LECTURE NOTES ON NUMBER THEORY

RUNLIN ZHANG

ABSTRACT. This is a course note wrote for a course taught in 2025SP, 2025AU. It
mainly follows Cox’s book, Primes of the form z2 4 ny?, chapter 1 to 6 and Ireland—

Rosen’s GTM 84 book.
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e Let a,b be two integers. We say that a divides b iff b = a - ¢ for some integer
q, written as a | b. Integers that divide a given integer b are called divisors
of b. Whether a divides b or not, if a is nonzero, one can always find ¢, € Z,

0 <r < la|] — 1 such that b = ag + r. This is called division with remainders.

Certain unusual cases:

a=1: 1 divides every integer

a=0: 0 only divides 0

b=0: every integer divides 0

e A positive integer p is called a prime number iff p > 1 and the only divisors of

p are {1,p}.
e An induction argument shows that every positive integer (other than 1) can be

written as a product of prime numbers (possibly with multiplicities), e.g.

60 =2%.3.5.

Exercise 1.1. Prove the uniqueness of prime decomposition of a positive integer. Pre-
cisely, let N > 1 be a positive integer and assume

o (p1,-s01); (q15--,Gm) are two sets of pairwise different prime numbers (that is,
pi #pi and q; # q; if i # j);

(r1y .oy T1), (81, .0y Sm) are two sets of positive integers;

l m
N=T1I»"=1]q"
i=1 j=1

Show that there is a bijection o : {1,...,1} — {1,...,m} such that qo;) = pi, S4(:) = i for
ali=1,..1.

e Given two positive integers a, b, the greatest common divisor of a, b, denoted

as ged(a, b), is

ged(a,b) =max{d € Z" | d|a, d|a}.

a,b are said to be coprime iff ged(a,b) = 1.

e There is an algorithm that finds this g.c.d. It is simply by applying division with
remainders repeatedly until there is no remainder. We assume a > b > 0. The
claim is that there is some k € Z>¢ and integers q, ..., qx+1, 71, ..., Tk satisfying



O<rp<rp_1<.<ri<rg:=a<r_1:=band
b=a-q+m
a=711-q2+ 72

L ="2-q3+ T3

Tk—3 = Tk—2 " Qk—1 + Tk—1
Thk—2 =Tk—1 qk + Tk
Tk—1 =Tk * qk+1

Clearly, k < a.
e By Eq.(1), we find that

ged(a, b) = ged(r,b) = ged(ry,7m2) = ... = ged(rg—1,7%) = k-
e By Eq.(1) again, we have
Tk =Tk—2 = qk " Tk—1
=7Tk—2 = qk(Thk—3 — Tk—2qk—1)
= —qr - Th—3+ (1 4+ qrqr-1) - Tk—2

The conclusion is that
ged(a,b) =rp=a-a+p6-b
for some integers «, B, which can be explicitly found by the above process.

Exercise 1.2. Show that

LA
a_ch 1
q2 +

1
@B+...+—
dk+1
There is a unsolved conjecture related to this, which asserts that there exists M > 0
such that for all positive integer a, one can find b € Z™* coprime to a such that k+1 < M.

Lemma 1.1. Let a,b be two positive integers, then
ged(a,b) =inf{d >0 |d € Z.a+ Z.b} .

In particular
ged(a,b) =1 <= da+pb=1, IN ueZ.

Exercise 1.3. Let (m,n) be a pair of coprime positive integers. Show that there exists
Ny > 0 such that for every integer N > Ny, there exist two positive integers o, 3 such
that N = am + Bn. Can you find the smallest such No?

1.2. Congruence. Let us fix some nonzero integer N.

e Two integers a,b are said to be congruent modulo N iff N | a — b, denoted as
a=b (mod N)ora=b(N).

e Being congruent modulo N defines an equivalence relation, namely,
(1) a=b (mod N) <= b=a (mod N);
(2) a=b (mod N), b=c¢ (mod N) imply a = ¢ (mod N);
(3) a=a (mod N).

e The set of modulo N equivalence classes {a + NZ} is denoted as Z/NZ. The
equivalence class containing a given integer a is denoted as [a]x or [a] if it clear
from the context what N is. Explicitly,

Z/NZ = {[0]n, [1]n, [2]N, -y [N — 1] N T -

e 7Z/NZ has a (unital, commutative) ring structure such that the natural map
Z — 7Z/NZ is a ring homomorphism:
(1) [a] + 6] = [a+ b}, [a] - ) = [a - B]
(2) [0] is the zero element, [1] is the multiplicative identity.
(3) Associativity can be verified.



e If M | N, then there is a natural map Z/NZ — Z/MZ such that

Z
N
ZJNZ. —— Z/MZ

is a commutative diagram of ring homomorphisms.

