5};

e Prim¥(A) := { primitive subgroups of A of rank k}, Prim(A) := U;Ca:“é((m Prim* (A).

1. Summary and definitions

We would like to illustrate the main ideas behind [Kle10, Section 3] using X4 as an example. The discussion can be generalized to
Xy and even to G(R)/G(2) for other semisimple algebraic groups G. Warning: our presentation and sometimes definitions differ from
[Klel0, Section 3] and is “less careful” in many ways.

The discussion is useful beyond unipotent flows on Xy. We would like to mention [EMS97, MW02] here.

DEFINITION 1.1. Fix (C, @) two positive constants. A map ¢ : I — SLy(R) is said to be (C,a)-good at A € Xy if for every primitive
subgroup A of A, every interval J < I, every p € (0,1) (the case p = 1 is rather trivial), define M(J,A) := sup ||¢s.A|, then we have

1
gilfseTllosal <p-MU R} <C-p"
The main examples for us are unipotent flows.

LEMMA 1.2. There are constants Cn,an > 0, depending only on N such that for every nilpotent matrix u in sIy(R) and for every
(finite or infinite) interval I in R, ¢(2) := exp(t.u) is (Cn, an)-good at every A € Xp.

PROOF. Exercise or see [Klel0]. OJ

THEOREM 1.3. Fix C,a,¢€,0 positive constants. There exists a constant x = x(C, a, €,0) > 0 such that the following holds. Let A € X
and ¢ : I — SLy(R). Assume

e ¢is(C,a)-good at A\;
o Supe;||¢pe.A| = 8 for every A € Prim(A),

then

l—}lLeb{s€I|¢3.A¢‘€K}se.

In the case of unipotent flows and an interval I of infinite length, if the condition fails, then A contains a primitive subgroup fixed
by the unipotent flow with small norm.

2. Nondivergence and flags
The key notion is being (6, p)-protected, which provides a sufficient condition to guarantee non-divergence.
DEFINITION 2.1.

A subset & of Prim(A) is said to be a flag if for every two elements Ay and A, in F, either Ay € Ay or A} D Ay. The length of a flag & is
simply the cardinality of &.

DEFINITION 2.2.
Letd,p€(0,1). Let A€ Xy and F ={A1 T A C ... C A} be a flag in Prim(A). We say that A is weakly (0, p) -protected by & iff

1. p-6<|Aill <6 foreveryi=1,..,1;
2. Al = 0.5 for every A ¢ & comparable with &, i.e. & U{A} is still a flag.

Now given a map ¢ : I — SLy(R). We say that s € I is weakly (6, p) -protected by & iff

l. p-6< ”</>5-Ai|| <4 foreveryi=1,..,1;
2. ||(/>S.A” = 0.50 for every A ¢ & comparable with & .

That is to say, ¢s.\ is weakly (8, p)-protected by ¢s.F .
I shall drop the word “weakly” later. But keep in mind our definition is different from [Kle10] where 0.5 is replaced by 6.

From the definition, such a flag is not allowed to contain {0} or A. Thus the maximal possible length is N —1.
One may wish to compare with the definition of Siegel sets.

LEMMA 2.3 (Criterion of non-divergence in terms of flags). Fix 6, p € (0,1). Assume for some reason that p < 0.5. Then there exists a
constant0 = 0(5, p) > 0 (from the proof, can take 8 = p™\5) such that if A € Xy is (8, p) -protected by some flag F of Prim(A), then | Al = 6
for every primitive subgroup A < A. In particular sys(A) = 0.
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T Case | .

A T — T@m
& W+,
\L 2, Cog 3 L

A ) —

PROOF OF A SPECIAL CASE. Say & = {A] < A}, which gives a filtration of A. For v € A, there are three cases. We will show || v| = pd.
Casel.ve A\A,.
Then A, + Z.v is compatible with &, though it may not be primitive. ((A2)r + R.v) N A is a primitive subgroup compatible with & and
contains A, + Z.v. Thus

A2+ Z.v|l = | (A2)r + R.v)NA| =0.56.

On the other hand
A2 +Z. vl <Al -Nvll < dllvl.

Combined together gives | v|| = 0.5.
Case 2. veE Ay \ A;.
Either A; + Z.v has the same rank as A, or not. Anyway, we always have,

IA; + Z.v|l = min{pd,0.50} = pd.

On the other hand
A +Zvl <A - Tl <dlvl.

Combined together gives | v| = p.
Case 3. veA;.
Then either Z.v has the same rank as Aj, in which case [|Z.v|| = [|A; |l = pd, or Z.v has smaller rank than A, in which case |Z.v] =
0.56 = pé.
]

PROOF IN GENERAL. [Read this only if you feel necessary!] Let & = {A; C A, € ... C Ay} be the flag and A is a primitive subgroup of
A. Let Vi := RV/(Ap)r and 7 be the natural quotient map RN — V.
Note that if A’ < A is contained in Ay for some k € {1, ..., [}, then

A+ A min{pd,0.56
o ””k-l(A')“vk_1=an_1(A'+Ak_1)Hvk_l:“ Iar I:nl”z {pa =

Let a be the largest index such that A, is contained in A. By default, Ay := {0} if A} # {0}. If a = [, then we are done with 6 = pé.
Assume otherwise.

Al =17 ar1 v, - 1AN Agit = 17ar1 A+ s lly,,, - 17a(AN Agslly, - 1Al
= 17as2 v,  1Tar1 (A +Das1) 0 Tas1 Bar2) v, 174N Age)lly, - [1Aal
= 17 as2 ) llvy,, - 17Tas1 (A +Aas1) N Ags)llv,,, - 172(A N Agi)ly, - 1Al
= 17T as2 ) llv,,, - 1Tar1 AN A2y, - 17a(A 0 Agi)lly, - [1Aq]

=7gsk-1 (AN Aa+k)”Va+k_1 “ee a1 (AN Aa+2)”l/a+1 Nra(AnAge)l Vo © Al
Mgkt AN Ay, o 1Tast BN A2l 170l O Ags Dy, - 1Al

where k is the smallest positive integer such that A is contained in A, ;. By invoking Equa.(24),
INEYAS

So we are done by taking 6 := p§. O

3. The proof

Instead of proving by induction, we have decided to unfold this process. This makes the proof much longer but hopefully less
mysterious. Here is a guide for Step 1-3.
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- ';‘-1?‘ ’
I,:= Ted/Ad) Tox,ay) Ta peY, &x
M—-\ = Lo

27 X'/ "

- :Ib be Zx )

I =T-1) & et W
x,a <Y -

Step 1. By assumption for every A € Prim(A),
sup ||ps.A| = 6.
sel
Consider the open subset
I':={seI|3AePrim(A), |¢ps.Al <0.95}

Write it as a disjoint union of open intervals

I'= | L.

ae.%
Thus for every A € Prim(A),
sup ||¢ps.Al| = 0.96.
tel’

For a € %, consider (the 0.9 here is just to get a finite cover later, but it is not necessary to do so)
Ag:={(x,A) € I x Prim(A) | || px.A|| < 0.96}.
For each (x,A) € <7, define
I(x,A) := the connected component of {s el, | ||(/)S.A|| < 6} containing x.
For every x € I, pick some A, such that I, := I(x, A,) is maximal among (the finitely many) I(x, A) as (x, A) varies in </,. By this choice,
I and A, satisfy
1. for every A € Prim(A), SUPger, ||</)5.AH >0.96;

2. supyy, [¢s-04] < 6.
I, admits a finite sub-covering by I,;’s and by passing to a further sub-covering, we assume

Io= |J Iy with multiplicity <2
xX€S,

where .#, is certain finite subset of I, (finiteness is not important, multi < 2 is). Also define

Py :={A e Prim(A)| A is comparable to Ay}.

Step 2. Consider the open subset of Iy:
I:={sel;|3Ae Py, |¢ps.0| <0.85}.

Write it as a disjoint union of open intervals

L= ] L.
be.Fy

For b € .#,, consider
dy:={(y,A) € Iy x Py || py.A| <0.85}.
For each (y,A) € 7, define
I(y,A) := the connected component of {s€ I, | | $s.A[ < 0.96} containing y.

For every y € Ip, pick some Ay such that Iy, := I(y,A) is maximal among (the finitely many) I(y,A) as (y,A) varies in «,. By this
choice, Iy, and A, satisfy

1. forevery A € &y, SUPger, ps.Al = 0.85;

2. supgey,, [|45-8y]| < 0.95.
Similarly,

Ipy=|J I, withmultiplicity <2
yetﬂb

where %, is some finite subset of I;,. Also define

Py :={A € Prim(A) | A is comparable to {Ay, A }}.
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Step 3. Consider the open subset of Iy, :
Ly :={s€lyy|IAE€ Pyy, [¢s.A] <0.75}.

Write it as a disjoint union of open intervals
!
Ly= | L

ceSyy
For c € ¥, consider
Ae:={(z,A) € I x Py | |20 <0.75}.
For each (z,A) € &7, define

I(z,A) := the connected component of {s€ I. | ||¢s.A|| <0.88} containing z.

For every z € I, pick some A, such that Iy, := I(z,A;) is maximal among (the finitely many) I(z,A) as (z,A) varies in </.. By this
choice, Iy, and A, satisfy

1. forevery A€ Py, supgey, . [|¢s-A] 20.75;

2. supgey,,,, [[¢5-Az]| < 0.85.

Similarly,

Ic= |J Iy with multiplicity <2
ze S,

where .7, is certain finite subset of I.. Now {Ay, A}, A;} is already a complete flag modulo {0} and A.
Good and bad points 1. For x,a,y, b, z, let
Ly2(Good) :={s€ Iy ;.| |ps-Az]| = pS}, Iyyz(Bad) = Iy .\ Iy,y,.(Good).
By (C, @)-goodness, we choose p € (0,1) such that
|I,y,-(Bad)| < (0.01¢) | Iy, |-
Thus

L] U Ixy:Bad)

I;,y(Bad)) =
ceIyy 29

< ;; |Iy,y,-(Bad)| < ;;(0.015) | yz]

<) 2(0.01¢)-|I| = (0.02¢) -

Iyl
Define I ,(Good) := I}, \ I}, ,(Bad), so I, = I} ,,(Good) U I ,,(Bad).
So far, we have the following regarding each Iy, y:

Losely\ Iy, = [¢ps.A] 20.76, VA€ Py )

2. sely,(Good) = 3A; € Py, p6 < || ps.A]| < 0.85;

. |11, Bad)| <26-|1 |

Good and bad points 2. Define
Iyy(Good) :={s€ Iy | |ps.A) | = p6}, IyyBad):= I,y \ Iy (Good).

And p is chosen such that
|Ix,y(Bad)| < (0.01¢) | Iy, |-
Thus,

|IBad)|:=| || U Isy®Bad

<) Y |IyBad)| =) Y (0.01e)-| Iy,
be Iy ye .9 by by

<) 2(0.01¢)-|I,| = (0.02¢) - |I}|.
b

Define I’ (Good) by imposing I = I',(Good) L I, (Bad).
So far, regarding I, we have:

1. se L\ I = |¢s.A| 2085, VA€ Py;
2. se I\ (Good) N1y = pd < ||¢s.Ay | <0.96;
3. |l (Bad)| =26 -|I|.

Good and bad points 3. Finally, define
I:(Good) := {s € I | | ps.Ax || = p6},  I:(Bad) := I\ I+(Good).
And p is chosen such that
|I,(Bad)| =0.01¢|I].
Thus,

|I'(Bad)|:=

L] U IBad

ac Sy x5y,
<) 2:0.01e- |14 = (0.02¢) - |I'|.
a

<) Y |I(Bad)| <) ) 0.0le-|I|

a x

Define I'(Good) by imposing I’ = I'(Good) L I’ (Bad). Here we have:
1. seI\I' = ||¢s.Af = 0.95, YA € Prim(A);
2. seI'(Good) NIy = pé < |¢ps.Ax| = 6;
3. |I'Bad)|<26-|I'|.
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Warp-up. Now we collect all the bad points together and let

I(Bad) := I’(Bad)u( U I;(Bad))u( U U L,Bad
ae Iy, x5, ac Sy, x€ Iy be Iy, ye I
We have
U I,yEad|<s ¥ ¥ |1,Gad| <0020 ¥ ¥ |1l
a,x,by a,x,be I, ye %, ax,b ¥
<(0.04e)- Y |Ip] =(0.048)- ) | L
a,x,be ¥y a,x
<(0.08¢) - |1|
and
U L@ad|=< ) Y |IBad)|=(0.020)- Y Y |l
ae gy, xe Iy, ae Iy xS, ae gy xe I,
<(0.04¢)- ) |14 <(0.04¢)-|1].
an()
Hence
(25) |I(Bad)| < (0.14¢) - |I| < |1].
Letse I\ I(Bad).

Case 1. s€ I\ I, then ||¢p5.A|| 2 0.96 > 0.56, YA € Prim(A) so it is (8, p)-protected by the trivial flag.
Case2.seI'\I(Bad) = (Lul,) \ I(Bad) = (U, Uy I) \ I(Bad). Say s € I, \ I(Bad). Then
pd < ||ps.Ax|| < 6.
Case 2.1. s€ I\ I'.. Then ||</>S.A|| >0.86 > 0.50 for all A € &,. This means that s is (p,d)-protected by {A,}.
Case2.2.s€ I;C \ I(Bad) = (Ulp) \ I(Bad) = (Up Uy Iy )\ I(Bad). Say s € Iy I(Bad). Then
p6 < ||ps.Ay|| <6.
Case2.2.1.s€ Iyy\ Iy . Then ||¢s.A[ 2 0.78 > 0.5 for all A € &, ,. This means that s is (o, §)-protected by {Ay, Ay}.
Case2.2.2.s€ I;'y \I(Bad) = Ul \I(Bad) = U, U, Iy .\ I(Bad). Say x € I,y .\ I(Bad), then
pd < ||¢ps.Az]| < 6.
Thus s is (6, p)-protected by {Ay, Ay, A}
Now every s € I\I(Bad) falls into one of the cases 1, 2.1, 2.2.1 and 2.2.2, so it is (6, p)-protected. Hence Lem.2.3 implies if s € I\ I(Bad)
then ¢;.A € € with 8 = 0(5, p). Now we take x := . Combining with Equa.(25), we are done.

4. Exercises

4.1. More examples of (C, a)-good functions. Let C,a >0 and J be an interval in R, recall a function f : J — R is said to be (C, a)-
good on ] iff for every interval I c J of finite length and every p € (0, 1),

1
(26) mLeb{te I|f(0] = pM;} < Cp®.
where M :=sup,¢; \f(t)|.
Let ] be an interval of finite length. Let
of :={f=ae*+be *, a,beR}.
EXERCISE 4.1. Show that there exist C,a > 0 (depending on J and <) such that for every function f € of is (C,a)-good on J.

EXERCISE 4.2. If fi, f> are (C,a)-good on ], then x — max{| fi (x)|,| f2(x)|} is also (C, @)-good on J.






CHAPTER 7
Ergodicity and Mixing
Back to the Top.

1. Basic constructions

For details the reader may consult [EW11], especially chapter 8 and appendices therein.

Let G be a “nice” (o-compact locally compact metrizable) topological group and X a “nice” (o-compact locally compact metriz-
able) topological space. Assume G acts on X continuously, i.e. we have a continuous map G x X — X satisfying some compatibility
conditions.

Let #x be the o-algebra on X generated by open sets in X. This is termed the Borel o-algebra. Then the G-action is also measur-
able with respect to 98x. Thus G naturally acts on measures on (X, 8x).

DEFINITION 1.1. A measure p on By is called a Borel measure. It is called a probability measure iff /(X) = 1. The collection of all
probability measures is denoted as Prob(X). We view Prob(X) as a topological space equipped with the weak-* topology.

More precisely, we embed Prob(X) with the weakest topology such that

= ff(x)u(x)

is continuous for every

f € C.(X) :={ compactly supported real-valued continuous functions on X}.

Being real-valued or complex-valued is not important.
Let

Meas(X)51 := { finite measures p on X, u(X) < 1},
also equipped with weak- * topology. We also let
LEM(X) := { locally finite measures on X},
be equipped with weak-* topology. Note that C.(X) admits a countable dense subset.
LEMMA 1.2. With weak-* topology, Meas(X)=! is a compact metrizable space. If X is compact, then so is Prob(X).

REMARK 1.3. If we forget about the topological structure on X, and take some probability measure (i, then up to completion,
(X, Bx, ) is “isomorphic” to a convex combination of the natural measure on [0,1] interval and atomic measures supported on sin-
gle points (see [Wal82, Theorem 2.11). Thus the study of (X, %Bx, 1) is rather boring without a group action, unlike the topological space
X, when the classification of X is already a huge problem.

We naturally has an action of G on Prob(X), Meas=' (X) and LFM(X) defined by
8+ H(E) := u(g™'E)
for every measurable set E and measure p.
LEMMA 1.4. Theinduced map G x LEFM(X) — LFM(X) is continuous.

A measure p is said to be G-invariant iff g,y = p for all g € G. The collection of G-invariant probability measures is denoted as
Prob(X)¢. Similarly define Meas=! (X)¢ and LEM(X)°.

To distinguish different p.m.p(= probability measure preserving) actions of G, a convenient functor is given by taking the associ-
ated unitary representation.

Take a € LEM(X)©. Then the associated unitary representation is given by

Gx L2(X,w) —L2(X, )
(&P =g px) =g ' 0
LEMMA 1.5. This is indeed a unitary representation:

1. foreach g € G, the action on L*(X, ) is a unitary;
2. the representation is continuous

where U (L? (X, 1)), the set of unitary operators on L*(X, 1), is equipped with the strong operator topology.

In more concrete terms, using the following lemma, the continuity claim just asserts that if g, — g in G and ¢,, — ¢ in L?(X, p),
then g, - ¢, — g- ¢ in L2(X, ).

LEMMA 1.6. L2(X, W) admits a countable dense subset.

For two p.m.p. G-actions to be isomorphic, it is necessary for the associated unitary representations to be isomorphic. Properties
of p.m.p. G-actions defined via the associated unitary representation are sometimes called “spectral properties”.
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2. Ergodicity and mixing
We assume G and X to be nice in this section.

DEFINITION 2.1. A p.m.p. G-action on (X, %Bx, 1) is said to be ergodic iff every G-invariant measurable subset E of X is either u-null
(U(E) =0) or u-conull (W(X\E)=0).

So ergodicity is something like irreducibility.

LEMMA 2.2. Ifa p.m.p. G-action on (X, Bx, 1) is ergodic, then every pi-almost invariant measurable subset of X is either p-null or
p-conull.

A measurable subset E c X is said to be y-almost invariant iff for every g € G,
W(EEAE) = u((gE\NE)U (E\gE)) =0.
Since our group could be uncountable, this lemma is not obvious. Using this lemma, one can show that

LEMMA 2.3. A p.m.p. G-action on (X, PBx, 1) is ergodic iff the associated unitary representation has no fixed vector orthogonal to
constants.

Hint: Starting from a set E, one has the characteristic function 1g. Starting from a function f, one considers its level sets.
By this lemma, being ergodic is a spectral property. Another spectral property we need is mixing.