1.3. Chinese remainder theorem.

Lemma 1.2. For a pair of coprime integers M, N € Z, the natural map Z/MNZ —
Z/MZ x Z/NZ is an isomorphism.

e Let us prove this. Since this is a ring homomorphism, it suffices to show 1.
injectivity; 2. the domain and target have the same cardinality.

e 2. is rather direct. To prove 1., let us take a € Z such that a = 0 (M) and
a =0 (N). We need to show a =0 (MN), which is true since ged(M, N) = 1.

e Of course, we can prove surjectivity directly. That is to say, given [a]ys and [b]n,
we will construct some ¢ € Z such that

c=a (mod M), c¢=b (modN).
Since [a]p = [a + *M]p for any integer x, we hope to find x € Z such that
[a + My = [b]n or equivalently,
zM=b—a (mod N).

By previous lemma, ged(M, N) = 1 implies that oM + SN = 1 for some integers
a, 8. By modulo N, we have

aM =1 (mod N)
That is « is the inverse of M modulo N. So x is uniquely solved as [(b — a)a]y.
That is, ¢ :== a + (b — a)aM satisfies the requirement.

Applying the above lemma several times we obtain

Theorem 1.3. Let Ny, ..., N; be finitely many pairwise coprime nonzero integers. Then
the natural map Z/Ny - ... - N\Z — Z/N1Z X ... X Z]/NiZ is an isomorphism.

Note that pairwise coprime implies ged(NV;, Hj# N;) =1 for every 1.

Corollary 1.4. Assume N = pi' -py* - ...-p;" for some distinct prime numbers p1, ..., p;
and positive integers r1,...,7;. Then

ZINZ 2 L)p} T ... x L/p)'ZL.

1.4. Units, its cardinality. Let N be some fixed nonzero integer.

e [u] € Z/NZ is called a unit iff there exists some other [u*] € Z/NZ such that
[u][u*] = [1]. The subset of units is denoted by (Z/NZ)* or U(Z/NZ).

e By unwrapping the definition, for an integer u, [u] € Z/NZ is a unit iff there are
integers u* and A such that

wu+ AN =1

or in other words, ged(u, N) = 1.
e By Chinese remainder theorem, if N = pi*p3*...p;",

U(Z/NZ) 2 U(Z/p}'Z) x ... x U(Z/p]'Z).
e We let ¢(N) := |U(Z/NZ)|, called the Euler’s totient function. So ¢(N) =
[Tis #(p}")- Then
o) =#{a=0,....,p" — 1] ais coprime to p}

=#(Z/p"Z\{0,p,2p,...,(p" "' — 1)p})

1

T r—1 T
=p —p =p(1--)
p

6(N) _ T,y 1
:T_EQ_E).



Now we turn to the group structure of U(Z/NZ). By definition,
a®™ =1 (mod N) Vaé€Z, ged(a,N)=1.

But is ¢(N) the smallest number with this property? By CRT, it suffices to understand
that of U(Z/p"Z), which we explain in the next two sections. Roughly speaking when
p # 2, it is cyclic and when p = 2, it is the product of {£1} and a cyclic group. In
particular, if N = p is prime, then ¢(p) is indeed the smallest number with the above
property.

1.5. Unit group of Z/pZ. We start by showing that U(Z/pZ) is cyclic for a prime
number p. Indeed, noting that Z/pZ is a field, we can do it in a slightly more general
manner.

Lemma 1.5. Let F, be a finite field consisting of q elements. Then Fy is a cyclic group
of order g — 1.

Lemma 1.6. Let A be a finite abelian group. If A is mot cyclic, then there exists a
positive integer n | |A| but n # |A| such that a™ =1 for all a € A.

Proof of Lemma 1.5 assuming Lemma 1.6. If F were not cyclic, we would find m | ¢ —
1, m # q — 1 such that
™ =1 VeelFy.
On the other hand, a polynomial of degree m can have at most m distinct roots in any
field. So
|~{er£<’qX :xm:1}|§m<q—1.

This contradicts against the fact that Fy has exactly ¢ — 1 elements. Therefore, Fy* must
be cyclic. O

Exercise 1.4. Prove the assertion that a polynomial of degree m can have at most m
distinct roots in any field.

We have used the fundamental theorem of finite abelian group through Lemma 1.6.

Theorem 1.7. Every finite abelian group A is isomorphic to a direct product of cyclic
groups A = Cq X ... x C.