DEFINITION 2.4. A p.m.p. G-action on (X,%Bx, ) is said to be mixing iff for every two measurable subsets E,F c X and every
divergent sequence (g,) in G, we have

. -1 _
lim p(g, ENF) = p(E)u(F).
This notion is useless for compact groups.

LEMMA 2.5. A p.m.p. G-action on (X, Bx, 1) is mixing iff for every two ¢,y € L?>(X, u) orthogonal to constants and every divergent
sequence (gy,) in G, we have

1im (g ¢, y) = 0.
Here (¢, ¥) := [ p(x)w(x) u(x).

3. Unitary representations of SL, (R) are mixing

Notations
¢ G:=SL,(R) and T is a discrete subgroup of G;

el 0
.A::{[ 0 et

ot

e B:=A-U.
For convenience let us make the following definition

,tER}:{at, teR};

,se[RZ}:{us, seR};

DEFINITION 3.1. A unitary representation n : G — % (F€) is mixing iff for every v, w € /€ and every divergent sequence (g,) in G,
lim;,—oo(gn.v, w) =0.

Unitary representations, if containing no non-zero vectors fixed by G, of G = SL»(R) are always mixing.

THEOREM 3.2. Let i be a unitary representation of G on a separable Hilbert space # . Assume there is no non-zero G-fixed vectors.
Then w is mixing.

PROOFE. By “KAK-decomposition” (see the comment after the proof for an explanation), it suffices to show that 7|4 is mixing. So
take (a,) to be a divergent sequence in A. By a diagonal argument, we find an infinite subsequence (ay, ) such that for every ¢,y € A,

lim (ay, ¢, ) exists.
k—o0

This defines a linear map E : # — # such that the above limit is equal to (E¢, ). One can check || Ell,p < 1 where ||-|lop stands for the
operator norm. It suffices to show that E = 0, which is going to be achieved by showing that every vector contained in the image of E is
fixed by G.

By passing to a further subsequence we assume either (log(an,)) 1,1 — F0o00r —00.

Define

U = {xEG

. -1_ .
kLHPooa”kxa”k = 1}, U':= {xEG

: -1
kEToo e Xy = 1}
There are two things we firstly note. Let E* be the adjoint of E.
1. Eou=E foreveryue U™ . Indeed, for every pair ¢, ¥ in A,
(Eup,y) = lim(ay, ug, v) = im(ap, uay,, an b, )
= lim(an, ¢, an u”" a, w) = (Ed, ).

The last step is because (ank u™t

a,;,}u/) converges to 1 in norm. Hence E o u = E. By taking the adjoint, we get u~! o E* = E*. Thus the
image of E* is fixed by U~.

2. uoE=E foreveryue U". For every pair ¢, vy,
(UEp,w) =(E¢, u”"y) = lim(an, ¢, u”"y) = im(an, a, uan ¢, v)
=lim(an, ¢, v) = (Ep, ).

Hence uoE=E.

Next is the trick. As the * operation is continuous with respect to W.O.T., (an;) = (ap,) converges in W.O.T. to E*.
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3. kerE =kerE*. Indeed,
(B, Ep) = imlim(an §, an $) = lignli]rcnm;llgb, i ) = (E* ¢, E* )

(Exercise: show that in general ker E # ker E* for a bounded linear operator on a Hilbert space.)

Now we can finish the proof. 1. says that E(1 —u) =0, Yu € U~. Combined with 3., we get E* (1 — u) =0, Yu € U~ . Taking * of this,
we get E = u~ ' E. Thus the image of E is fixed by U~. 2. asserts that the image of E is fixed by U™. Since U~ and U™ generates G, we are
done.

O

Let us quickly explain, using linear algebra, why you can write a matrix g € SL, (R) as k; ak, with k; in SO2 (R) and a being diagonal.
This fact was used to reducing the mixing in general to mixing of A. First we claim that we can write g = k;|g| where k; is orthogonal
and |g| is symmetric. Assuming the claim, since |g| can be diagonalized under an orthogonal basis, we are done. Now let us prove
the claim. The matrix gg'" is symmetric and hence diagonalizable. Moreover it has positive eigenvalues. Hence makes sense to take
lgl:=+/gg"". Then one defines k) := glgl‘1 and it is direct to check that (k; v, k; v) = (v, v) for every vector v. And we are done.

4. Examples

EXAMPLE 4.1. Let G :=Z generated by 1 := Ry act onR/Z by Ry - x := x + a for some real number «. Then this action preserves the
natural Lebesgue measure m onR/Z. It is ergodic iff a € R\ Q. Moreover, this action is not mixing.

SKETCH OF PROOE. There are two proofs. Assume a ¢ Q.

Either you can argue that R, generates a dense subgroup of R/Z and then by continuity, m has to be invariant under the full R/Z.
Then argue that m is the unique R/Z-invariant probability measure.

Or you can argue that there are no invariant L? functions by expanding them under the basis {x — e

I leave it to you to show that R, is not mixing. g

2m'nx} 7
nez.

EXAMPLE 4.2. Let G := Z act on R?/Z? where the generator 1 acts by (x,y) — (x+ y,x+2y). Then G preserves the natural Lebesgue
measure onR?/Z? and the action is ergodic and mixing.

SKETCH OF PROOE. Two ways: 1. Fourier analysis; 2. use the idea presented in last section (you need something contracted by the
G action to make the argument work, what is this?). O

Let M := . For t € R, let M* := exp(¢-log M). The above example is about the induced action of M? on R?/Z?. The reason

1
1 2
why you have such an induced action is of course Z? is preserved by MZ. For other ¢, this is not true. Nevertheless, each M’ defines a
homeomorphism

R?/7% — R*/ M- 72
Let
X={(x,n|teR/Z, xeR*IM" - 7°}.
EXAMPLE 4.3. Show that X has a natural measure m. Moreover, the action of M R js ergodic but not mixing.

This example tells you that in general an ergodic B-action (that is not extendable to an SL,(R) p.m.p. action) may not be mixing.
However, this B-action is not “totally ergodic” in the sense that some infinite subgroup does not act ergodically. I do not know an
example of totally ergodic B-action that is not mixing. Note that by argument from the last section, it must be A-mixing.

5. Exercises
5.1. Non-commensurable lattices in SL, (R), II. This is a continuation of Exercise 2.1-2.6 from Exercise Sheet 2. Notations are
inherited and here are a few more:

e Let X := G/T and my the unique G-invariant probability measure on X;

e Let Q be a nonempty open bounded subset of UV* (or UV ™);

o Let [ip be the restriction of the Haar measure on UV to Q. Fix xy € X, let o be the push-forward of iy under the map g — g.xo.
By multiplying by a scalar, we normalize y to be a probability measure i.

EXERCISE 5.1. Show that my is A-mixing.
EXERCISE 5.2. Using mixing to show thatlim;_. . (a;) « o = Mx.
EXERCISE 5.3. LetYy be as in Exer 2.3 from Exer. Sheet 2. Show thatYy = X.

Thus we have shown that H-orbits on X are either closed or dense.
Now let I';, I'; be two discrete subgroups in SL, (R) (later we will assume them to be cocompact).
EXERCISE 5.4. The following two are equivalent
1. Ty T, isclosed in SLy (R);
2. H-(I'y xTI'y) is closed in G.
EXERCISE 5.5. The following two are equivalent
1. Ty T, isdensein SL, (R);
2. H-(T'y xT'y) isdense in G.
From now on we assume I';, I'; are both cocompact in SL, (R).

EXERCISE 5.6. The following two are equivalent
1. T'; - Ty is closed in SLy (R);
2. Ty is commensurable withT» (namely, T'1 NI is of finite-index in both Ty andT,).

(It seems unclear to me how to prove this only assuming I';’s are lattices. There is an approach using random walk by Eskin—
Margulis.]

EXERCISE 5.7. The followings are equivalent
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1. Ty is commensurable withT'y;
2. I'y - [idlr, is a finite subset of SLz (R) /T'2;
3. I'; - Ty is not dense in SL» (R).

5.2. Totally geodesic hyperbolic planes in H3, II. Notations and assumptions are inherited from Sec.3 from Exercise Sheet 2.
EXERCISE 5.8. Show thatH-orbits on G/T are either closed or dense.
5.3. Mixing fails for non-semisimple groups. Notations

o B:A'UwhereAsz{atz eot e‘ft ,te[R{}andUz{usz [ (l) i ,selR};
e Jis a separable Hilbert space and ®: B — % (/) is a unitary representation of B.

EXERCISE5.9. Show thatif 7€ has no non-zero ®(U)-fixed vector (“U-ergodic”), then for every ¢,y € A and t,, — +o0o,lim, (P (a,,).¢,¥) =
0 (“A* -mixing”).

EXERCISE 5.10. Same notations and assumptions as in last exercise. Show that for every ¢,y € 7 and t,, — —oo, lim,, (Pay).d,p) =
0 (“A™ -mixing”).

Below is an example showing that “U-mixing” may not be true under the hypothesis made in last two exercises.

Let %, := L?>(R>o, Leb). Define, for ¢, s € R and ¢ € 7%,

@ ) () :=e' P n), (ush)(x):= - ().

EXERCISE 5.11. Show that the above defined action of A and U extends to a group homomorphism ®¢ : B — Hom(#, #).

Here Hom(/4, #) stands for linear maps from #; to /5.

EXERCISE 5.12. Show that image of ® consists of unitary operators.

EXERCISE 5.13. Show that @ defines a unitary representation of B (namely, one should check continuity w.r.t. strong operator
topology).
EXERCISE 5.14. Show directly that ® is A-mixing. Namely, for a divergent sequence (a,) < A and ¢, ¥ € H#p, lim;, (Do (ay).¢, ) =0.

EXERCISE 5.15. Show that there is no non-zero ®y(U)-fixed vector. Yet ® is not U-mixing.

5.4. Another example of Mautner phenomenon. Notations

1 s r 1 0 r
e N:= 0 1 ¢ ] sst,reRp, Z:=Xz,:=|1 0 1 0 l reR;;
0 0 1 0 0 1
1 00 1 s 0
e Wi=<Xw;:=| 0 1 ¢ teR}U:={ug:=( 0 1 O SER;
0 0 1 0 0 1
» /¢ is aseparable Hilbert space and ®: N — % (/) is a unitary representation of N.

EXERCISE 5.16. Verify the following
WUgW_y = UgZ_gs, VS, T ER.

EXERCISE 5.17. Show that a ®(W)-fixed vector is ®(Z)-fixed.

[Since W - Z is a normal subgroup of N with quotient group R, there exists a unitary representation (®, #°) of N and v € ./ such

that its stabilizer in N is exactly W - Z.]
Now let I" be a lattice in N.

EXERCISE 5.18. Show thatT is not commutative, and hence, not virtually commutative (namely, every finite-index subgroup of T is
not commutative).

EXERCISE 5.19. Show thatT' N Z is a lattice in Z.

Let p: N — N/Z (Z isnormal in N) be the natural quotient map.

EXERCISE 5.20. Show that p(T) is a lattice of N/ Z.

Let my be the N-invariant probability measure on N/T and let my be the N/ Z-invariant probability measure on (N/Z)/p(T) .
EXERCISE 5.21. Show thatfx is W -ergodic iff iy is W -ergodic.

EXERCISE 5.22. FixT, show that there exists some one-parameter unipotent subgroup {vg} of N that acts ergodically on imy.

One more example.
a

b x a b
Let G:= c d y [c d eSL([R), x,yeR
0 0 1
a b x
a b
T:.= c d y c d €Sy (2), x,yeZ
0 0 1

EXERCISE 5.23. Use mixing and non-divergence of unipotent flow to show that SL,(Z) is a lattice in SL» (R).
EXERCISE 5.24. Show thatT is a lattice in G.
Let Mg, be the unique G-invariant probability measure on G/T.

EXERCISE 5.25. Show that mgr is SL, (R)-ergodic.

Here we embed SL; (R) in the left upper corner of G. By what has been proved in the class, this implies that mg,r is SL (R)-mixing.



CHAPTER 8

Unipotent invariant finite measures on quotients of SL,(R), I

Back to the Top.
In this chapter we introduce pointwise ergodic theorem and start our discussion of classification of unipotent invariant probability
measures on quotients of SLy (R).

1. Ergodicity and extremality

Unless otherwise specified, we assume G and X are nice. So G is a locally compact and o-compact metrizable group and X is a
o-compact locally compact metrizable space. The space of probability measures Prob(X) with the weak* topology is not necessarily
compact (unless X is compact) but the Meas(X)=! is. And Meas(X)=!, Prob(X) and LEM(X) are also nice (decompose X into countable
union of compact pieces and consider probability or finite measures supported on finite unions of them).

LEMMA 1.1. A G-invariant probability measure i is ergodic iff it is extremal in the space of G-invariant probability measures. Or
more succinctly, Prob(X)®F'8 = Extre(Prob(X)%).

Being extremal means that p can not be written as convex combination of different invariant probability measures. That is to say,
ifu=avy+(1-a)vs forsomeace(0,1) and v; € Prob(X)C, thenv; = v, = u. In particular, two different ergodic y;, 12 must be singular
w.r.t. each other. Namely, we may partition X = Au B into two measurable parts such that p; (B) =0 and p2(A) =0.

SKETCH OF PROOE. If i is not ergodic, then we can pick two complementary invariant measurable sets. Then p is the sum of the

restriction of u to these two sets and is not extremal. Conversely, if y = av; + (1 — a)v, then v; and v, are absolutely continuous w.r.t.

. So we find two G-invariant L' (u)-functions representing “%—Li " which are forced to be constants unless u is not ergodic. U

By general facts from functional analysis (Hahn-Banach theorem), the convex combinations of Extre(Prob(X)%) are dense in
Prob(X)¢ (pretend X to be compact first and then do the general case). A theorem of Choquet says that more precisely (See Thm.4.8
and 8.20 of the book of Einsiedler-Ward [EW11]),

THEOREM 1.2 (Ergodic decomposition). For every € Prob(X)C there exists a unique Borel probability measure A € Prob(Prob(X)©)
such that

o A(Prob(X)“Er®)=1;
* 1= JyeprobonGs VAM).

Let me add that Prob(X) '8 is not closed in general (Exercise: find such an example) but in the world of unipotent flows, this is
closed due to a theorem of Mozes—Shah.

In virtue of this theorem, to classify invariant probability measures, we often start with ergodic ones.

2. Pointwise ergodic theorem for a flow

We can construct a new invariant probability measure from known ones by convex combination. But how to get one to start with?
Well, in general such a measure may not exist (say, the SL,(R)-action on the space of lines of R?). But for a flow, namely a continuous
R-action (denote the action R x X — X by (t, x) — T:.x) on a nice X, we can consider

1 0T 1T
?[) (Tt)*6xdt= ?ﬁ 6T[.xdt

as T — +oo. Here § denotes the measure defined by 6 (E) = 1 iff x € E and is zero otherwise. You can replace the §-measure supported
on {x} by any other probability measure. Using this construction, one shows that

LEMMA 2.1. Let (Ty) rer be a flow on X. If further assume X is compact, then there exists a (T;)-invariant probability measures.

Conversely, every ergodic flow-invariant probability measure may be constructed this way from a delta measure. Actually, more is
true. This is the pointwise ergodic theorem.

THEOREM 2.2. Let T; denote the action of R on a nice space X. Let |1 be an ergodic Borel probability (T;)-invariant measure on X.
Then for every f € L' (X, %Bx, ) there exists a measurable set E¢ of full measure (u(Er) = 1) such that for every x € Ef we have

1 T
27 lim —fo f(Tt.x)dtsz(x),u(x).

T—+oo T

Using the fact that C.(X) admits a countable dense subset for a nice X, a diagonal argument shows that

COROLLARY 2.3. Assumption as in the above theorem. There exists a full measure set E such that for every x € E,

1T
(28) Jim fo (T)).6,dt =

where the limit is taken with respect to the weaks topology.

There is no such general ergodic theorem beyond the world of amenable groups.

A point x satisfying Equa.(27) (or (28)) is sometimes called f-generic (or generic). To emphasize both the group action and the
invariant measure, one may also call x a (7, ¢)-generic point. In general, it may be very difficult to describe the set of generic points.
One beauty of unipotent flows is that you do have an explicit description of generic points in this case.

45
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3. Ergodic measures for unipotent flows

Let us start with the easiest case.

DEFINITION 3.1. Given a continuous action of G on X. We say that the action is uniquely ergodic iff the action admits a unique
invariant probability measure.

THEOREM 3.2. LetT be a discrete subgroup of SL,(R), then there exists a unique up-to-a-scalar SL, (R) -invariant locally finite mea-
suremyx onX:=SLy(R)/T.

A reference is Raghunathan’s book [Rag72]. For existence and uniqueness of invariant (Haar) measures on a (nice) topological
group, one may consult [DE14].
Thus when such a measure is finite, we get an example of uniquely ergodic action.

LEMMA 3.3. Assume a flow T; on a compact space X is uniquely ergodic with the unique invariant probability measure denoted by
U, then for every x € X, Equa.(28) holds.

Proof is left as an exercise. You can not drop the compactness assumption.
Now we go to the world of unipotent flows. Some notations:
e G:=SLy(R), I'is a discrete subgroup of G and X:= G/T..
1 s el 0
. U.—{us.—[ 0 1 sE[R{},A.—{at.— 0 et tER},
THEOREM 3.4. AssumeT is cocompact in G. Then the U-action on X is uniquely ergodic.

e B:=A-U.

The existence is guaranteed. One needs to prove the uniqueness. This result is due to Furstenberg [Fur73].
A more general result is
THEOREM 3.5. LetT be a discrete subgroup of G. Then every u € Prob(X)V'F'8 is one of the following:

1. supported on a closed (necc. compact) U-orbit;

2. my/|mx| with |mx| < co.

In particular, if X has no compact U-orbit and |myx| = mx(X) is not finite, then there is no finite U-invariant measure. Though this
does not prevent the existence of dynamically interesting infinite U-invariant measures.
A reference for the material presented here is Ratner’s paper [Ra92].

4. Outline of the proof and step 1

The proof of Thm.3.5 to be presented here consists of two parts

Step 1. Upgrade from U-invariance to B-invariance if the measure is not supported on a compact U-orbit.
Step 2. Show that the action of B is uniquely ergodic unless my is infinite.

The first step is essentially achieved by a combination of ideas from Ch.1 and pointwise ergodic theorem. It might be possible to do
the second step by a duality argument in the style of Ch.1. We will do something different.

4.1. Step 1. Compared to Ch.1 we will do the following adjustment

compact topological spaces — probability invariant measures

minimal sets — generic points

We shall actually use compact subsets of generic points so that we can take limits.

LEMMA 4.1. Let u be an ergodic U-invariant probability measure onX, then

1. either pu is supported on a closed U-orbit;
2. oru isB-invariant.

Before the proof we make the following observation
LEMMA 4.2. Ifx,y are both (U, u) generic points and y = g.x with g € G normalizingU, then g, = .

PROOE. Since g € G normalizes U, we find some constant cg > 0 such that gu, g l=u, .- By definition of genericity we have

1T 1T
g*/J _g* Tl—lg—loo? =0 (ut)*(sx dt - Tl—l’l:li—loo? 0 g* (ut)*éx dt
1 (T 1T
:TEE]w? t=0(ucg.[)*g*5xdt= TEIIle I:O(ucgj)*&ydt:y.