Here is a proof bypassing the above theorem (from Serre’s book: a course in arithmetic):

Proof of Lemma 1.6. 1t suffices to show that if an abelian group A has the property that
o #{a€A|la" =1} <nforalln||A4|
then A is cyclic. For a divisor d of N, let A[d] := {x € A, % = 1} and A[d]°"™ be the
smaller subset collect all elements with order d. Then
Al =Y Al (2)
d||A]

We view (|A[d]P"™]) as an important invariant of finite groups. Letting N := |A|, we
will compare the invariant of A and Z/NZ.
Let ¢ := N/d. Then
and
(Z/NZ)[d]""™ = {[aq], ged(a,d) = 1} = U(Z/dZ).
In particular,
[(Z/NZ)[d]P™ | = ¢(d).

Now we turn to A. Suppose that A[d]P*™ is non-empty and we pick some a € A[d]P'™.
Then the subgroup generated by a

C, = (a) = {1,a,d?,....,a%" 1},
is a cyclic subgroup of order d. Note that every element z in C, satisfies 2% = 1. Since
there can be at most d-many such z’s, this shows that
zeA 2t=1 = zeC,
Thus
A[d]Prim — Ca[d]prim — |A[d]prim} _ ¢(d)



In conclusion |A[d]P"™| < ¢(d) = |(Z/NZ)[d]P"™| for each divisor d of N. But

Do lAlPT =N =) 6(a),
d|N d|N
so we must have A[d]P"™ = ¢(d) for all divisors d. In particular, A[N]P"™ = (), showing
that A is cyclic.
g

1.6. Fundamental theorem of finite abelian groups. Though it is not necessary, we
sketch a proof of Theorem 1.7 for the reader’s convenience.

Definition 1.8. If G is a group and g € G, we let the order of g be ord(g) :=
min{n € Z* | g™ = 1} if such an n exists, otherwise let ord(g) := +o00. We let (g) be
the subgroup generated by g. Thus, ord(g) is the size of (g).

Lemma 1.9. Let G be a finite group and g € G. Let n be a positive integer. Then
(1) ord(g) | #G;

ord(g)
2) ord(g") = .
(2 00" = Led(mord ()
Proof. The first follows from the fact that if H < G is a subgroup, then #H ’ #G.

For (2) there are two special cases. One is when n is coprime to ord(g) and another is
when n divides ord(g). The general case is a combination of these two.

Let m := ord(g) and m' := m/ged(m,n), n’ := n/ged(m,n). So ged(n',m) = 1.
We claim that ord(¢g™') = ord(g), that is, g" also generates (g). Indeed, by Euclidean
algorithm, we find «, 8 € Z such that an’ + fm = 1. Then

g=g""tm = (g")"
showing that (g) = (¢"') and also ord(¢g™ ) = ord(g) = n. Let g1 := g™ .

/

(g = (g%Cd(m’"))”' = ¢g" =1, which implies ord(g") | n'.

!
On the other hand take a positive integer [ | m’ such that (g%ed(m’”)) = 1. Then

n | 1 - ged(m,n) showing that { > n’. In sum, we have ord(g) = n'. O

It suffices to show that A is isomorphic to a product of cyclic groups. Using CRT, one
can then arrange that #C;11 | #C;.

Step 1, A is a product of cyclic groups if |A| =p".

We prove this by induction. So assume that if |A’| = p” with 7/ < 7 and A’ an abelian
group, then A’ is a product of cyclic groups.

Take an ag € A, such that ord(ag) attains p™ := max{ord(a), a € A,}. Let 7: A —
A/{ag) =: B be the quotient homomorphism. By assumption B is a product of cyclic
groups C7 x Cy x ... x (). Let x; be a generator of C;.

We claim that any element « € A,/(ag), say of order p°, can be lifted to a, € A (that
is, a; € 7~ !(z)) of the same order.

Proof of claim. We choose some arbitrary a; € 7~ !(z) first. In general we only know
that p® | ord(a;). We hope to find n such that p® is equal to ord(aiay). Or equivalently

a af"m =1 (3)
Setting a; := ajaf would then complete the claim.

Since m(a} ) = 27" = 1, we can find t € Zs( and | € Z* coprime to p such that
pt-1€{0,..,p — 1} and

s t
a’ =db!
We will search n of the form n’ - I. So we want
t s ’ t s/
af tabm = aé(p ) . (4)
p’l'o . pt
A natural choice of n’ would be n/ := ——— = p"™~* — p'~*. But to ensure n’ is an

integer, we need to show s < rg and s <t (since ¢t < rg, suffices to prove the latter).
Indeed, by the maximality of ord(ayp),

P > ord(ay) = ord(al") - p® = ord(agtl) pf=plo T = >

This proves the lemma. O



Going back to step one, let ay,...,ax be the lifts of x4, ..., zx provided by this lemma.
Then, sending x; to a; gives a well-defined injective homomorphism from C; to A. Let
@ :C1 X ... x Cp X {ag) — A be the product of these homomorphisms. We show ¢ is an
isomorphism.