O

PROOF OF LEMMA 4.1. Without loss of generality assume p is not supported on a closed U-orbit. In light of Lem.4.2 above, we
hope to find a pair x, y that are both (U, u)-generic and y = a;.x with ¢ # 0; and by varying the pair, we want ¢ to be arbitrarily close to 0.
Recall that the argument from Ch.1 basically goes like:

Step 1. find two sequences (x,) and (y,) with d(x,, y,) — 0 and for each n, x,, and y,, are not on the same local U-orbit;

Step 2. if for infinitely many n, x, and y, are on the same local B-orbit, then we are done;

Step 3. otherwise, depending on § > 0, we find s, t, such that every limit pair (X, yoo) Of x}, := u;, x,, and y}, := us, y,, are differed by
some a; with ¢ € [C™18,C8] for some constant C > 1;

Step 4. as a complement to Step 3, it should be noted that the choice of s, is determined by ¢, and the choice of ¢, has the freedom
of multiplying by a (multiplicatively) bounded number. This havs the effect of changing the C in step 3 by another C’;

Step 5. so far we have demonstrated a, with |7] — 0, £ # 0 with a; € G, the stabilizer of 1 in G. Since G, is a closed subgroup, A < Gy,.
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Below is a detailed account of carrying out the above strategy in the measure theoretic setting. You may try to figure out how by
yourself.
We need to guarantee the limits (X, ¥o) to be generic. Since the set of generic points is usually not closed, we define

Ey,u :={(U, p)-generic points }

and take E to be a compact subset of Ey ;, such that u(E) > 0.9.
Take Tj large enough such that the following set

1
(29) F:= {xEX‘ ?Leb{te [0,T],u;.x€ E}=09, VT = To}
has u(F) > 0.9. (how? First by ptws ergodic theorem applied to the indicator function of E, we see that
1
{x eX ‘ lim —Leb{t€ [0, T],u;.x € E} = u(E) > ().9}
T—+oo T
has full measure 1. Thus as S varies over positive integers, the increasing union of the following sets
1
Fg:= {xeX‘ ?Leb{te [0, Tl,u;.x€ E}>09, VT = S}

has measure 1. Thus we can find some T such that F7, has measure at least 0.9.)

We claim that there exist pairs (x, y) in F arbitrarily close to each other and yet not on the same local U-orbit (unless p is supported
on a compact U-orbit, which by assumption does not happen).

To be precise, two points x, y are said to be on the same local U-orbit if x = u;.y for some s € (—1,1).

If the claim were not true, then there exists € > 0 such that if x, y € F and d(x, y) < € then x = usy for some |s| < 1. Cover F by
countably many measurable sets {B;} of diameter smaller than €. Then B; N F c u_y,1).x; for some x;. So F < U;u(-1,1).x;. Thus for
some Xx;,

pfus.x; [1s] <1}) > 0.

By ergodicity this implies that U.x has to close up (you can invoke ptws ergodic theorem to prove this but you do not have to) and that
1 is the U-invariant measure supported on this orbit. Contradiction.
Recall calculation from Ch.1, with s + ¢ replaced by ¢,

_ l+ap+tcy, buy+sdy,—an)—sic,+{t—s)1+d,—scy)
1_ n n n n n n n n
(30) U Antts = Cn 1+d,—scy
for
| 1+an by, .
A, = c 1+d, with ay, by, ¢, d, — 0.

Compared to Ch.1, let us make a little adjustment on the choice of s, s and particularly ¢, s to simplify matters. Assume c, # 0. For a
small number § > 0, choose s, 5 as before, namely,

d,+06

Cn

Sn, =

(choosing s = (d;, —0)/c, is also ok). We also need an additional parameter A = 1,5 € (0.1,1) to be determined in a moment. Let
3;1,6 = An,5Sn,6- Choose t}’m =PnsAns)- s’ms where

— (1= A§) + A 50 —dy) + (dy+ 5)A
3D onshng) = 202t Angd |\ (@n=dn) + (4D
1+ (1= Ang)ddn = Ang0 1+ dp) = (dn+0) Ao

This choice is such that the upper right corner of Equa.(30) converges to 0 asymptotically. Indeed with A =245, s = s; 6 and t=t], 5 we
have

b, +s(d, —a,) — szcn +(t=s) (1 +d,—scy)
(scp=dn+06) =by+s(d,—an)—sAd, +8) + (t—s)(1+dy)— (t—s)A(dy, + )
(Equa.(31)) =bp +s(—an+dn,—Ad, —A0) + (t —s)(1 +d,, — Ad,, — Ad) = b;, — 0.

Let us firstly cheat by assuming ¢, 5(1,,5) = 1 in Equa.(31). See Sec.4.2 below to see the true proof. We have

S;z,ﬁ = t;l,(s = /1,1,53”,5.
Take 6 > 0 and n large enough such that s, 5 > Ty. Then by the definition of F (see Equa.(29)),
Leb ({/1 €0.1,1) | Wy, ;X0 € E}) >0.9-0.1=0.8;

2 Leb ({;L €0.1,1) ‘ Wi, s € E}) >0.9-0.1=0.8.

In particular, their intersection is nonempty and we take some element 4, 5. Define x), ; := uy X andy) ;:= ug Yn thenx) 5,y s €
E. By letting n — +o00 (pass to a subsequence if necessary) and by Equa.(30) above, we get

(1= Aoo,50) 7" 0

YVoo,6 = [ 0 1_/100,66 Xoo,8

where Xo0 5 := limx;;y(s € E, Yoo, = limy;:ﬁ € Eand Ay 5 :=1limA,s € [0.1,1]. So we get a sequence of non-identity elements in A
converging to id that maps some generic point (X, s) to another one (y,5). By Lem.4.2, they are contained in G, which is a closed
subgroup. Thus A is contained in G, and the proof completes.

Finally, here is a summary-by-picture:
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(cpt Subset cf aenq ‘ﬁ S‘)
l__: E >this is d\mﬁ«a XN should be W«PI"@J b‘) \4'“'5()\\

(7
Yo =g U0 Yog Usth
a .__/_/_/3/ 5= Sas

7‘{1 — ;; ! 7”116 u ?{n ;}\\:j\ﬂx%é CO.IKJ 1]

By def. of F we can choose \=Myg €[0,1] st 7‘;:3-5:,5 li
in E, 0 Compact subset of 9emeric puifs.

ymk: Yo may think of F as cofaied n E f{ym [ike
O

4.2. To avoid cheating... Here is the honest proof.
As functions on [0,2] indexed by 7,8, we can check that as n — oo and § — 0, the functions ¢, s (resp., their derivatives) converge
to the constant 1 (resp., 0) uniformly. Thus for n sufficiently large and ¢ sufficiently small, we may and do assume that

bns(N) €10.99,1.01], &), 5(A) € [-0.01,0.01], VA€ [0,2].

Let vy, s(A) := ¢, s(A) - A. For nlarge and 6 small,
(33) V), 5s(A) =, s(0)-A+dps(A) €[0.97,1.03], VAe0,2].
So ¥ =y, s defines a diffeomorphism from [0.1,1] — ¥([0.1,1]). Note that
(34) [0.15,0.95] < ([0.1,1]) = [0.05,1.05].
Let (abbr. ¥ :=v, 5 and s:= s,,5)

A:={1€10.1,1] | uy)s.yn € E}
(35) = (A ={1ey((0.1,1]) |ups.y, € E};

B:={A€10.1,1] |uys.x, € E}.

By Equa.(32) and (34), we have Leb(w(A)), Leb(B) = 0.8 — 0.1 = 0.7. Also, by Equa.(33), for every z € A, |/ (2)| ' = 1.03™". Therefore,
Leb(A) = f 1a(x)dx = f Lay ™'y | ™) ()| dy

= f Ly [w' @y dy=0.7-1.037" = 0.6.

Consequently, AmB # @ and we choose some A, 5 € ANB. As above, define s =Ans5Sns and t =¢nsAns)- sn s=Vn, s Ans) Sns-
By Equa.(35), x), 6 =y . Xn and yn 5 =Ug - Yn belongs to E. The rest of the proof is the same as those below Equa.(32).
Now we have completed Step 1.

5. Exercises

5.1. Lattices and closedness of orbits.

e Gisaconnected Lie group and I is a discrete subgroup of G;
e H < Gisaclosed subgroup.

EXERCISE 5.1. Assume HNT is a lattice in H. Show that for a divergent sequence (x,) in H/ HNT, InjRad(x,) — 0.

EXERCISE 5.2. AssumeT satisfies the conclusion of the last exercise. Show that HT /T is closed in G/T .

1 s
* U‘{“S‘[ 01

EXERCISE 5.3. Assume UNT is cocompact in U, by duality we know that TU/U is closed in SLy(R)/U. The latter is homeomorphic
toR% - (0,0) under g — g.e1. ThusT.e is closed in R% - (0,0). Show that, in fact, T'.ey is closed in R2.

,SE IR}, I is a discrete subgroup of SL, (R).

EXERCISE 5.4. Show that the conclusion might fail if we replace “U NT is cocompact in U” by “UT is closed in SLy(R) "

el 0

EXERCISE 5.5. Show that B = A-U with A:= {at = 0 ot

, L€ [R} has no lattice.

5.2. More exercises.

EXERCISE 5.6. LetT be a lattice in SLy(R), and assume T is not cocompact in SLy(R). Let X := SLp(R)/T. Let d be a right invariant
Riemannian metric on SLy(R), which induces a quotient Riemannian metric dx on X, from which we can define a (volume) measure on
X. Accept the fact that such a measure is necessarily the SL, (R) -invariant finite measure on X. Show that a sequence (x,) < X goes to co
iffInjRad(x,) — 0 as n — co.

EXERCISE 5.7. Assume the notations and the conclusion of the exercise above. Show that (g,I'/T) c X goes to oo iff there existsy, €T
such that dist(id, g,y »g,}) — 0.
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EXERCISE 5.8. For a matrix X = (x;,;), let | X|lsup := sup; ; |x,-,j|. By a direct computation, show that there exists a constant C > 0,
such that for every e > 0 and X,Y € SLy(R) with |lid—X|| < € and |id-Y || < €, we have that

lid-xyx 'y~ =C-€

EXERCISE 5.9. Notations as in the exercise above. Show that there exists a neighborhood A ofid in SL, (R) such that for every discrete
subgroupT < SLy(R), I'n A generates an abelian group.

EXERCISE 5.10. Notations as in the exercise above. Show that there exists a neighborhood A"’ of id in SLy(R) such that for every
discrete subgroup T’ < SL,(R), there exists g € SLy(R) such that gT g’1 N A" ={id}.

EXERCISE 5.11. Let T in SLy(R) be a lattice. Use previous exercises to show that T is not cocompact iff it contains non-identity
unipotent matrices.

REMARK 5.1. The “if” direction is proved in the class. This is a special instance of Kazhdan—-Margulis theorem.

e’ 0 1 s
0 e 0 1
x € SLp(R)/T belongs to a compact ug-orbit, then a;.x diverges as t goes to —oo. Now assumel is a lattice. Show that the converse holds.
Namely, if a;.x diverges as t goes to —oo, then {us.x}secr is compact.

EXERCISE 5.12. Lef a; :=

and ug := [

. In the class we have seen that for a discrete subgroup T' < SL(R), if






CHAPTER 9

Unipotent invariant finite measures on quotients of SL, (R), II

Back to the Top.
In this chapter we complete “step 2” from the last chapter. To do this we need the notion of conditional measures.

1. Conditional measures

As a reference, see [EW11, Ch.5] and [Coul6, Part IV and Ch.17].

Let X be a nice space and %y be its Borel g-algebra. Let p € Prob(X). Let «f be a countably generated sub-o-algebra of %x. Being
countably generated means that, by definition, there exists a countable collection of measurable subsets Gene(«/) = {A;} of X such
that o/ is the smallest sub-o-algebra containing them. Assume the complement of every A; is also contained in Gene(«/). For x € X,
let the atom containing x be [x] := Na;ax Ai-

LEMMA 1.1. Actually x]¥ = Masx, acr A, hence x]< is independent of the choice of a (symmetric) countable generator Gene(</).
Proof is left as an exercise.

THEOREM 1.2. (Conditional measures) Let (X, Bx, i) and <f be as above.
1. Existence of conditional measures.
There exists X' € of of full measure and a measurable map X' — Prob(X) denoted as x — uj‘f such that pj‘f (x1) =1 and

(36) fA f FOWE D) = fA e

for every A€ of and f € L' (X, By, p). Implicitly we have claimed that x — [ f(y)u (y) is integral on A.
2. Uniqueness of conditional measures.
If x — v;‘f is another measurable map from a possibly different full measure subset X" to Prob(X) satisfying Equa.(36) for every
compactly supp. cont. function f € C.(X) and A= X", then for some full measure set X" < X' 0 X" we have u¥ =v< for x e X"

EXAMPLE 1.3. Let.of = Bx. Then [x] = {x} and u! = 5 for every x € X.
EXAMPLE 1.4. Let of be the sigma algebra generated by a finite measurable partition {P,..., P} ¢ Bx of X, then [x]¥ = P; iffx € P;

lp;
p(Pi) "

and us =

EXAMPLE 1.5. Let X = [0,1]x[0, 1] and yt = Leb be the standard Lebesgue measure defined by |dx A dy|. Let </ := {A x [0,1] | A€ B }
Then for every (x,y) € X, [(x, y)]f)fy) ={x} x[0,1] and,uff; » is induced by |dy|.

This example can be generalized to foliations on manifolds where X is a small open set with a local foliation chart, which provides
.

EXAMPLE 1.6. Everything same as in the last example except that we let |1 be the standard Lebesgue measure supported on A :=
{(x,x), x€[0,1]}. Then [(x, y)]ff;y) = {x} x [0,1] and,uf;y) =5,.

EXAMPLE 1.7. Ifyou have a probability measure preserving map n : (X, Bx, 1) — (Y,PBy,v) with X, Y nice. Let o := 7 1By . In this
case, Equa.(36) can be viewed as a “fibre integration formula” (you can replace the 1 on the LHS by v). Here atoms are fibres of . In some
sense, all countably generated sub o -algebra <f arises from such a .

EXAMPLE 1.8. Let G, X both be nice and assume G preserves (1. Let
o :={Ae€ Bx | Aisalmost G-invariant} .

A measurable subset A is almost G-invariant if u(g.AAA) = 0 for all g € G. Then Equa.(36) provides an explicit form of ergodic decom-
position.

2. Step 2 of the measure classification

Notations:

e G:=SLy(R), I is a discrete subgroup of G and X := G/T..
¢ let mx be a G-invariant locally finite measure on X and let ny := X if myx(X) < +00;

. my (X)
1 s e 0
. U.—{us.—[ 0 1 sE[R{},A.—{at.— 0 et tER},
e B:=A-U;
0
o V= {vszz 1 seIR}.

Recall that we are left to prove the following.
THEOREM 2.1. If there exists a B-invariant, U-ergodic probability measure u onX, then is a lattice and p is equal to my.
By the discussion from Chapter 7, we have the following

LEMMA 2.2. Same assumption. The measure y is ergodic (actually mixing) with respect to a” -action for every aq € A.

51
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Let u be a B-invariant, a-ergodic probability measure. Here a is a fixed element of A such that a”va™" — id as n — +oo for every
v € V. We need to show that u coincides with the mx (up to a scalar) and in particular, my is finite.

Fix some o in the support of i. Choose (symmetric) neighborhoods of identity 42 (resp., 4, ) in B (resp., V) that are very small
compared to the injectivity radius at 0. We say two points x, y are on the same local B (resp., V) orbit iff x € #B.y (resp., x € A.y).
Choose ¢ > 0 even smaller compared to €.

Let

Gene(f, ) := {xeX

N
NliToo% n;f (@"x) = f f(y)u(y)}.
Note that this set is V- A-invariant. Let E r beits intersection with A5 (0).

We define a sub-o-algebra 7 on .45(0) by specifying its atoms: x and y belong to the same atom iff x and y are on the same local
B-orbit. Let E} < Ey be those x such that the conditional measure u‘x‘% is the restriction of some (left-)B-invariant measure when we
identify [x]” as a subset of B c B via the orbit map. Then y being B-invariant, E} is a conull setin Ey. Let E ' consist of elements in
N5 (0) that are on the local V-orbit of some element in E’.. Thus E s conull in A5 (0) with respect to p and my.

As an exercise, the reader is invited to fill in the various missing details here. Consult Sec.3 if it helps. Here is a picture.

ocal V-cht
Iy |ocnl Brardy

=

TN
N1

s ave polais
Y‘t\ed if are po
in L(;

Now we are ready to conclude the proof.

First assume my < oo. Every point x € E r is a-generic for y. But since the a”-action on my is also ergodic and my (E ) >0, we can
find a point x € E r generic for my. Thus [ f(x)u(x) = [ f(x)mx(x) by pointwise ergodic theorem. Since f is arbitrary we are done.

Now assume mx = co. Then the associated unitary representation is absence of constants. Thus by mixing, for every ¢,y €
L?(X, my), we have

r}i_{rgofgb(a”.x)w(x)mx(x) =0.
Take p = fand y = 1Ef’ then

limf~ f(a".x)my(x) = limff(a”.x)lgf(x)mx(x)zo.
Ef n—oo

Let us compute, for f € C.(X),

_ ) 1 N-1 "
mx(Ef)ff(x)y(x)=fEf (z\lzl—lgoﬁ n;)f(a .x))mx(X)

1 N-1
b ded thm) = lim — ", =0,
(bounded convergence thm) Nlilgo N nX::O ( fg : fla x)mx(x))

which is impossible if f > 0 at some point in Supp(u). Hence my = oo leads to a contradiction. See [Ra92, Page 27,28] for an alternative
way of concluding the proof.

3. More details on locally invariant measures

Let G be a Lie group and Q < G be a nonempty open subset. A measure u on ( is said to be locally left invariant under G iff for
every measurable subset A< Q and g € G such that gA < Q, we have u(gA) = u(A).

LEMMA 3.1. A locally left invariant locally finite measure p is the restriction of some left G-invariant measure on G.

Proor. Fixa countable set (g;);ez., in G such that G = g;.Q. Assume g = id.
Ap:=Q, A1 :=81.0\Q, A2 :=2.Q\ (QuUgQ)....
Then G = I—lielzo Ai.

Define a measure u' on G by

37) W (E) =) ug  (EnAp)
i=0
for every measurable subset E. Then one can prove that y' is left G-invariant. Here are more details.
Take g € G. For simplicity let E; := En A;, then

K (g-B) =) W' (g.Ep) =) u(g; (g-EjnAp).
J Lj

Note that gi‘1 (8.EjnAj)cQand (go gj)‘1 (g.Ejn A;) < Q. By local left-invariance we get

w(gH(g.EjnA)) =g gt (g.Ejn A)).

Note that
|_.|gj—1g—1(g.Ej NA; = gflg‘l(g.Ej) — g;I.Ej.
1
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Thus from Equa.(37) we get
HEgB =) ugi'g  (gEnA)) =) ug; " Ej)=uE.
ij j

So we are done.

To check local-invariance, the following is helpful.

LEMMA 3.2. Letd > 0. Let Q be a connected open subset of G and p be a measure on Q). Assume p is locally invariant with respect to
g€ N5(id) € G. Then p is locally invariant.

Note that being open connected and being open path-connected is equivalent for a subset of a manifold.
PROOEF. Fix a countable dense subset {€;} of A5(id). For every g € G, the collection of finite-length words in {¢;} representing g is a
countable set, we may index it by Z~;. More precisely,
W@ :i={wp:{1,2,... } = {e;} | Lk € Zo1, wi(D) -...- wi(1) = g}
Write [ for the length of the word wy. Let E c Q with g.E c Q. We need to show u(E) = u(g.E). Now for every w € #(g), consider
E1 ={xeE | wl(k) Cet wl(l).x e, Vk= 1,.., ll}
Eg ={x€eE\ E1 | wz(k) cvrun(l).x€e Q, Vk= 1,.., lg}

Then E;’s are disjoint from each other. Moreover, since € is path-connected and {¢;} is dense in .45 (id), we have
E= || E:.
i€
Moreover for each i,
() = p(w;(1).E;) = p(w; Q) w;(1).E;) = ... = u(g.Ey).
Therefore,
W) =Y p(E) =) wg.E) = ug.E).

4. Exercises






CHAPTER 10

Equidistribution of unipotent flows on quotients of SL; (R)

Back to the Top.
Notations

¢ X, :={ unimodular lattices in R?} = SL,(R)/SL»(Z), G := SL»(R);
1 s et 0

U.—{us.—[ 0 1 SER},A.—{at— 0 et tE[R},

my, is the SL, (R)-invariant probability measure on Xp;

Prim(A) is the set of non-zero primitive vectors in A for A < R? discrete;

Prim! (A) is the set of rank-1 primitive subgroups of A.

1. Equidistribution on the modular surface
In this section, we illustrate the idea of [DS84] in the case X,. The general case will be discussed in Sec.3.

THEOREM 1.1. Let Ag € Xy be such thatU.\ is not compact. Then

lim = lim
S—+00 Hs S—+00

S
f (u5) 0 5, ds = My, .
0
Consider
J :={A X, | U.A is compact}.
LEMMA 1.2. The set of compact U-orbits is a tube: I = {a,us- 7%, t € R, s € R/Z}. And U.A is compact iff A contains a non-zero
horizontal vector.

This has been proved in Chapter 4.
Our proof of Thm.1.1 decomposes as:

Step 1. Passing to a subsequence, assume the limit of (us)s exists and call it . Thanks to the non-divergence theorem (see Ch.4), we
also know p is a probability measure.
Step 2. Also p is readily seen to be U-invariant since it comes from an averaging process.
Step 3. Show p(97) =0.
Step 4. Use the ergodic decomposition to conclude.
Details of Step 1 and 2 are left as an exercise. Let us take up Step 3.

PROOF OF STEP 3. Fix ] < Iy, let
Tt =122, teh, t], seRIZ}.
Thus it suffices to show that p1(J7;,,1,1) = 0 for all —oco < #; < £, < +oo. By the definition of weak* convergence, it suffices to find an
open neighborhood A%, for every € > 0, of 91y, 5, such that limsup us(A%) < €. Letting € — 0 the finishes the proof.
This will be achieved by Thm.1.5 below. d

Note that ugAg being close to 97 ,,; means that, for certain v € Prim(A¢), we have u,.v is close to
Af, ) = 1aug.e | 1€ty ], t€R} = [e",e%] x {0}.
For C,6 > 0, consider the box
Box¢s :=[-C,C] x [-6,0].
Define
I(C,6) := {s = 0| Prim(uy.Ag) NBoxc 5 # @} .
For Zv € Prim! (Ap), consider
I(C,6,Zv):={s= 0| us.v € Boxc 5}
Since —Boxc s = Boxc s, this is independent of the choice of the generator of Zv. From the definition,
(38) c,H= \J I1¢é,zv.
ZvePrim! (Ag)
The key observation is that

LEMMA 1.3. Assumeé-C <0.1. Then for two Zv #Zw € Prim!(Ag), I(C,8,Zv) N I(C,8,Zw) = . In other words, Equa.(38) above is
a disjoint union whené-C <0.1.

PROOE. Otherwise the lattice us.Ag would contain two linearly independent vectors v, w in [-C,C] x [-§,8]. Thus the triangle
spanned by v, w is also contained in [-C, C] x [-0, 8], implying ||v A w|| < 2(4Cd) < 1. This contradicts against the assumption Ay is
unimodular. O

For € > 0, define
Ci(e):=€e7, 61(e):=0.1e.

For every Zv € Prim? (Ag), there are three cases
Case 1. I(Cy(g),01(€),Zv) = @;
Case 2. I(Cy(g),01(),Zv) # ¢ and Zv g Rey; in this case I(C; (€),01(€),Zv) = Rxg;
Case 3. I(Cy(g),61(e),Zv) # ¢ and Zv gé Rey; in this case I(C; (€),61(€), Zv) is a closed interval of the form [a,, b, ].

Case 2 is excluded since A contains no non-zero horizontal vector by assumption (see Lem.1.2).
Now take S > 0, there are sub-cases for case 3:
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56 10. EQUIDISTRIBUTION OF UNIPOTENT FLOWS ON QUOTIENTS OF SL3 (R)

3.1 S<ay,or b, <0;in this case [0,S]NI(C;(€),01(e),Zv) = @;

3.2 a, <0< b, <S;inthis case [0,S] N I(C;(¢),01(€),Zv) = [0, b,];
3.3 0< ay, < b, <S;in this case [0,S] N I(C;(€),51(g),Zv) = [ay, by];
3.4 0<a, <S<by;inthis case [0,S]NI(C;(¢),51(¢),Zv) = [ay, S];
3.5 [0,S] < [ay, by].

X 32 13 3.4 |
& by Gy by O, by 'L: by
I | [ ¢ 1 ] " 1
T - L T < =) T J -
0 S

PROPOSITION 1.4. Take C, satisfying1 < C, < 0.5C;(€) = 0.5¢ . Then
1
limsup — Leb (I(Cy,6,(€)) N [0, S]) < 4Cse.
S—+00 S
From the proof it will be clear that the inequality holds for S large enough without taking the limit.
Only case 3.2, 3.3 and 3.4 above will contribute, for which we have three lemmas Lem.2.2, 2.1, and 2.3 below.

PROOF. If every Zv € Prim!(A) falls in case 1 or case 3.1 (for every S > 0), then LHS in Prop.1.4 is zero and the inequality trivially
holds. Otherwise, find S > 0 large enough such that for some Zv € Prim!(A), we are in case 3.2 —3.5. By choosing S larger, case 3.5 can
be excluded.

Leb(I(Cy,61(e)) N[0, SN =| || [0,SInI(Cy,61(e),Zv)

vecase3

(Lem.2.2,2.1,2.3) < 4C2£-Z|[0, SINI(Cy(g),61(8),Zv)| <4Coe- S

Now we can prove:
THEOREM 1.5. For every € > 0, there is a neighborhood A of 9, 1, such that

limsup pug(Ae) < €.

S—+00

Consequently for every limit point u of (us) , u(Jy,,r) = 0.

PrROOE. Take C, > 1, depending on #;, £z, such that Boxc, s,(¢) contains [e!, e2] x {0}. Let &' := ﬁ. When € > 0 is small enough,

Cy < 0.5(¢")71. Define .4; to be those lattices whose primitive vectors intersect non-trivially with Boxc, s, - Then Prop.1.4 concludes
the proof. 0

Thus we have completed Step 3.

PROOF OF STEP 4. Say we have a U-invariant probability measure p with p(97) = 0. By classification of ergodic U-invariant prob-
ability measures v on X (see Ch.4 Thm.3.5), either v is supported on 9~ or v = fiiy,. Let

vAWV)

Lrob(xz)UvEfg
be the ergodic decomposition of u, then

0=pu9) :fv(f‘/-)ﬂt(v).

Thus A-almost every v, v(9) =0 = v =iy, . So g = My,. O

2. Supplementary lemmas
LEMMA 2.1. (For case 3.3 above) Assume Ao N Re; = {0}, then for C >0,
[1(C,61(8),Zv)| = Ce - |I(Cy(¢),61(8), ZV)].

PROOE. If the LHS is 0, then nothing needs to be done. Otherwise, assume w.l.o.g that v = (v, v») with v, > 0. Then

1 s vy} _ [ vi+sve
0 1 %] B 1] ’

and
1
(39) I(C,81(6),Zv) = ——=v1 = C,~v1 +C.
2
Thus .
2C 2e”
11(C,61(€),Zv)] = = = Ce- =— = Ce-|1(C1(e),61(e), Zv)].
2 2

O

LEMMA 2.2. (For Case 3.2 above) Assume Ay NRe; = {0}. Take Zv € Prim!(A) and S > 0 satisfying case 3.2 above. Also let1 < C <
0.5¢7L. Then
[[0,SINI(C,01(g),Zv)| < 4Ce-|[0,SIN I(C1(€),61(€), ZV)].

PROOE. W.l.o.g, keep assuming that v = (v;, v») with v, > 0. In case 3.2,
[0,SIN I(C1(g),61(¢),Zv) = [0, by).
If [0, SIN I(C,01(¢), Zv) is empty nothing needs to be done. Otherwise, by Equa.(39),

0<-1n+C = v <C.
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Then
2C 2C —v+e!
[10,S]1NI(C,6,(e),Zv)| < — = -
UV —UV+é€E 123
2C
=———— 1[0, SIN I(C1(¢),61(¢), ZV)|
-V t+€
It remains to observe
2C 2C 2C

4CEe.

< < =
—v1+el T —Co+el T —05e7 47!
O

LEMMA 2.3. [For Case 3.4 above] Assume Ao NRe; = {0}. Take Zv € Prim'(A) and S > 0 satisfying case 3.4 above. Also let 1 < C <
0.5¢L. Then

[[0,SINI(C,01(g),Zv)| < 4Ce-|[0,SI N I(C1(€),61(€), ZV)].
PROOE W.lo.g, keep assuming that v = (vy, v2) with v, > 0. In case 3.4
[0,S]NI(Ci(e),61(e), Zv) = [ay, S].
If [0, SIN I(C, 01 (¢), Zv) is empty, nothing needs to be done. Otherwise, by Equa.(39),
% C
Us

<S = 1r1+1nLS=C.

Under this condition we have 20
[[0,S1NI(C,01(¢),Zv)| = —

V2
and 1 1 1 1
-V —€& T+ 1S+ ——-C 0.5&"
110,81 [(C1 (), 61 (6), Zv)| = §— —A—E ) & *aS+in £ > ¢
%) %) %) %)
Thus,
10,810 1(C,61(6), Zv)] = == 110, SN L(C1 (£), b1 (), Z0)].
Note that Og—c,l =4Ce. O
LOE

3. [Not readable at the moment]Other non-cocompact lattices

[Needs further revision!]

LetT = G:=SL,(R) be alattice. Let X := G/T". We are going to assume some light hyperbolic geometry. Readers who are less familiar
with hyperbolic geometry are welcome to take I' = SL,(Z). Main ideas are preserved in this case.

The discussion here is more “geometric" compared to the last section.

First we have the non-divergence theorem (compare Chapter 4).

THEOREM 3.1. For every € > 0, there exists a compact subset of € < X such that for every x € X, either

1
limsup 3 Leb{s€[0,S], us.x¢ €} <¢

S—+o0

orU.x is compact.

Proof is left as an exercise.
Let
J :={xeX|U.xis compact }.
One can show that
THEOREM 3.2. There exist finitely many points y1, ..., y; in X with compact U -orbits such that if 9; := AU.y; then

T= 1] 7.
i=1,.,1

Fix xo ¢ T, let
1 S
us:=—f (us) 0, ds
SJo

and take u to be a weak* limit. Let us explain why ©(97) = 0, which follows if u(97;) = 0 for every i = 1,..., [. From now on we focus on a
single index ip. W.l.0.g., assume y;, = [id]r, where [¢]r stands for the image of « in the quotient by I'.

3.1. Lifts of tubes. Define, for —co < t; < t, < +o00,
Tt trio ={aU.yip | 1 <1< 1, se R}
Ttitio =12 U.Viy | 1 <1< 12, s€R}, T, := AU.F,.

where y;, = [id]rn+y € G/T'n £U. In general, one should lift y; =: [g;]r to y; = [g,-]rnigiUgﬂ.

+o= '{}- 7{ , T{,
1%

ty
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THEOREM 3.3. Fix some —oo < 11 < fp < +oo. For every € > 0, there exists a neighborhood N; of Iy, 1, such that

1
limsup 3 Leb{s€[0,S] |us.xp € N} <€.

S—+o00

In light of the case of Xz, we are going to find two neighborhoods .A4; c .4 such that the time a noncompact U-orbit spends in .A;
is much shorter than that in .4}

Consider the natural projection p: G/ +UNnTI — G/T. It is an injection restricted to J; and is a closed embedding when restricted
to the closure of :/Q;; ; for every pair s < t. For ¢; < t; and t; = £ (¢) to be determined, there exists an open neighborhood Q. of :Joztiy té
such that

(40) Plg, : Qe = p(Q)
is a homeomorphism.

DEFINITION 3.4. ForT € R,
cusp;, (T) := {ka,U.y;, | k€ SO2(R), 1 < T} =S02(R) T o0, T,if;
cusp,, (T) :={ka,U.yj, | k € SO2(R), £ < T} = SO2(R)T 0, 1,y

LEMMA 3.5. There exists To € R such that the following holds. Under p, cusp;, (To) is mapped homeomorphically onto cusp;, (To).
For s € R, there exists T(s) < Ty such that I, 5,i, does not intersect cusp;, (T(s)).

Anticipating the proof, #; will be chosen depend on ¢ and linear algebra. Then we choose f] to be T] + 1 where T} := T(t;) comes
from Lem.3.5. Then Q; is chosen by Equa. (40).

LEMMA 3.6. The natural projection p restricted to cusp; (T}) U Q. is a homeomorphism onto its image.

3.2. Linearization. Let us define g to be the natural quotient G/T'n+U — G/+Uand ¢: G/ +U — R?/ + 1 by ¢p(g) := g.e;/ + 1. For
notational convenience, we will be working with R? rather than R?/ + 1. Here is a diagram.

G/TnxU

S
GIT G/+U <25 R2/21

The cusp;, is already g-saturated: q_lq((’:ﬁsf)io) = cusp;,. More concretely,

poq(cusp;) = {vz e R* | llvl <e'i}/+1.

- L D &

Q. may not be g-saturated. However, its image under ¢ o g is an open neighborhood of
$o (T 1) = (e, %) x O}/ £ 1.

Then one can show that there exists a smaller open nbhd Q' of g (g‘t{vtév io) such that its preimage under ¢ is contained in Q.. Thus we
can choose § = §(¢) > 0 small enough such that

OLi= o)™ (e, e%) x (-6,0))/ £1.
is contained in Q.. To combine cusp;, with Q., choose a even smaller & such that
N = (poq)" (Box(e’é,é)) /+1.

is contained in cusp;, UQ, where Box(e®2,5) = [-e2,e%2] x [-,8] . So p restricted to A is injective.
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1 5"]
307{3— ! ] ?
/_Mh G-tl
ol e
- — - B>h
-ET“_ ota
Also let

N = (poq) " (Box(e?*,8))/ +1.
Let A/ := p(Jt/:’) and A; = p(ﬂ;). They are open neighborhoods of 9%, 1, i,

3.3. Some linear algebra. At this point, one can adapt the strategy of previous sections to prove Thm.3.3 and hence analogues of
Thm.1.1 for other lattices. The constant ¢, = ,(¢) is determined in this process.

4.1. Equidistribution via mixing.

et

0
0 et

e G=SLL([R), U= {us =

,seR},Az{a,z

4. Exercises
S
0 1
s

,IER};
oV:{vrz 01 ,rEIR};

e I'isalatticein G, let X := G/T and myx be the unique G-invariant probability measure on X;
o Fix aright invariant Riemannian metric on G. Use this metric to induce a distance function d(:,-) on G, let dx ([g11r, [g2]r) :=

infy, y,er d(g171,8272);
« foreveryd,sp >0, let

Box(9, s) := (=8,0) x (=6,0) x (0, sp);
« letLebs 5, be the restriction of standard Lebesgue measure restricted to Box(9, so);
by abuse of notation we also denote by Leb; g, for its push-forward under the map (r, ¢, s) — v, -a; - ug;
¢ for x € X, let Obt, denote the map G — X defined by g — g.x.

EXERCISE 4.1. Fixx€ X, 8,50 > 0. Show that there exists a non-negative function f € L°°(X, mx) such that (Obty). Lebs s, = f-Mx.
EXERCISE 4.2. Show that for every € > 0, there exists 0 > 0 such that for every sy >0, t >0, (r,u, s) € Box(6, so) and x € X we have
dx (a;- (vray) ug.Xx,a;us.x) <e.

Recall that mixing implies that for ¢, ¥ € [%(X,fy),
tEI}lwf¢(af'x)w(x)ﬁlX(x) = f(p(x)ﬁlx(x) -_[W(x)ﬁlx(x)-
EXERCISE 4.3. Forevery sy >0, xg € X and f € C.(X), we have

1 [%
lim —fo f(atus.xo)ds:ff(x)ﬁlx(x).

t—+o0o So

EXERCISE 4.4. Show that if (U.xy) is a sequence of compact U -orbits of periods S,, — +oo, then for every compactly supported

continuous function f,
Sn

1
lim — f(us.xn)ds=ff(x)ff1x(X).

n—+oo S, Jo

EXERCISE 4.5. Show that the above convergence (in Exer.4.3) is “uniform” in the following sense. For every f € C.(X), €, sy > 0 and
Xo € X, there exists § > 0 such that for every y € X with dx(xg,y) <6, we have forall t >0,

1 [ 1 %
- f f(arus.xp)ds—— f faus.y)ds
So Jo So Jo

EXERCISE 4.6. Use the above exercise to give another proof of the equidistribution of horocycle flows. Show that if U.x, is not compact
in X, then for every f € C.(X),

<E.

1 S
lim gfo f(us.xo)ds=ff(x)ﬁlx(x)-

S—+o0






CHAPTER 11

Ergodic decomposition of unipotent invariant measures

Back to the Top.
The main reference of this chapter is [Sha91b] and [MS95, Section 2].
Notations

e X:=G/T withG:=SL,,(R) and I" := SL,(2);
¢ U = {u;, s€R}is aone-parameter unipotent subgroup of G.

DEFINITION 0.1. A subgroup U of SL,,(R) is said to be a one-parameter unipotent subgroup iff there exists a nilpotent matrix u €
sl,(R) such that U = {exp(t.u), t € R}.

In this and the following few chapters, we are going to assume the measure classification theorem of unipotent flows (Thm.1.1
below) and demonstrate how it is applied. Further discussion of its proof is delayed to a later chapter.