Stare at the following commutative diagram

C1 X ... x C) X {ag) —2— A

N
C1 %X .. x Cp ———— A/{ap)

where the bottom arrow is an isomorphism and 7; is the natural surjective projection. It
is direct for one to check that ¢ is indeed surjective and injective.
Step 2, the general case.
Letd #A=N = p‘fl ~pg"' - opz’“ be the prime decomposition of #A. Let Ay, := {a €
AlaPi’ =1}. We claim that A=~ A, x..xA,. T
There is a natural homomorphism ¢ : [[ 4,, — A sending (a;) to a1 - ag - ... - a.
(1) o is injective: If [Ta; = 1 with a; € A4, and ¢; := %, then ¢; is divisible by the

order of a; for all 4 # j but is coprime to the order of a;. So
1= (Hai)cj = Ha? = a;j = a; = 1.

(2) ¢ is surjective: Take a € A and assume ord(a) = [[,_, p{*. Define ¢; :=[],,; pj"
Then a; := a% € Ap, by definition. Since ged(cy,...,cx) = 1, we can find
(i), integers such that Y cia; = 1. Hence a = ¢ (©aj’), so we have shown
surjectivity.

It remains to observe that #4,, = p? for some d (then it will be forced that d = d;).
Indeed, if not, we can find a chain of (normal) cyclic subgroups (C};)

Cir <A =4, Co<Ay:=A/Cy, O3 < Az:=Ay/Cy,....,Cry1 = Ay /C.

Then #A,, = [[#Ck. If #A,, has some prime factor g # p; then at least one of #Cj;
has a prime factor ¢. By lifting the generator of C; to A,,, one get an element whose
order has a factor ¢, which is a contradiction.

Now the general case has been reduced to the situation in step one and we are done.

1.7. Unit group of Z/p"Z.

Lemma 1.10. Let p be an odd prime and r € Z*. Then as a group (Z/p"Z)* is isomor-
phic to Z/p" Y7 x (Z/pZ)*.

Proof. Note that the set 1 + pZ is (saturated) a union of modulo-p” equivalence classes.
And we let 1+ pZ/p"Z denote these equivalence classes, a subset of Z/p"Z. Concretely,
each element in 1+ pZ/p"7Z takes the form 1+ p\ + p"Z for some integer A and two such
sets 1+ pX\; +p"Z (i = 1,2) are the same iff \; = Xy (mod p"~!). Then one finds that
this subset is multiplicatively closed and every element admits an inverse, which is still
in this subset. In sum, 1+ pZ/p"Z C (Z/p"Z)* is a subgroup.

There is a natural exact sequence

1—— 14 pZ/p"2 — (Z)p"2)* —— (Z/pZ)* —— 1.

Since |(1 + pZ/p"Z)| = p"~*, which is coprime to p — 1, we know by structure theorem of
abelian group (or see the lemma below) that
(Z/p"Z)* =~ (1 +pZ/p"Z) x (Z/pZ)*".

Next we show that [1 + p],- is an element of order p"~! and hence a generator, making
1+pZ/p"7Z a cyclic group of order p"~!. This follows from the elementary fact that raising
to p-th power maps (for each k € Z1) induces a map

L+ p"Z\ 1+ p"Z — 1+ "7\ 1 4 pF 27

x — b,

(5)

Indeed, for A coprime to p,

From Eq.(5), we conclude that (1+p)?" ¢ p"Z if x<r—1and (14 p)? = € p’Z. This
shows that ord([1 + pl,~) = p"~! and hence [1 + p] generates 1 + pZ/p"Z. O
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Lemma 1.11. Assume that m,n is a pair of coprime positive integers and A is a finite
abelian group with cardinality mn. Write Ald] := {a € A, a® = 1}, which is a subgroup,
for an integer d. Then the natural map Alm] x A[n] — A is an isomorphism. Moreover,
|A[m]| = m and |A[n]| = n.

Proof. By assumption find «, 5 € Z with am + fn = 1.

Injectivity.

Tt suffices to show that A[m]N A[n] = {1}. Take b € A[m] N A[n], then b™ = b™ = 1.
Then b*™ = b =1 so b*™+A" = ph =1,

Surjectivity.