1. Ergodic U-invariant measures
The following is the description of ergodic U-invariant probability measures due to Ratner [Ra91a].
THEOREM 1.1. Let u be an ergodic U-invariant probability measure on X, then there exists x € X and a closed connected subgroup
H = G containing U such that
1. H.x is closed and supports an H-invariant probability measure mp x;

2. U folH_x.

In short, one says that ergodic U-invariant probability measures are homogeneous (the word “algebraic” is also used). By writing
x = [g]t and replacing H by g~! Hg, the theorem may be rephrased as

THEOREM 1.2. Let u be an ergodic U -invariant probability measure on X, then there exists g € G and a closed connected subgroup
H < G containing g~ 'Ug such that
1. [Hlr:= HT'/T is closed and supports an H-invariant probability measure Mg, ;
2. p=g«Mp;.
In particular, supp(u) = g[H]r.
1 s

0 1
cocompatct, then G is the only candidate. For non cocompact lattices, there are finitely many candidates up to T -conjugacy.

EXAMPLE 1.3. IfG =SLy(R) and U := {us = [

se [R}, then candidates of H are {G, conjugates of U}. If further assumeT is

We have discussed this example in depth in Ch.8,9,10.

EXAMPLE 1.4. IfG=SLy(C) T =SLy(Z[i])) andU := {us = [

SEC}.

Where does the pair (g, H) live?

(1) i S€E R}, then, up to conjugacy, candidates of H are{U,V,SL,(R), G},

1
whereV = {[ 0 1

DEFINITION 1.5. For two subgroups A, B of G, define
N(A,B):={geG|gAg ' > B}.
In this terminology, g as above belongs to N(H,U). When H = U, N(U, U) is just the normalizer of U in G. When H =G, N(G,U) =

G. How about H? Note that we do not want U to appear in the definition of this space.
DEFINITION 1.6. Let A be the collection of subgroups L of G satisfying

1. L is a connected and closed subgroup;
2. [Llr is closed and supports an L-invariant probability measure Mz, ;
3. some one-parameter unipotent subgroup of L acts ergodically on Mz,

Thus H as above belongs to /.
From p e Prob(X)VE8 we get a pair (g, H). However, the pair (g, H) is not unique, for

&«mya)r = (§h)«mymy = (§hY)«Myy-1 5y,
for every h e Hand y € T. Thus (ghy,y ! Hy) and (g, H) correspond to the same y. The lemma below says that is all.

LEMMA 1.7. Let Hy, H» be two connected closed subgroups of G such that H;I' (i=1,2) are both closed. Let g1,g» € G. Then g HiI' =
g HoU iff there exist hy € Hy, andy, €T such that
g2hay2 =g, v5 Hoyo = Hi.
PROOE. It only suffices to prove the “ = ” direction. The other direction follows directly.
So assume gy H1I' = go HoI'. Then
HiT = gsHT, g3:=g7 "' g.
Thus id € gs HoI' and
1=gshoy2, Jhp € Hy, y2 €T5.

61
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This already implies that
Shay2=g:85" = g1.
Now we have
HT =y, hy HoT =y, Hoyol.

By inspecting a small neighborhood of [id]r and use the fact that [H;]r and [y; 1 Hyy,]r are both embedded submanifolds, we see that
H, = )/2_1 Hyy,. O

2. Candidates of homogeneous orbit closure

Take some xjp € X. Eventually, we would know that the closure of U.xj is homogeneous and the homogeneous measure is finite
and U-ergodic. But this does not follow immediately from the Thm.1.1. Nevertheless, we can say something even without appealing
to Thm.1.1.

DEFINITION 2.1. Let o/ (depending on xy € X and U) be the collection of subgroups L of G satisfying

1. L is a connected closed subgroup of G containing U;
2. L.xy is closed.

LEMMA 2.2. The collection </ has a smallest element. Indeed, if L1, Ly € of then (LN Ly)° € of.

PROOEF. First we remark that for a closed subgroup L < G, if LT is closed then L°T is also closed. Indeed, one shows that every orbit
of L° on L/LNT, which is homeomorphic to LI'/T, is open and hence closed. So it suffices to show that if L3 := L; n Ly, then L3I is
closed. This follows from a similar reasoning. Indeed, every orbit of Ls on [L;]r N [L2]r is open and hence closed. To see why every
orbit is open, one may take a local neighborhood. 0

As an exercise, fill in the missing details in the proof.
Take go € G such that xp = [go]r.

THEOREM 2.3. Let H := Hy be the smallest element of </, then

1. the closed set H.xy supports a finite H-invariant measure mgy x,;

2. the measurempy y, is U-ergodic;

3. there exists a Q-algebraic subgroup H' of SL,, such that gy 'Hgy = H'(R)°. Actually, H' is the smallest Q-algebraic subgroup
containing gy YUgo. In particular, H is algebraic.

The last statement can be skipped if you are allergic to algebraic groups.

Before the proof, note that there is a locally finite measure mp y, that is only “quasi-invariant under H” (for instance, the one
induced from a right invariant Riemannian metric). A priori, it is not clear why it is H-invariant. But one can still talk about ergodicity
and the associated unitary representation (with suitably twisted action). You may ignore this minor issue by pretending my x, to be
H-invariant from the start.

Here is a sketch of proof.

Step 1. By Mautner’s phenomenon (see [M0080, Theorem 1.1] and some supplementary arguments in [Sha91b, Proposition 2.7]),
there exists a closed normal subgroup F <1 H containing U such that for every unitary representation of H, every U-fixed vector is
F-fixed. We already “know” this if H is semisimple by arguments in Ch.7. See exercises attached to Ch.7 for an example beyong the
semisimple case. Thus to show U-ergodicity, suffices to show F-ergodicity.

Step 2. Let I'g be the stabilizer of x in H. Explicitly, 'y = Hn gol'gy 1. Define

F :=F-Tp.

Since F is normal, F’ is a closed subgroup of H. Since F' is right invariant under I'yy, F'T /T g is closed in H/T . Thus F'.xg is closed.
And F' contains U. By minimality of H, F' = H.

Step 3. Now we show F-ergodicity of mp x,. Let Q be an F-invariant measurable set of H/T' . Assume mp , () > 0, we need to
show that its complement has zero measure. Since F is normal, we see that the preimage Q of Q in H right invariant under the group
F-T'y. Let my be a right H-invariant locally finite measure on H. Then u:= 15 -my is right F - I'y-invariant. Since p is a locally finite
measure, by continuity, the stabilizer of yin H (w.r.t. the action from the right) is a closed subgroup. Thus p is right F'-invariant, hence
H-invariant. By the uniqueness of invariant measures, g = my (up to a scalar, which has to be 1). In particular, the complement of Q
has zero measure. This implies that the complement of Q also has zero measure.

Step 4. It remains to show that mpy , is a finite measure. In fact every U-ergodic locally finite measure v is finite. Let us see why.
By pointwise ergodic theorem (see [Wal82, Theorem 1.14, Section 1.6]), for every f € L' (v), for v-almost every X,

1 S
f*(x):= lim —f f(us.x)ds exists.
S—+00 S Jo

Moreover f* € L!(v) and is U-invariant. By ergodicity, f* is a constant, which has to be 0 if v is an infinite measure.

On the other hand, by non-divergence of unipotent flow, there exists a compact set C such that if f is the indicator function of C,
then f* #0.

Thus v has to be finite. This finishes the proof of 1 and 2 of Thm.2.3.

Step 5. To save notation, we assume gy = id here.

Let L be the smallest Q-algebraic subgroup of SL,, containing U. Let 77; : L — T be the maximal quotient (algebraic) torus of L. 7}
is defined over Q. Since U is unipotent and 7; preserves this property, the image of 7} (U) consists of unipotent elements. But torus
T only contains semisimple elements. Thus U is contained in the kernel of 71, which is in the form of a semisimple (algebraic) group
semidirect product with a unipotent (algebraic) group. In particular, L admits no nontrivial characters (:=algebraic group morphisms
to C* = GL;). By a theorem of Borel-Harish-Chandra (see for instance [Bor19, Corollary 13.2]), LNT (L:=L(R)°) is a lattice in L and in
particular, LI'/T is closed. See exercises attached to Chapter 8. By minimality of H, H < L. Our goal is to show H =L (this is what we
mean by saying H is “algebraic”). Note that the Zariski closure of H is equal to L.
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Step 6. Let h be the Lie algebra of H. By Levi’s decomposition (reference? probably Bourbaki’s book?), there exists a semisimple
sub Lie algebra m and a solvable ideal t of f such that h = m x t. By [Bor91, ChlI, Corollary 7.9], since m = [m, m], m is already algebraic
(i.e., the corresponding Lie subgroup M is algebraic). Let M be the corresponding R-algebraic subgroup. We seek to show that t consists
of nilpotent matrices and hence is algebraic. By [Bor91, Chll, Corollary 7.7], this shows that H is algebraic. Since H normalizes v and
“normalizing t” is an algebraic condition, we have that L normalizes v. Thus t is an ideal of [. Let 7, : [ — [/u = m (here u is the Lie
algebra of the unipotent radical of L), then 7, (t) is an ideal of [/u. But every non-zero ideal of a semisimple Lie algebra is semisimple
and can not be solvable. Thus 7, (r) = 0, or v < u, which consists of nilpotent matrices. The rest of the claim in 3. of Thm.2.3 now follows
from Borel density theorem.

3. Tubes and ergodic components

Assume U acts on g.my; ergodically, it is still possible for some h € H, U[ghl is trapped in a closed homogeneous set of smaller
dimension.

DEFINITION 3.1. For H € /¢, define
Sing(H,U):= |J N(LU);
Les,LSH
NS(H,U) := N(H,U)\Sing(H, U);
T(H,U):=NS(H,U)T'/T.
LEMMA 3.2. Let Hy, Hy € . IfNS(H;, U)T NNS(H,, U)T # @, then H) isT -conjugate to H, and NS(H;, U)I' = NS(H,, U)T'.

PROOFE. Soassume NS(H;, U)I'NnNS(H,, U)T" # @, which means that there exist g; € NS(H;,U) and y; € I' such that g1y; € NS(Hy, U).

By definition, we have
gr'Ugi < Hyny Haytl.

We know (the connected component of) H':= Hy Ny Hyy; ! has a closed orbit based at [id]r. But we do not know whether it supports
a finite H'-invariant measure. This is where we apply Thm.2.3 (to the unipotent group g; 1Ug; and xj = [id]r) to conclude that there
exists L < H', L€ 7€ such that g;'Ug; < L. So g1 € N(L,U).

Therefore H; = yngyl‘l for otherwise L will be strictly contained in at least one of H; or yleyl‘l and this would imply g; ¢
NS(H;,U) or g1y1 ¢ NS(Ha, U), contradicting against our assumption. NS(H;, U)I' = NS(H, U)T follows immediately. O

Since U acts ergodically on my (it is even mixing!), we have G € # and
X= |] TWHU
[Hle#!~r
thanks to the Lem.3.2.

DEFINITION 3.3. For [H] € /] ~r, let

p = e o).
EXAMPLE 3.4. IfX = SLy(R)/SLy(2) and U = { [ (1) i
SLy(Z) then this set has other SL, (Q) -conjugates of U that are not conjugate overI'). Here T'(U, U) consists of compact orbits of U, T(G, U)
is the complement of T (U, U).

SE R}, then /€1 ~r= {U,SLy(R)} (if you pass to a smaller subgroup of

See Sec.4 for more examples.
Assuming Lem.3.6, we have proved

THEOREM 3.5. For a U-invariant probability measure L,

p= ) u
[HleF|~1

(H]

and each p'™! is U-invariant.
LEMMA 3.6. # is countable.

PROOF. Forevery H e #, HNT is alattice in H. Thus H NT is finitely generated. Note that this seems not obvious unless HNT is
cocompact. In the case at hand, H is algebraic by Thm.2.3. Thus H NT is an arithmetic lattice of H and finite generation follows from
the theory of Siegel sets, see [Bor19]. See also [Gell4, Lecture 3, Section 5] for another possibly more geometric proof. Hence the set
{HNT, H e #} is countable.

Since H can be recovered from HnNT by

o
’

H= (H—nl"mSLn(lR))

we are done. Here H NI means the closure of HNT in SL,(C) with respect to the topology defined by polynomials. g

We have not used Thm.1.1 yet. For a finite positive measure ponX, let i := u/u(X) be the unique probability measure proportional
to p.

THEOREM 3.7. Assume ulf! # 0. For almost every U-ergodic component v ofﬁ[—m, there exists g, € N(H,U) such thatv = (g,) - mm;.

PROOEF. First we have the (abstract) ergodic decomposition

il = f vAV).
Prob(X)U-Erg

Thus for almost every v, v(T(H,U)) = 1. Take such a v, by Thm.1.2, there exists H; € # and g; € N(H;,U) such that v = (g1) . Mx);-
By pointwise ergodic theorem, we can find a full measure set of h; € H; such that

R _
SLHPoogfo (Ws)«Oigy pyip S = (§1)« M-

In particular, U.[g; 2111 = g1[H;]r. One sees that g; #; € N(H;,U) and we claim that g; k; € NS(H;,U). Otherwise, there exists L S H);
with L € # such that g h; € N(L,U). This implies that U.[g; h]r < g1 h[L]r. Since dim L is strictly smaller than dim H;, we have a
contradiction.
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Sonow [g1 l]r € T(H;,U), moreover, all such ;s are of full measure in H; and consequently v(T (H;,U)) = (g1)« My g, (T'(Hp, U)) =
1. But v(T'(H,U)) = 1. Thus T(H;,U) and T(H,U) have nontrivial intersection. By Lem.3.2, for some y; € I, H; = ylHyl_l and
T(H,,U)=T(H,U). Hence [g1 HiIr = g1y1[H]r. Let g, := g17y1. One can check that g, € N(H,U) and v = (g) M x), O

4. Two examples

Here we include two examples, a little bit beyond SL, (R), to illustrate what kind of objects we are dealing with. You are welcome
to test the general theory using these (still rather special) examples!
In both examples, set
e G=SLy(0), I =SLy(Z[i]), U = {us = [ (1) i

SEC}

r 0
o for tECX,letat::[

se[R};
S

1
-U(C):z{usz 0 1

o ¢!
One can show that I' is a lattice in G (using non-divergence of unipotent flows, for instance). And G/I" can be embedded in
SL4(R)/SL4(Z) (so this example does not escape away from the setting in this chapter).

4.1. Example 1.

1 s
01
e Ky:={a;, z€C,|z|=1}.

° H::{usz

S€E C}, b is the Lie algebra of H;

LEMMA 4.1. N(H,U) = Ng(H) ={a;-u,, teC*, se C} =: B.

PROOE Let g € G. Indeed, g belongs to N(H, U) iff Ad(g) - h contains u. By Bruhat decomposition (ref??),

G=BwBUB
where w = [ _01 (1) ] If g € B, then Ad(g) - h = h o> u. On the other hand, if g = by wb, for b; € B then
Ad(g)-f):Ad(bl)Ad(w)-b=Ad(b1)-[ o ] —> Ad(g)-hnb = {0},
So we are done. O

The orbits of B on G/T are all dense, and hence not easy to draw. Since N(H,U) (= B here) is stable under right translation by
Ng(H) and therefore Ng(H) NT (call it I'y for simplicity). Thus N(H, U) being closed implies that N(H,U)/T'y < G/T'y is closed. We
will draw pictures for N(H,U)/T . (warning! pictures are just for illustration, they may be wrong in many aspects!)

By the way, a quick computations show that

-1 Z[i] i Zli]
1o A 2

Iy = { [ 1 Z[i]
Here is a picture for N(H, U)/T'y with UT 5 /T contained in here:

'\\‘T:
)

O - U diction

5 Swa{) The woridion & (s fudy
Y o ke the deuing gagon

A picte of NHO/-

What about Sing(H, U)? The possible L € # and L C H are given as follows. For z€ C, let U? := {us.z = (1) slz SE R}. Then
every proper nontrivial connected subgroup of H is of this form. And U? € A iff U* nT is a lattice in U? iff R.z N Z[i] <R.z is a lattice.
Note that
-1 -1
0 Vz 0
NwA Uy = | VE NG(U?) = {ay, teR*}-U(C
( ) 0 vz c(U”) 0 vz fa;, teR™}-U©)

And Sing(H, U) is the union of these N(U#, U) as z varies over Z[i].
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4.2. Example 2.
o H:=SL,[R), U':=1{u;;, se R}

LEMMA 4.2. N(H,U)=Ui-SL2(R)UUi‘SL2(R)'[ (l) _Oi ]

0

i B U I B S _ . e
Note that U’ - SL, (R) [0 . ]_[ o i ] U'-SL R =U©)-SL®)-| o

PROOF. As before, N(H,U) = {g €G,Ad(g)-ho u}. It is direct to observe that RHS is a subset of LHS. It remains to do the converse.
Recall Bruhat decomposition again: G = BwB U B. If g € B, then we are done since B is contained in the right hand side.
Now assume g € BwB. Every element b of B can be written as a;u; with t € C*, s € C. Since w normalizes {a;, t € C*}, we can write

gl= wpay wuy, Jup,up e UQ), 1 eC™.

Thus (to save notation we omit Ad in the following)

_ 0 0
g l'uz(ugatlwul)-uz(uzah)-[ R 0 ]
0 0 * *
=Uy- tl_ZR 0 tl_ZIR " ]Ch—ﬁ[z(R).

Thus tl‘ZIR cR = 1; e RUIR. In either case (write u; = u;, for some z; € C),

0 0] [1 =
R o| [0 1

Thus z; € R. And the proof completes. O

2

0 0 z1 -2z

R 0

1 —21

o 1 |T®

gl u=u- ' csh(®).

The above proof also shows that

LEMMA 4.3. Ng(H) =SLy(R) LSLy(R) - [ (l) _Ol. ] .

And hence one can check that

LEMMA 4.4. Ty := Ng(H)NT =SLy(Z) uSLy(Z) - [ (l) _Ol. ]

Below is a picture of N(H, U)/T y sitting inside G/T'y as a closed subset. Note that its projection to G/T is dense (you probably saw
this in some exercise section).

Ry _ g
/{7\[— )/r;\’ U’LT;S H EU
ot D«Jla ﬁeoolwc,\\ /17\)

\ "\Car auwj {rom

ha:‘r\a ot ﬁeorl.
A pictwe of NLH,U){,
N

\|

Up to I' y-conjugacy, the only proper nontrivial connected subgroup of H containing U is just U itself. Thus Sing(H, U) = N(U, U)I'y.

LEMMA 4.5. N(U,U) = Ng(U) andisgeneratedby{at-us, tGRX,SER}U (l) _Ol- ]
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Thus the picture is not so new. Note that since U’ commutes with U, U’ translates of UT /Ty does not “twist” the appearance of
UT n/Ty (unlike U? translates of HT /T n).
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CHAPTER 12

Linearization technique

Back to the Top.

In this chapter we are going to discuss the linearization method due to Dani-Margulis [DM93]. We will illustrate the method by
proving an equidistribution statement, which on the one hand implies Oppenheim conjecture, on the other hand forms one ingredient
of quantitative Oppenheim. Same method can be used to deduce equidistribution of unipotent flows, and hence to classify orbit
closures of orbits of unipotent flows from the measure classification theorem. This will be left as a difficult exercise.

The main reference of this chapter is [MS95, Section 3]. Other related resources include Shah [Sha91b, Sha9la, Sha09], Rat-
ner [Ra9la, Ra91b], Eskin-Mozes—Shah [EMS96], Eskin—-Margulis—-Mozes [EMM98, Section 4]. An effective treatment appears in
[LMMS19].

Recall the notations when we discuss Oppenheim conjecture.

e G=SL3(R), I =SL3(2), X:=G/T;
e My is the unique G-invariant probability measure on X;

e Ho:= SO, R) with Qo (x1, X2, X3) = 2x1 X3 — X3;

01 0

e U=<{us:=exp|s-| 0 0 1 seER } cHp;
0 0O
1 0 0

e A=qa;:=exp|t-| 0 0 O teR » cHy;
0 0 -1

« also we fix some gy € G and xg := [golr := goI'/T.

1. Statement
As we explained, Oppenheim conjecture follows once we prove
THEOREM 1.1. IfQ:= Qqo g is irrational, then HogoI'/T is dense in X.

Actually something weaker is proved in Ch.5, Thm.1.2, which is sufficient. Now we would like to explain how to use Ratner’s
description of ergodic U-invariant probability measures to prove this stronger claim.
The idea is as follows. Take
Ko := (HonSO3(R)°,
amaximal compact subgroup of Hj. Then a; Ko.xo = Ho.xp and we seek to show that as £ — +oo (—oo is also 0k), a;Kp.xo becomes dense
in X. And this is achieved by the following equidistribution theorem

THEOREM 1.2. LetMg,.x, be the unique Ky -invariant probability measure on Ky.xy. Then
hm (at)*I/flKg.xO = fle
t—+o00
in weaks topology.

REMARK 1.3. From the proof, you will see that M, x, can be replaced by any other probability measure that is absolutely continuous
with respect to this one without affecting the conclusion.

REMARK 1.4. Instead of Ky, you can also use other subgroups of Hy and prove analogues of the theorem above. Actually it would be
easier if we replace Ky by a bounded open subset of Hy. However, I prefer to do this in preparation for our later discussion on quantitative
Oppenheim. This change only has an effect on Sec.11.

2. Step 1, nondivergence
Let p be a limit of (i) := ((@;)«Mk,.x,) as ¢ — +oo.
LEMMA 2.1. peProbX).

In other words, there is no escape of mass. This is a consequence of (C, a)-good property and a lemma in representation the-
ory/linear algebra.

3. Step 2, unipotent invariance
LEMMA 3.1. p isU-invariant.

PROOE. Since fik, x, is Ko-invariant, y is atKoa;l -invariant. Hence p is invariant under the limit group, which turns out to be U.

More details: Let £y be the Lie algebra of Ky. Take v; € Ad(a;).£, iflim v; = v, then by continuity of the induced map G x LFM(X) —
LFM(X), p is exp(v)-invariant.

Recall that the Lie algebra of Hy is

X1 x2 0
50Q, = X21 0 X12
0 xa1 -xn1

And the Lie algebra of SO3(R) is given by anti-symmetric matrices. Thus by taking their intersection:

0 X12 0
g = —X12 0  x2
0 —X12 0

67
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And

0 etxlg 0
Ad(apty = —e"xlg 0 e‘xlz
0 —e“xlg 0

}.

Then as s varies, lim v; fills u, the Lie algebra of U. U

So depending on s € R, we take

0 s 0
vei= | —e?s 0 s | e Ad(ap¥.
0

Thus by the first two steps we get (by passing to a subsequence)
lim yt; = p € Prob(X)V.

4. Step 3, ergodic components and tubes

By Thm.3.5 and 3.7 from Chapter 11, to show p = fy, it suffices to show that for every H € #, H # G, u(T(H,U)) = 0. Note that
Ratner’s theorem Ch.11, Thm.1.1 is only used to go from u(7(H,U)) = 0 to u = mx. To show y(T(H,U)) = 0, we do not need it. The way
to achieve this is via:

LEMMA 4.1. For every compact subset E of T(H,U) and € > 0, there exists a neighborhood A, of E such that
limsup p;(A;) <e.

t—+o00
In view of Ch.10 (cf. [DS84]), we hope to find a bigger .4, such that
fe(Ne) < e (A7),

Since y; is a probability measure, this finishes the proof.

5. Step 4, alemma on linear representations

Though we do not know how to find A; < .4/ at the moment, we do have something like this happening in a representation (rather
than the complicated G/T') due to the (C, a)-good property. To give us more freedom (see below, the choice of ®) for things to come,
we need a slightly more flexible statement.

DEFINITION 5.1. Fix a non-empty connected bounded open setD c ¥y, let
Yi:D—G, x—vy(x):=azexp(x).

LEMMA 5.2. LetV be a representation of G. Let W be a linear subspace of V. For every compact subset E of W and every € > 0, there
exists another compact set F c W such that the following is true. For every open neighborhood ® of F, there exists an open neighborhood
Y of E such that for every t e R, v € V, every ball B c D, at least one of the following is true

1. y,(B).vcd;
2. Leb{xeB|y(x).ve ¥} <cleb{xeB|y(x).ve ®}.

REMARK 5.3. The first possibility can often be excluded due to “algebraic” reasons (for instance, see Sec.11). And the second option is
what we want.

REMARK 5.4. You can replace Leb by any other measure equivalent to Leb, it is just that the choice of Y may depend on this measure.
Actually in application we have in mind, Leb should be replaced by some measure which maps to M, x, under the exponential and the
orbit map. We are going to ignore this issue in the following.

6. Step 5, representation and dynamics, naive ideas
LetI'y:=Tn Ng(H).

DEFINITION 6.1. Let
No(H)V := {g € Ng(H) | det (Ad(g),h) = +1}

LEMMA6.2. Ty =TnNg(H)V.

Take a representation Vi of G and a vector vy € Vi such that the stabilizer of vy (or just +vy) in G is equal to Ng(H)Y. Moreover,
we want Vi to be equipped with a Q-structure (i.e., fix a copy of @dimVH in Vg, call it Vy(Q)) and vy € Vy(Q). A priori, NG(H)(D
is not known to be “observable” , the existence of such a pair (Vy, vg) is not obvious. But one can take Vy := AdimH sl, and vy =
V1 A ... A Ugim g Where (11, ..., Vgim i) i @ basis of . For this specific choice of vy, the stabilizer of + vy in G is equal to Ng(H)V. You
may also have other choices. For instance when G = SL,(R) and H is equal to the upper triangular unipotent group, then Vj can be
taken to be the standard representation R? and vy = e;.

To go from the representation Vy to G/T), the following diagram is very natural.

G/Tn
y \q\
GIT GINg(H)V <25 vy,
Here p and g are natural projections and ¢([g]) := g.vy. Strictly speaking ¢» may only be injective replacing Vi by Vy/ + 1, but we will
ignore this minor issue.
Here is something naive one can do at this stage. Recall E c T(H, U) is a compact set.

1. Take a compact subset E c N(H,U) such that E = [E]r, the image of E in G/T;

2. Let EY:=¢oq(E)=E.vy;

3. Apply Lem.5.2 above to E = E¥ and W to be determined (you may take W = V and see why it does NOT work). Then we get F

(depending also on €) by Lem.5.2, which asserts that for every open neighborhood ® (we do not have a favorite ® yet, so just

fix some) there exists an open neighborhood W of EV such that something holds.
4. We simply take A; := p((po q) ") and A, := p((po g) 7' ®).
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To simplify notations,

DEFINITION 6.3. Fort€R and [ylr, €T'/Ty,
D¢(A;):={yeD | Y (y).x0 € N}
D/ (¥, [ylry) :={yeD | Y ())goy.vm € ¥}

And defineD¢(Y) := Uyjer/ry D: (W, [y]). Similarly defineD(AN), D¢(®, [y]) and D /(D).

Thus from the definition (the naive definition of .4, above, we will work with a different .A; later in Sec.8)
Dy(Ae) = UDt(‘I’, [ylry)-
7. Step 6, self-intersection

Now we seek to refine the rather crude strategy proposed in Step 5 so that it would actually work.
First of all in general, unlike the SL, (R)-case, the projection N(H,U)/I'y — G/T is not injective.

LEMMA 7.1. Ifg € G is such that for two different [y11ry, # [y2lry € T/T'n we have gy; € N(H,U) fori =1,2, then g € Sing(H,U)T.

So ideally we would like to avoid Sing(H, U) (or its projection to G/I'y, or G/T) from our discussion. But this is impossible! Since

usually Sing(H, U) is dense in N(H,U) modulo Iy, every non-empty open set intersects non-trivially with it. Lucky for us, each time
we only work with certain compact set F (to be found) in Vy (and we have the freedom of choosing its neighborhood). And the subset
of Sing(H, U) that is “relevant to F" is indeed closed, see Lem.7.5.

To detect N(H,U) inside Vp, it is convenient (though maybe not necessary) to have:
DEFINITION 7.2. Let Wy be the R-linear subspace of Vi spanned by N(H,U).vy.
This Wy would be the W when we apply Lem.5.2 above.

LEMMA 7.3. We have
(poq) ' (W) = N(H,U)/Ty.

The reader is reminded that being compact in Vj; is not the same as being compact in G/ Ng (H)", as the SL, (R)-case already told

us, unless G.vy is closed in Vi, which is true if H is reductive by [Kem?78] or if T is arithmetic and cocompact in G, for other reductive

G’s.

Here is the important observation
DEFINITION 7.4. Let F be a compact subset of Wy, let
Sing(F):={g€G|g.vueF gy.vpc FIye'\I'y}
Thus Sing(F) c Sing(H, U). The fact we need is that
LEMMA 7.5. Sing(F)T is closed.

SKETCH OF PROOE. First note that I'.v is discrete in V. This is rather straight-forward since vy is a rational vector and the image

of I in SL(Vp) is commensurable with SLy (Z) for N = dim V. For non-arithmetic lattices, see [DM93] for a proof.

Therefore if (g,) is bounded mod I" and (g,.vy) is bounded in Vy, then (g;) is bounded modulo I'yy. The conclusion follows

quickly from here. g

Note that
Sing(F)T :={ge€ G| gy1.vn € F, gy2.vn € E 3ly1] # [y2] € T/Tn}
Consequently, by a continuity argument and the discreteness of I'.vp,

LEMMA 7.6. Let E' be a compact set in X \ [Sing(F)Ir. Then there exists an open neighborhood ® of F such that for every [glr € E',
#{[yleT/Ty|gy.vpe®}<1.
8. Step 7, define the neighborhood

Let us explain how to find .A;. Fix E < T(H,U) and € > 0.
Define EY as in Sec.6. By taking W = Wy (see Def.7.2), Lem.5.2 offers some compact set F of Wy. By Lem.7.5, [Sing(F)]r is closed

and is contained [Sing(H, U)]r by Lem.7.1.

Now we take E’ to be any compact set away from [Sing(H, U)]r whose interior contains E. We find an open neighborhood ® of F

such that the conclusion of Lem.7.6 holds. Then ¥, an open neighborhood of E, is chosen according to Lem.5.2.

Just in case one gets confused, here is a diagram summarizing the logical dependence:

B Lo

Le
ez E'N P (V' T) &— ’~> "

Now
Ne=Int(EYnp((pog)~'¥)
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9. Step 8, a covering argument

The proof will be concluded with the help of a covering argument, something we encountered when discussing nondivergence of
unipotent flow on Xy. The argument here seems to differ from that of [EMS96].

Without loss of generality, assume D itself is a ball (the general case can be reduced to this one). The D® (o) is almost the same as
D(e) except that in Def.6.3, we replace D by the disk with the same center but whose radius is 3 times the radius of D (this is in order to
apply Besicovitch’s covering lemma, see Stein’s book on real analysis, Chapter 3, Problem 3).

We further assume (this will be explained later in Sec.11)

41) for t large enough, v ,(D)goyy.vu € ®, Vyel.

Recall the definition D;(®) and D (®, [y]) from Def.6.3.
For each [y] such that D;(®,[y]) is non-empty. Find balls {Bi}ic.q,,, © D(t3) (@, [y]) whose centers cover D;(®, [y]). Here .#; |y is

some index set. We claim that we can find a covering such that for every i € .%; |, there exists y € B; such that

(42) v())goY.VvH & D.

Indeed, for each y € D;(®,[y]), take B) to be the largest open ball centered at y. Then this collection would satisfy Equa.(42) by
Equa.(41).

D&.ed) &

"‘5; Fouclies e lﬂwﬁv{i': )

JE )

Let #; :=Liyjer/ry F1,1y1- Then D¢(®) is covered by the centers of {B;};e.4,. By Besicovitch covering lemma, there exists a constant
Cp > 0, depending only on the dimension of £, and a subset _¢; c .%; such that {B;};c g, Is a covering of D(®) of multiplicity (i.e., the
maximal number of possible overlaps among B;’s) bounded by Cy.

Let Ziiy1:= Zr NIy
Let me summarize the discussion in this subsection by the following lemma:

LEMMA 9.1. Take t such that Equa.(41) holds. There exists a covering of D;(®) by open balls (Bj) je g, together with a partition of the
index set #; = UiyleriTy 21, 1y) Satisfying the following:

1. Forje gy, Bj <D® (@, [y)).
2. For j€ #y), there exists y € B; such that

a;exp(y)goy.vy ¢ .

3. The multiplicity of the covering is at most Cy for a constant Cy > 0 depending only on the dimension of ty. Or more formally,

Z lBj < Cp.
I

10. Step 9, finish the proof under some assumption
LEMMA 10.1. There is a constant Cy > 0 such that for t satisfying Equa.(41)
Leb(D¢(A;)) < CieLeb(D).

Thus Lem.4.1 follows from this lemma provided Equa.(41) is verified.

PROOF. Take Cj :=3d4imboc,,
Take y € D;(A4%), then by Lem.7.6, there exists a unique [y,] € I'/T' i such that

W())8oYy-vu €D.

On the other hand, since y € D;(¥) € D;(®), there exists [y] e /Ty and j € _#; [y such that
¥ (y)goY.vu €, and y € B;.

By uniqueness, [y] = [yy]. Let D¢ (A, [y]) := Dy (Ae) N D (W, [¥]).
We have proved that for every [y] e I'/Ty,

(43) DA lyD= J BjnDy(A, lyD.
Jj€Zum

By comparison, it may not be true that (even if you replace ® by the smaller V)

D@, [yD= |J BjnD«(®,I[yD.
JeLuim

Now everything follows from this, the linear algebra lemma Lem.5.2 and the covering argument Lem.9.1. More details:
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LebDy(A;))= Y. Leb(D( A, [y])
[yleT/Ty

(Equa.(43))< ) Y LebD:(As [y NB;))
[YIELIT N jE 211y

< ) ). LebD:«(¥,[yhnB)
[YIeV/TN jE Z1im

(Lem.5.2andEqua.(42))< ) ) eLeb(B))
[y]el"/l"Njej,M]

(Lem.9.1) <eCyLeb(DP (@) < Coe Leb(D®) = CreLeb(D).

The promised .4 did not show up explicitly. You may take it to be p ((¢o q)‘1®) in light of the discussion above.

11. Step 10, linear expansion

Note that the discussion so far only uses
« the limit measure y is unipotent-invariant;
¢ (C,a)-good properties.

In particular, as long as p can be shown to be unipotent invariant, the discussion above applies equally well if you replace a;, by any
other sequences (g,) in G and exp(D) by any other bounded smooth curve/manifold in G equipped with a smooth measure.

Now we explain why Equa.(41) holds, for our particular choice of a; and exp(D).

Recall that we may think of (the connected component of) Hy as the image of SL,(R) under the Adjoint representation. And Ky
may be thought of as the image of SO, (R), {a;} the image of b := diag(e’,e™").

LEMMA 11.1. LetV be an irreducible nontrivial representation of SL, (R). Let Q) be a nonempty open subset of SO» (R). Then for every
constant C > 0, there exists Ty > 0 (depending on C, Q, the choice of metric on V) such that for every t > Ty, every v:0€ V

suplb;w.vll = Clvl.
weQ)

REMARK 11.2. After the proof is given, it should be clear that SLy (R) can be replaced by any other simple Lie group, SO2(R) replaced
by a maximal compact subgroup, b; replaced by any one-parameter diagonalizable subgroup that is stable under Cartan involution
associated with this maximal compact subgroup. Moreover, once V is fixed, C can be taken to be x1e*?'!! for some x1,x2 > 0 and the
condition t > T, can be removed.

REMARK 11.3. A weaker statement, with “for every C > 0” replaced by "there exists some ¢ > 0" (and ignore the t > Ty condition)
holds in much greater generality, see [RS18]. And this condition is sufficient to conclude the limit measure supports on a unique tube (see
[RZ16]).

PROOF OF EQUA.(41) ASSUMING LEM.11.1. Assume otherwise, find some y; € I such that

a;exp(D)goyr.vp <@

for ¢ inside certain sequence tending to +oco.
Decompose V = V; @ V, in a Hy-equivariant way such that V; = vHo the vectors fixed by Hy. Write r; for the projection V — V;
w.r.t. this decomposition. Without loss of generality we assume V; L V5 by changing the Euclidean metric. Thus for t € R, y € D.

a;exp(y)(8oY+-ve) = arexp(y)(m1(8oY - Ve) + w2(8oY¢-VH))
=m1(80Yr-vH) +arexp(y)m2(8oY - Vi)
= |lasexp(y)goy-vu| = |71 (8oyr-ve) | + ||arexp() 72 (goy i vm) |-
For the 2nd term, the above Lem.11.1 implies that for ¢ large enough, for suitable choice of y;,
larexp(y)ma(goy v = [|72(goye-vm) | -
So a;exp(y,) action does not decrease the norm of goy;.vy. Since @ is bounded, this implies that
(goY¢-vp) is bounded.

But I'.vy, and hence goI'.vy is discrete in V. A discrete, bounded set has no choice but being finite. After passing to a subsequence,
we assume Y, =Y for all ¢ (in some infinite subsequence tending to +o00).

Now if goy1.vg ¢ Vi, then m2(goy1-vH) # 0. Take C, > 0 such that every element in ® has norm at most C,. Apply Lem.11.1 to
C=1.1Cy || m2(goy1.va)| ", then we find y}, for ¢ large enough, such that

larexp(yhma(goyr-ve) || = 1.1Cs || ma(goyr.ved |~ |72 (goye-vm) | = 1.1Co.
So a; exp(y})goy1.vu can not live in @, a contradiction.

Thus goy:.vyg € V1, or in other words, goy;.vy is fixed by Hg. Recall the stabilizer of vy in G is Ng(H)Y, thus, go‘lHogo c
Y1NG(H)(1)Y1_1 CYlNC,(H)Yl—l-

A Lie algebra computation shows that Ad(gp) !hy is a maximal proper Lie subalgebra. Actually, the only non-zero and non-full
Ad(Hy)-stable Lie subalgebra of sl3 is ho. Thus Ad(g;")ho = Ad(y1)h and g5 Hggo = y1 Hy;'. In particular g5 'H3go NT is a lattice in
8 'H{ go. This implies that Qg o gy is proportional to a rational quadratic form, a contradiction.

O

PROOF OF LEM.11.1. Decompose V w.r.t. the b; action
V=v_eV'eVv"*

into contracting/fixed/expanding subspaces. Namely, this decomposition is stable under b; action. Moreover V° = Vb4 and for some
c,k1 >0,
Ibe.vl zcre vl Ve VY

Ibs.vll <c;le ™ |v|l, Yve V™.
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Letn~, 7% n* be the corresponding projections. We claim that there exists ¢, > 0 such that
(44) sup |7 (@.v)| z 2 llvll, YveV.
weQ)

Once this is done, the proof completes. It suffices to verify Equa.(44) under the assumption | v|| = 1. If not true, then we can find a
sequence of unit vectors (v,) such that

sup | 7% (w.vn) | — 0.

we)
Let v, be any limit of (v,). Since Q is bounded, we have

7T (W.Vs) =0,V € Q.

In other words,
QU V o V0.
Since this is a condition defined by vanishing of some polynomials and Q is Zariski dense in SO» (R), we have

SOs(R). V< V™ & V0.

Since wyq := [ _01 €S0, (R) and wob,w;' =b_;, we see that wo V™ =V*, woV°?=V%and woV* = V~. So
S02(R). Ve < VO.
So every vector in V0 is fixed by SO (R) and {b}, which generate the full SL, (R). This is a contradiction. O

12. Exercises
12.1. An example of equidistribution of unipotent flows. Notations
e G=SLy(C), I' =SLy(Z[i]) and X := G/T;

oUz{usz 0 i se[R{}andxo:[go]eG/F.

Let (S;,) be a sequence of positive real numbers tending to +oo such that the following limit exists:

1 (S
M= lim — (US)*é[go] ds.

Spn—+00 S5y Jo

Assume the fact that such a p belongs to Prob (XY,
Recall the definitions of A, T (H, U),... (see Lec.11, Def.1.6, Def.3.1). And Vg, vy same as in Lec.12.

EXERCISE 12.1. Let H e A, H # G. Show that if u(T(H, U)) > 0, then there exists a bounded set ® c Vi and a sequence (y,) < T such
that

up,s,180Yn-vu < P.

EXERCISE 12.2. Same notations as the exercise above. Conclude that there existsy € I' such that
u[,+00)80Y.-VH < P.

EXERCISE 12.3. Same notations as the exercise above. Conclude that g5 Ugo < Ng(y Hy )W,

EXERCISE 12.4. Use exercises above to show that if xo = [go] ¢ [Sing(G, U)]r, then

S

1 n
lim — Ug) . 0(g, ds =Mmgr.
S, Jo M0l ol

[Hint: use Lec.11, Thm.2.3 if it helps.]
EXERCISE 12.5. Conclude that if xo = [go] ¢ [Sing(G, U)]r, then U.xg is dense in G/T.

12.2. Homogeneous sets of bounded volume. Notations
e G:=SLy(R) and I' :=SLy(2).
» Fix aright G-invariant Riemannian metric on G, which induces Riemannian metrics on G/I" and also on immersed subman-
ifolds. Volumes below are all induced from this.

For C >0, let
of :={H < G| H is a closed connected subgroup of G, Vol(H/ HNT) < co.}

dc:={H=G | H is a closed connected subgroup of G, Vol(H/HNT) < C.}

DEFINITION 12.1. Given a sequence (Hy) of closed subgroups of G, we say that (H,) converges iff for every (infinite) subsequence
(ny) and hy,, € Hy, such thatlimy hy,, exists, there exists h), € Hy, for each n, such that

lillcn hn, =lim h,,.

EXERCISE 12.6. Given a sequence (Hy,) of closed subgroups of G, there exists a subsequence that converges.
From now on we fix a convergent sequence (H,). And assume each H,, is connected. Let

L:= {ge G ) gzlirllnhn, Jh, € Hn}
EXERCISE 12.7. Show that L is a closed subgroup.
EXERCISE 12.8. There exists a subsequence ny such that (h,,) (the Lie algebra of Hy, ) converges.
From now on we assume (f),,) converges to §c.
EXERCISE 12.9. Find an example of (H,) such that Y, is not the Lie algebra of L.
Now we further assume that {H,} c «/c, for some Cy > 0.

EXERCISE 12.10. Show that under the assumption above, Yoo = Lie(L).
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EXERCISE 12.11. Show that (H, NT) converges and its limit is given by
Too:={y€Tl|3ng, Yn>ng, ye HynT}.
EXERCISE 12.12. Show thatVoly, converges toVoly, in the weak+ topology.
EXERCISE 12.13. Show that T, is a lattice in L. Indeed show that
Vol(L/T ) <limsupVol(H,/H, NT).

[Hint, consider compact parts of a fundamental domain]
It is a fact that once you know I'y, is a lattice in L, then it is finitely generated.

EXERCISE 12.14. Assume the fact above. Show that there exists ng such that for alln > ng, I' N H, 2 T's.
Continuing this way, using more inputs from the theory of algebraic groups, one can show that
THEOREM 12.2 (Dani-Margulis). We have that

#{HNT | H € elc,} <oo.
EXERCISE 12.15. For H € of and g € G, show that

JAd(g).vs]

Vol(gHI'/T) =
§ vl

Vol(HT'/T).

dim H

Here vy is a vector in A sl,, defined by vy A ... A Vgim g Where (v1, ..., Vgim i) 1S a basis for b, the Lie algebra of H.

dim H

EXERCISE 12.16. Assume the theorem above, show thatT.vy is a discrete subset of A sl,.

12.3. Orbit counting and equidistribution. Notations

. G=SL2([R),F=SL2(Z),H={ x 2}3’

x2-2y*= 1};

o V:={2-by-2 real matrices with trace 0};
 V(2):={2-by-2 integer matrices with trace 0}

. Mo::[ 0 and po(x)::x2—2;

2
1 0
» for a matrix M, its characteristic polynomial is denoted by chary;(x) := det(xI — M) = x2 = Tr(M) x + det(M);
o Xp,(R):={M €V, chary(x) = po(x)}, Xp,(Z) := {M € V(Z), charp(x) = po(x)};

, define ht(M) := V'a? + b? + c2 + d?;

. a b
o fora2-by-2 matrlxM—[ c d

* Br:={Me X, (R) | ht(M) < R}.
EXERCISE 12.17. Show that every pair of matrices My, M € Xp, (R), there exists g € G such that g M, gl =M.
Let G acts on Xp, (R) by g.M := gM g~!. The above exercise shows that this action is transitive.
EXERCISE 12.18. The stabilizer of My in G is equal to H.
EXERCISE 12.19. HNT isa latticein H.

EXERCISE 12.20. Show that the action of T' on Xp, (Z) is transitive.
[Hint: Z[v/2] is a PID]
Further notations

e mg/ g is a G-invariant locally finite measure on G/ H;
« similarly, mg and my denote Haar measures on G and H respectively.

Note that G and H are unimodular: left Haar measures are the same as right Haar measures.

DEFINITION 12.3. We say that a triple (mg, mg, mg, ) is compatible iff for every compactly supported function f € C.(G), we have

(45) f f f(ghmpy(hyme,u (g1 =f f(&mg((gD.
G/HJH G
EXERCISE 12.21. Show that for every triple of Haar measures (mg, My, Mg/ g), there exists a constant ¢ > 0 such that for every f €
Cc (@),
f f f(ghmpy(h)me, (8] = c'f f(@mg((gD.
G/HJH G

From now on we fix the unique triple (mg, my, mg, g) satisfying

1. (mg,0r,Mgr) and (my, 8 gar, My gar) are compatible. Here 61 (resp. 6 gar) denotes the counting measure on I" (resp.
HnD).
2. (mg,mpy,mg, ) is compatible.

Its existence is guaranteed by the Exer.12.21 above.
EXERCISE 12.22. Find the asymptotics of
mg,(Br) :=mgpu ({{g] € G/H | ht(g.Mp) < R}).
DEFINITION 12.4. Definepr: G/T — R by
@r((g)) :=#(gT.Mon Bg).
We say that m([)}? converges to 1 weakly iff for ally € C.(G/T),

1
46 lim —— T :f M .
(46) R—IHrloomG/H(BR) G/rwR([g])w([g])mc/r([g]) w([ghmg/ (gD
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EXERCISE 12.23. Show that ifmq);g converges to 1 weakly then for every[g] € GIT,
im ————opr(lgh) =1.
R—+co mg/H(BR) oriig
In particular, in light of Exer.12.20,
#Xpy(Z) N Br ~ mg/g(BR).
[Hint: use Exer.12.22].

EXERCISE 12.24. Show that the left hand side of Equa.(46) (excluding the limit) is equal to

1
P (x) g«m (x)|mg/ g
mg, g (BRr) Jig.MyeBg} (fll/ g+fmarT GIHUE

EXERCISE 12.25. Use “linearization technique” to show that for every sequence (g,) such that ([g,]) diverges in G/ H, we have

lim (gn)«MpT/T = MG)/T.
n—+oo

EXERCISE 12.26. Use Exer.12.25 to conclude that 59 R converges to 1 weakly.

1
mg,H(Br



CHAPTER 13

Quantitative Oppenheim I, reducing to dynamics

Back to the Top.
Main reference: [EMM98, Section 3].
Notations
o Let Qo(x1, X2, X3,X4) := 2X1 X4 + X5 + x5, a real quadratic form of signature (3,1) on R*.
e Let (ey,...,e4) be the standard basis of R?*; and for a vector v, define its coefficients by v = Y.(v);e; and we also write v =
(()1,..., (V)4).
o Let (f},...,f1) be another ONB(=orthogonal normal basis) defined by f, = e,,f3 = e; and f; = %, £, = % Ifv=Y a;f;, we
also write v = (ay,..., a4)s.
+ One can verify that Qo ((x1, ..., X4)f) = X7 + x5 + X5 — x2.
e K:=80¢, [R) NnSO4(R).
o a,:=diag(e”’,1,1,e"), contained in SO, (R).

1. Detect points by probabilistic methods

Assume Qg o gy is irrational. Define
Vi (@) :={ve g0.2" | Q(v) € (a, D)},
N7 :=#Vap(Z,T), Vap(Z, T) :={VE V(41 (Z) \ Ivll < T}.
Consider the function
1o(x, y) := 10,21 (x) - L g, ;) (1)-
Hence
Nor—Nr= ) 1p ( Ivi ,Qo(V))
vegy.Z*

Find a compactly supported continuous function / approximating 1 from above. Then one can find some (non-negative) f € C.(R-q x
R3) such that

1
47) h(x,y) = ?ff(x, wy, w3, y') [dwz A dws]

2
J’“’z w3

where y': o

1.1. A coarse upper bound. By abbreviating V,, ,(Z,2T — T) := V,5(Z,2T)\ V, ,(Z, T), we have

vl
Npr—Nr < > ( T Qo (V)
vegy.Z4, VeV, ,(Z,2T-T)
(48)
T2 Ivl Qo(v) — wj — wj
= Z — f Tywz;wsyﬁ |[dwy A dws]
vego.z4veVy p(z,27-) IVl vl

Each summand here is either 0 or = 1 since we are keeping the indexve V, ,(Z,2T - T).
Now we need the following lemma, to be proved later (see Lem.2.10 where this is proved).

LEMMA 1.1. Given f € C.(Rsq x R3) and € € (0,1), there exists Ty = To(f,€) > 0 such that for every T > Ty, for everyv € R* we have

_Tsz(alnTkV)mK(k) ” ”2/f(”v")w2)w3, w4)|dW2/\dW3| <€

where
Qo(v) — w3 — w?

Wy .=
! 2|Vl T-T

is a function in (wy, ws), for every fixedv and T.

Apply Lem.1.1 with some € < 0.5, then for T sufficiently large, each ve V, ;,(Z,2T — T), either

W) — w5 — w? 1
||v||2f ! (”v” 3’u) T f 2f(ask.v)img(k) =0

2wl Tt 2C,
or=0.5.
Therefore
NZT—NTS Z 2 —Tsz(a,kv)mK(k)

vego.Z4,veV, ,(Z,2T-T) 2Cy

(49)
< 2—T2 / fla,kvymg (k) = 2—T2 f fla kgy.zhmg (k).

vegy.Z4 2Cy

where

f:Xy —R defined by f(A):= Y f(v).
VEA
If fwere a bounded function, then immediately we see that for some constant C = C(f) >0,
2 2 1 n-1 1-4" 2 n 2
Nor—=N7=T°C = Non, =TyC(1+4 +..+4" )+ Np, = ﬁTOC+NT0 =(2"Tp)°C+ Nr,.

75
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This shows that for T large,
Nr<2CT?.

Unfortunately our f is not bounded. Nevertheless we still have

THEOREM 1.2. There exists a constant C = C(f) > 0 such that

f flaskgo.zHmg(k) < C
forallt>0.
By arguments outlined above and Thm.1.2 we get
THEOREM 1.3. There exists a constant C > 0 such that Ny < CT? for T sufficiently large.

1.2. The exact upper/lower bound. Equipped with Thm.1.3, let us revisit Equa.(48):

Nor— N
e sT Y (M Qv ))

2
T vego.Z4,veV, ,(Z,2T) r
(50)

=77 > VI ff(”v” , Wa, wg,Qo(v)) |dwy A dws].

vego.Z4,veV, ,(Z,2T) |
Fix an € > 0, the range of T such that Lem.1.1 is not applicable is bounded. Thus

No7— N
- Nr Mgy (_ 72 [ fakmio + o)

+ OE(T_z).
" 2Cy
VEgZY.Z*,VEV, y(Z,2T)

By Thm.1.3, the number of indices is bounded by C(2T)?, hence

Nyr— N7 -

T2

— Tsz(atk v)mK(k)) +0.(T"%) +0(e)
2C,

T2
vegy.Z4,veV, ,(Z,2T)

(52)

f f@kv)mgk) | +0:(T%) + O(e)

< —
2Cy vegy.Z4
- L f fla kgozymg (k) + O:(T~2) + O(e)
2Cy

Hence (let € — 0 after taking the limit lim)

. Nor— Nt . 1 - 4y~
th—l»ilolf — < tklgloo Ef(atkgoz )mg (k).
That the RHS is a true limit is justified below.

The exact lower bound is proved similarly.

THEOREM 1.4. Assume Qg o g is not rational, then for every f € C.(RY),
lim f flaskgoz*mg (k) = f floy, (x) = Cg f fvdv
t—+00 X4 R4

where Cg > 0 depending only on the dimension.

2
Let us evaluate [p4 f(v)dv for our f. By change of variables y’ = %xwﬂ

1 —w?—w?
f Fwdv= f FU%, w2, wss ) dxdy dw, dws = f — wz,u/g,yz%)dxdydwzdwe,.

where we have used
dy—-2w,dwy —2wsdws  dx
r_ 2 2
dy'= 2% "o VT W ws):

Recall Equa.(47), we have

ff(v)dv:fgh(x,y)dxdy.

ffh(x,y)dxdyﬁf f —dxdy—
2 y=aJx= 12

Thus, by collecting the constants C7 := 5 C6 22_1

As h(x, y) approximates 1 we get

Nor— Nr
m ———=C b —a).
T—+o0 T2 7( )
Now a geometric series argument shows that
COROLLARY 1.5.

N
li
T—lvr-ir—loo T2 C7(b a).
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2. Proof of the Lemma
2.1. Nontrivial contribution to the integral.

DEFINITION 2.1. For (x,y,z) € R® with x #0 and a € R, we let
a-y? -z

Galx,y,2):= o x

in other words, ¢4(x, y, z) is the unique real number such that
Qo (%, 3,2, ¢alx,y,2)) = a.
DEFINITION 2.2. Given f € C;(Rso x R x R x R), we fix C; = C,(f) > 1 such that
Supp(f) < (C7 ', C1) x (=C1, C1)°.
Also fix Cy > |ag, | byl.
The following two directly follow from the definition.

LEMMA 2.3. Letvyg€R* and T > 1. Let (w», w3) € R? be such that
f M,wz,w&(PQo(v)(M,wz,wﬁ #0,
T T
then
1. C{'T<|Ivl = C\ T and |w,|,|ws| < Cy;
2. o (B, wo, w)| < C1.;
3. 1Qo(v) =4C?.

For a vector w, w(i) € R is defined by w = }_w(i)e;.

LEMMA 2.4. Letvyg € R*and T > 1. Letwe K.v. If f(aj, 7.w) #0, then
L Ci'T=w()=C T, w)|,lw3)| < Cy andIw@)| < C, T ;
2. vl =2CT;
3. vl =Cy ' T;
4. |Qo(v)| =4C2.

PROOE. Foritem 3, [|lv] = [w] = w(1) = C; ' T.
For item 4, Qo (v) = Qo(w) = w(1)w(4) + w(2)? + w(3)? < 2C% + C? + C? = 4C%. O

2.2. Representative in a K-orbit. By working with the basis f, one sees that for every v e R, there exists ky € K such that
kv.v=(u1,0,0, uy)s for some uy, ug =0.
Indeed, if we set
_ vl + Qo (v) IVl = Qo(v)

ra(v) =

ri(v): 5 5

or equivalently,
) = vi(1)? +v§(2)® +v(3), r2(v) = vi(4)?

where we assume v = (v¢(1),...,vg(4))s. Then there exists k € K such that

kv= (\/r_'0,0, \/E)fZZV*,

To summarize the discussion in the basis e:

LEMMA 2.5. For everyve R* there exists a uniquev* € R* satisfying
L. Qo(v*) = Qo(v);
2. vl =lvl;
3. v¥(D) = |[v*(@)| andv*(2) =v*(3) =0.
Alsov* € K.v.

What we are going to need is the following slightly perturbed version.

LEMMA 2.6. Letve R* and (w», ws) € R satisfying|w-|, |lws| = Cy. Assume Ivi2 = Qo(v) +4Cf. Then there exists a uniquev* (ws, ws) =
w e R* such that

1. Qo(w) = Qp(V);

2. lwl =vl;
3. w(l) = |w(4)| andw(2) = wy,w(3) = ws.
Alsowe K.v.

SKETCH OF PROOE. Indeed under the assumption above

Qo(v) — w5 — w?

< L Qom+2¢?)
2 =5 Qo 1

and
Ivll? — w3 — w5 = Qo(v) +4C3 — C¥ — C¥ = Qo (v) +2C%.
Hence the equation
Qo(W)—w5-w}
{xy — 5 2~ Ws
X2+ y2 = |vl? - wh - w3

admits a unique solution with x = | y/.
Here is a picture (x = w1y, ¥y = wy)



78 13. QUANTITATIVE OPPENHEIM I, REDUCING TO DYNAMICS

W W= QM_ Cif> )

The Soltion

e W,

\ 1
Yadins :r\/ MIE= W = Wy

2.3. Approximates I, the points.

LEMMA 2.7. Assumption as in Lem.2.3. Further assume T = 8Cf and T? = 16Cf. Definew = v* (w,, ws3) as in Lem.2.6. Then for
C3 =46CJ,
[vl|

vl | _
di too(( » Wa, W3, pQow) (= yw2yw3))yalnT~W)SC3T 2,

Note that T = 8C3 = |[v| = 4C? +4C? = Qo(v) + 4C? by Lem.2.3. Thus Lem.2.6 is applicable.
PRrROOF. First we have
w(4) 1 < [w(D) lw(@)| = |Qo(V) — w3 — w| < 4C% +2C% = 6C?.
Hence the difference of the first coordinate:
[IVII* —w(1)?| = w(2)* + w(3)* + w(4)* < 8C?

8C? 8C?
= [T7'IVI-T'w)| s T7' ——— <77 L <8C T2 =< G T %
VI +w(1) vl

From here we also see that
3-1_ L 1 I 31y L o1
W)l = vl -8CI T~ 2 G T+(S G T-8CI T 2 S G T
Here we are using the assumption 7% > 16C{ = 1C;'T-8C3T7! = 0.
Now the difference of the last coordinate (note that w, = w(2) and w3 = w(3) from Lem.2.6)
Q) -w(2)* -w(3)*  Qo(v) -w(2)*~w(3)?
2|lv Tt 2w(1)T-!
1 _ 6CHT |Ivl —w(D)|
Ivll W(l) 2 Ivliw(1)
(6cf)T 8C3T!
<
2 1/2C2T?

—(6C2)

=48C{ T2 < C3T 2,

LEMMA 2.8. Assumption as in Lem.2.4. Define w, :=w(2) and ws :=w(3). Then for C3 = 48C7
vl

vl | _
di too(( , W, W3, poyw) (— ,WZrWS))»alnT-W)SCST 2,

PROOE. The difference of the first coordinate:
[ IvI? —w(1)?] = w(2)? + w(3)? + w(4)? <3C?
2

3Cy
= [T vl - T 'w)|= T} ()<3c3 T2<CT 2

And the difference of the last coordinate
QW) -w2)?-wB)® QW) -w(2)?-w()
2|lvll 7! 2w()T-!

1 _ 6CHT [lvl —w(D)|
vl (1) 2 vl w(1)
(6(:2) T3C3T!

2 CrrT?

—(6 Cc3|—

=9C/T?<C3T 2

O

2.4. Approximates II, the measures. Let S(r) be the sphere of radius r in R® centered at the origin. Let fg(;) be the normalized
(to be a probability measure) volume measure on S(r).
Assume 1y (V) = 2Cf. For (x2, x3) € R% with | x|, |x3] < C;, there exists a unique x; > 0 such that
xf +x§ + xg =r(v).

Let D(C1) be the image of {(x2, x3), |x2l,|x3| = C1} in S(y/r7) thus defined. And identify |dxz A dx3] ||x;|<c, as @ measure on D(C;) < S(y/17)
by this. Equivalently one may first restrict the differential form dx, A dx3 to D(C;) and then take the measure associated with it.
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2
LEMMA 2.9. Letve R besatisfying "~ > Q)| and |Iv||* = 16C2.

1

< C + G
bCy ||V||2( 5Qo(V) + Cs)

H V112 Bg(yr) — 2Cs dw /\dW3|H

where C4 > 0 is a constant depending only on the dimension and Cs > 1 depends on C,. See Equa.(53), (54) below.

Note that our assumption implies that r; (v) = 1/ 2(IvlI2 + Qp(v) = 4Cf. Thus the paragraph above the proposition makes sense.

PROOF. First let us write mg, ) in terms of differential forms. By taking the differential

2

xf +x§ +x§ =r° = 2x1dx; +2x, dxp +2x3dx3 = 2rdr.

Thus

dxo Ad
dXI/\dX2/\dX3=M/\dI'
X1

rdxa Adxs

TR To make it have total mass inde-

So up to constant (depending possibly on r), the spherical measure can be induced from
pendent of r, we consider

dx, Adxs
dx; Adxp Adxg = ——— A r2dr.
rxy

Since the volume of ball of radius R is some constant multiple of R3/3 = f(f? r2dr, there exists some constant C4 > 0 depending only on
the dimension such that

(53) m e dX2 N ng
S(yr) — 4 \/r_lxl :
By assumption,

2 2 1 2 2
2r1 = vlI*+ Qo (w) = [Ivll —IQo(V)IEEIIVII = r =4Cy.

Thus for (x1, X2, x3) € S(/71),

1 llvi?
2y/rix1 =21\ 11— X5 — x5 = |Vl \/r1 —2CF = ||v| SNE

On the other hand
[IvlI% = 2r1| = Qo (W)l

and

rn—(n —x% —x%)

VI +\/ 11— X5 — X2

|2r —2y/rixi| =2y

<2|x5 +x5| <4CE.

Therefore, when restricted to D(C;), we have

2
2 vl
VII2 gy — 2Cy [dxp A dx |=2c ~1{|dx A dx
||| I” Mg /) 4 1dxo 3l 4 NS |dx2 3]
2
v||“—-2yT1x
=2Cy ""—11 |dX2/\dX3|
2\/7'1.7(,'1
|Qo(v)| +4C?
52C4 Qol—zl |dX2/\dX3|
7 vl

Thus if integrating a function taking value in [- M, M], the difference is at most

Qo(v) +4C?

4 1 2
g vl

2C1)* - M = |[v]| 7%+ |64C4CE (1Qo (V)| +4CP)| - M.

Taking
(54) Cs :=256C,C}

completes the proof. O
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2.5. Proof. Fixve R*, we identify S(r) with a subset of R* by embedding
(x1, X2, X3) = (x1, X2, X3, V/ 2 (V)
Let us state Lem.1.1 again:

LEMMA 2.10. Given f € C;(Rsq x R3) and ¢ € (0,1), there exists Ty = T (f,€) >0 such that for every T > Ty, for everyve R* we have

_Tsz(alnTk V)mK(k) v ”2 /f( Ivi , W2, W3, LU4) [dwy Adwsl| <€
where
el w5 — w}
YT 2T
is a function in (w,, ws), for every fixedv and T.
PROOE. We are going to choose some Ty = IOCf.
Rewrite
_Tsz(alnTk v)img (k) = _Tsz(alnT w) M.y (W)
By Lem.2.4, 2.6, if T = Ty, by change of variable w — (w», LU3) = (w(2),w(3)):
5o 1 [ Fanrwicw =51 [ f @i W) iy (W)
2C4 (@i 7. W)#0
L > % ~
:2—C4T D(Cl)f(alnT-V (w2, w3)) Mg, /) (W2, w3).

Note thatwhen f(aj, rk.v) #0forsome ke K, T = 10Ci°’ = |v[? = Qy(V) +4Cf byLem.2.4. So Lem.2.6 is applicable to vand (w», ws) :=
(w(2),w(3)). Moreover, Lem.2.6 implies that w = v* (w(2),w(3)).
By Lem.2.3, the RHS is equal to

vl T2 vl
||V||2ff( ) W2, W3, Wy | |[dwa A dws| = VIE fD(C)f 7 War W, Wa | ldwy A dws|
1

Recall from Lem.2.3 and 2.4 that when f(aj, 7.w) # 0 or when f ( ”T” , Wy, W3, w4) # 0, we always have

1
—T=<|vl=s2C, T
c vl 1

and
(55) |Qo(v)| <4C2.

Now it suffices to show that

IIVIIZf (@ 7.W)m (wZ,Ws)—2C4f
D(Cl)f " Sty D(Cy)

<E.

A"
f ( ”T” , Wa, W3, W4) |dw A dws]

By Lem.2.7 and 2.8, for T large enough,

2C4f [ (@ 7.w) [dwy A dws| —2C4f
D(Cy) D(Cy)

<0.5¢.

, Wo, W3, w4) |[dws A dws|

By Lem.2.9 and Equa.(55), for T large enough,

<0.5¢.

W [ fan g ez w9) ~2Ca [ f @) ldws Adwl
D(Cy) D(Cy)

Combining these two, we are done.

3. Exercises



CHAPTER 14

Quantitative Oppenheim II, height function and nondivergence

Back to the Top.

Main reference: [EMM98].

If you are new to this circle of ideas, a first example to keep in mind maybe: a, := diag(e’, e~ "), K := SO»(R), X = X,. Most arguments
are trivialized here, yet you could see the main idea.

Notations

o Qo(x1,X2,X3,X4) :=2X1X4 + xg + x§ real quadratic form of signature (3, 1) on R*.
« Let (e},...,es) be the standard basis of R*; and for a vector v, define its coefficients by v = ¥ (v);e; and we also write v =

(W1, ..., (V)4).
o Let (f,...,f1) be another ONB(=orthogonal normal basis) defined by f, = e,,f3 = e3 and f; = £ f, = % If v=Y a;f;, we

V2
also write v = (ay, ..., a4)s.
¢ One can verify that Qg ((x1, ..., X4)f) = x% + x% + xg — x2.
¢ K:=50q,[®) NnSO4(R).
« a,:=diag(e”’,1,1,e"), contained in SO, (R).
1. Outline of the proof
Recall by last lecture, it remains to show the following

THEOREM 1.1. Let f be a compactly supported continuous function on R* and letf: X4 — R be its Siegel transform. Let gy € G be
such that Qg o gy is irrational. Then

t—+oo

lim fK flaskgozhmg (k) = f Fomy, (x).

As we explained, the difficulty here is that f is usually an integrable but unbounded function. And it suffices to show that the
contribution of the part outside a large compact set is small. The following observation reduces the general task to a rather special
function.

DEFINITION 1.2. For a lattice A <R*, let

1 .
hte(A):= max sup —— = max (sys"”(A)) 7.
i=1.3 A eprimi(ay I1AIL =13

LEMMA 1.3. Let f be a bounded, non-negative function with compact support on R*. Then there exists a constant C; = C1(f) > 1
such that
f(A) = Cy-hto(A), YVAEX,.

Proofis left as an exercise.

THEOREM 1.4. For every ¢ > 0, there exists a compact set 6, of X4 such that forall t > 0,
f (hteo 1x,\, ) (@rkgoZH) Mg (k) < e.

PROOF OF THM.1.1 ASSUMING THM.1.4. Without loss of generality assume f = 0.
Fix e > 0, choose 6, < X4 asin Thm.1.4. Choose a compactly supported continuous function 1 = ¢, = 1¢,. Thus by equidistribution
theorem obtained in Ch.12, Thm.1.2.

lim | (f-@:)(@kgoZh)mg (k) Zf(f'(l)e) (%)M, ().

t—+oo

On the other hand by Thm.1.4 and Lem.1.3

limsup [f (1-¢) (arkgozymg (k) <limsup (C1 hteo*1x,1, ) (askgozt)m (k)
t—+o00 t—+00
< Cie.

Combining both and letting € — 0 we are done.

In fact, something stronger than Thm.1.4 will be proved.
PROPOSITION 1.5. Ford € (0,1) (we only need for some 6 > 0) and Ag € Xy, there exists Co = C2(5, Ag) > 0 such that forall t >0
f ht' % (a, k. Ag)Mig (k) < Co.
This will be deduced from the following two propositions.
PROPOSITION 1.6. For every € > 0, there exist C4(¢) > 1 and ty(e) > 0 such that for all A € X4 (this is important!), we have
f htl™ (agy ) k. A) g (k) < eht3™ (A) + Ca(€)
whereht®™ : Xy — R is some function satisfying
C5'htlf? <ht)®™ < Csht!f0.
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Actually, we will find constants cy > 0 andx; >0 fori =0,1,2,3,4 such that
htgeW(A) — Z Cgi (Sys(i) (A))_l_é,
i=1,2,3

To yield the result by applying this operator repeatedly, we need the following:

PROPOSITION 1.7. For every open neighborhood V of identity in H, there exists a neighborhood U of identity in K such that for all
t,s=0

a;UagcK-V-azs-K.

PROOF OF PROP.1.5. From the description of htglew as in Prop.1.6, we can find Vp, an open neighborhood of identity in H, such

that )
> ht®"(A) < htg®¥(v.A) < 2htg®"(A), Vv e Vp, A €Xy.

Find Uy by Prop.1.7. Let € := %I’ﬁ[((Uo). Applying Prop.1.6 we get some Cy, fy. Let Cg := %

Fix Ay € X4, define a continuous function ¢ : G — R by

P(g) ::fhtgew(gk.Ao)fflK(k).

Thus it suffices to show that ¢(a;), as t varies in (0, +00), is bounded by Prop. 1.6.
The function ¢ enjoys the following properties

1. ¢isbi-K-invariant;
2. foreveryve Vpand geG, %(p(g) =¢(vg) =2¢(g).
Combined with Prop.1.7, we see that for all ¢ = £,

1
¢(at0 ka;_ to) = E(P(at)-

Also observe that )

Mg (Up)

1 1
SI’ﬁK(UO) . (ZmK(UO)(P(g) +Cy

Pa,kg)mg (k) <

kg)mg (k
mg (Uo) Ju, fK‘P(ato g)mg (k)

1
=Z(,l)(g) + Cs.

Therefore, for t > 1,

Play) = (/)(at)fflK(k)

mg (Uo) Juy

B o) Ju, Pag ka;— )Mk (k)

1
< z(p(at_to) + Cﬁ.

Now, for ¢ > 0, choose the unique n; € Z-q such that ¢’ := t — n, ty € (0, to]. By applying the above inequality n, times we get

1 1 1
¢@n) = -p@an) + G+ + (5)2 +..)

Hence ¢(a;), as t varies in (0, +00), is bounded. U

2. Wavefront lemma

We explain how Prop.1.7 is proved.

PROOE. I am pretending K = SO4(R) here. The justification of the arguments here without this false assumption is left to you.
Every matrix g of determinant one can be written as

g=kidk,, k; € SO,(R), d is a diagonal matrix.
The order of the diagonal entries of d can be permuted by changing k;, k,. The middle matrix is uniquely determined if we further
assume

d =diag(d,,...,dy), withd, =2dy =...2d, > 0.
We let a;(g) := d - ... d;. It suffices to show that, when k € K is close to identity, for every i, a;(a;, ka,) is closed to a;(a;,+s,) multi-
plicatively.

To do this, note that
ai(@=  sup |gv|= sup l(g.v,w).

vEAIR™, [v]=1 v,weA R, [Ivl|=]lwl=1

For € € (0,1), choose U = U(e) c K such that for all i,

Ku.ey A...ANeje1 A...\Nej)| = L
1+¢
Now take u € U. On the one hand,
|<ar, uas,.v,w)| = |(uay,.v,a;, .w)|
= - Jan ] = @A)
On the other hand,
[<a; uas,.er A..Aejer AN e;)|

1
=ai(@y+p) {u.e1A...Aej,e1 A Nep)| = I—Hai(at1+,2).

So we are done.
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3. The height function

Prop.1.6 relies on the following proposition on representations. It is here that we are avoiding the case of signature (2, 1) and (2,2).

PROPOSITION 3.1. Forevery e > 0 there exists t; = t;(€) > 0 such that forall t = t;, 6 € (0,1) and for all pure wedges v € AR n=4
here), we have

[ k0 ey = el 10
PROOE. Omitted for now. O
A “pure wedge” (also called “decomposable vector") refers to a vector ve A‘R” that can be written as v A ... A v for some v; € R”.

3.1. Preparations. Fix ¢ € (0,1), find £, (¢) as in Prop.3.1. Find C; = C7(¢) > 1 such that
C;l IVl < |ag V]| = C7 VI, Yve LA RY.

Fix a strictly convex function x > 0 on [0,4]. And find Cg > 1 such that
Kj—i+Kji

+C75 o xp=xg=1
2 8 0 4

Kj =

forall je{1,2,3}and j+i€{0,1,2,3,4}.
Choose ¢j € (0, 1) small enough, depending on ¢,

-1 -1
cscs sC?céCS < (eC; 110,
Define
(56) hed®™ () = Y chisys™ (a1

i=1,2,3

3.2. The proof. Foreach /=1,2,3 find A(ll) € Prim/(A) such that sys” (A) = ”Agl) ”
3.2.1. Good indices. We define Good(A) c {1,2,3} by

(57) l€Good(A) < VA ePrim' (M)A, C2 a7 <sys®@ )7

Thus for I € Good(A), A € Prim’(A)\ A and k€ K,

Z1- e 1 L 1 -1-6 -1-6

Jag ea] ™0 <Al < ¢ P sys D) = 10 Al < a kAl
(58) s

— VkeK,sys(a, k.A)170 = ”at1 kA “ .
This implies that

~1-6 -1-6
fcglsys”)(aZl kN rYlK(k)zfcg’ lanka?| " Ak

(59)

<ecy! Ha“ kAl ”_1_6
=e-cy'sys @, k)71
3.2.2. Bad indices. Bad(A) :={1,2,3}\ Good(A). In other words, we can find Ag) € Prim’(A) \ Agl) such that
c2||ag” ”71 > sys (ay, k.A) 7.
Recall the following inequalities
=t st oot
from which we deduce that (let a := rankAi” - rankA(ll) n Ag))

2, A(z)‘|*1*5”A(z)”*1*5<(CKH A(nﬂA(Z)H*“S)_(CKHa
2 2 - 0 1 2 0

%

-1-6
Q)] 0] 2K —K]-a—K]|
AP +aD| )-co a~Kira,

For the LHS we have
2 2
G (e sys® () 10)" = ;20 sys V) ?) < Lhis
and for the RHS,
Cy!

RHS < (cg"“ sys=9 (A)_l_‘s) . (cg““ sys+@ (A)_l_‘s) ¢

. Gyt . o .
Since ¢,® = ¢°°C;*°, by combining the above equations we get
2
(ng sys(” (A)flfﬁ) < ESOC;46 (ngfa sys(l*“) (A)—lfﬁ) . (ngm sys(”“) (A)flfﬁ) _
Thus

.....

Now we choose [; = [; (A, ) such that the maximum of RHS is achieved. Then [; € Good(A) U {0,4}. Also take [y € Bad(A). Then for
every ke K,

K —1— LY —1— — K —1-
¢y sys™ (@, k.A) 7170 <CI0 ¢ 0 syst0) (M) 10 < 20520, sys ) ()10

— K —_1—
5820C7 180011 sys(ll)(atlk.A) 1=



84 14. QUANTITATIVE OPPENHEIM II, HEIGHT FUNCTION AND NONDIVERGENCE

3.2.3. Wrap-up. To save notation define
ai(A) :=cy sy’ (A) 170,

7. () (A) :=f€rl(atl k.N)mg (k).
So for [ € Good(A), we have
i (a)(A) ea(A).
For [ € Bad(A), we have (I; = [;(A) as above)
e (@) (A) < €2°C B, (a)) (A).
There are two cases.
Casel, I; € {0, n}. In this case, for all /, a;(A) < max{c;°, ¢;"} = co. Thus ht§®"(A) <3co. And
7, (W) (A) < 3¢9 C5.
CaseIl, I; € Good(A).
. (htg™) (A) = Zﬂ* (ap)(A)
<e Y N +e*C B, (e
leGood(A)

<e Y aN+ePCBay )
1eGood(A)

<2 )  a;(A)<2ehty*(A).
leGood(A)
In either case, the following holds

(60) 7, (htd*™) (A) = 3¢ C3 +2eht)*™ (A)

for all A € X4. Recall ¢y and C7 are only dependent on €.

4. Exercises
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