Take a € A and let m, := ged(ord(a), m), ng := ged(ord(a), n). Then ord(a) = mgng.
( Indeed, if not true, then m,n,l = ord(a) for some positive integer [ # 1. [ | mn implies
ged(l,m) or ged(l,n) is not 1. Say ged(l,m) =: m; # 1. Then mgmy | ged(mgmy, mn) |
ged(ord(a), mn) = m,. This is a contradiction. ) Let b := a™ and ¢ := a™. Find
Qa, Ba € Z with agmg + Bang = 1. Then a = b - cPa. But b € A[n,] C A[n] and
¢ € Almg] C A[m]. So we are done.

g

Remark 1.12. Geometrically, one should think of the map x — P in U(Z/p"Z) as
x — x/p on the disk of radius 1: ||z| < p™1, raising to p"~1-th power sending everything
into the unit disk of radius p"~*, the analogue of identity modulo p".

Lemma 1.13. Let r > 3 be an integer. There is a canonical isomorphism {£1} X
)27 727 = (Z)2"Z)* where +1 goes to [£1]ar and the [1] € Z/2"~%Z is sent to [5]ar.

Proof. The map defined in the statement is a group homomorphism from {£1} x Z/2"27Z
1
to (Z/2"7Z)*. Indeed, since 5 = 1 (mod 4), the order of [5]2- is at most §~|(Z/2’"Z)X |. But

|(Z/27Z)*| = 2"~ (the number of odd numbers in 0,1,2,...,2" — 1), so ord([5]2-) | 2772,
showing that the homomorphism is well-defined.

Next we check that ord([5]a+) = 2”72 and so this homomorphism is really an isomor-
phism. Similar to the odd prime case, we have that for k € Z>o (not true if k = 1!),
taking square induces a map

142872\ 142817 — 1 42817\ 1 + 2827

T z2.

(6)

Hence (1+4)%" ¢ 14277 for all x < r —3, showing that ord([5]o-) = 2"~2. This completes
the proof. O

1.8. Multiplicative structure of Z/NZ. Let N be a nonzero integer.

e When N = p is a prime number Z/pZ = U(Z/pZ) LU {[0]}, which is a finite field.
e For general N, one can write

Z/NZ = | |{la] € Z/NZ | ged(a, N) = d} .
d|N

Proposition 1.14. Given a nonzero integer N and a divisor d of N. Let X4 :=
{la] € Z/NZ | gcd(a, N) = d}. Then

Xa = {lulld] | [u] € U(Z/NZ)}.

In words, e — gcd(e, N) classifies the orbits of U(Z/NZ) ~ Z/NZ.
That X, contains the latter set is direct. Indeed ged(ac, b) = ged(a, b) if ged(e, b) = 1.

Lemma 1.15. Let (z,y) be a pair of coprime integers. Then for every N € Z, there
exists an integer \n such that ged(z + Ayy, N) = 1.

Proof. First we find A, such that ged(z + A\py,p) = 1 for each prime factor p of N. This
is quite easy: if ged (z, p), ged (z + y, p) are not 1, then p is a common factor of z and y,
a contradiction. To find A, apply Chinese remainder theorem. O

Proof of Proposition 1.14. So given an integer a with ged(a, N) = d we need to find some
u coprime to N such that a = ud (mod N).

By consequence of Euclidean algorithm Lemma 1.1, we find «, 8 € Z such that aa +
BN = d. If « is coprime to N, then we are done by taking u to be the mod-N inverse of
Q.
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If not, note that

a N N a
a d+ﬂ p (a+ d)a+(ﬂ d) ; €
Since « is coprime to %7 we can find A by previous lemma such that o/ := a + /\% is
coprime to N. Therefore we may take u to be the mod-N inverse of o/. O

1.9. Proof of Proposition 1.14 avoiding the lemma. Now we present a different

proof from the point view of group action.
Consider the action (Z/NZ)* ~ Z/NZ. Then

{[dn|d|N, dezt}
lies in different orbits. If Stabyy denotes the stabilizer of [d]y, then
U(Z/NZ
Z/NZ| > Y  |U(Z/NZ)/Stabg| = > W
d|N, dez+ d|N, dez+ [d]

with equality holds iff {[d]x | d | N, d € Z*} is a full set of representative of orbits.

The left hand side of Eq.(7) is just N. We will complete the proof by showing the RHS
is also N.

Let us calculate the cardinality of (for each d | N, d € Z™T)

Stabpg = {[u] € U(Z/NZ) |ud=d (mod N)} = {[u] € U(Z/NZ)|(u—1)d =0 (mod N)}.
Write N = dgq for some other g € Z*, then

(7)

Nj(u—-1)d <= q|lu—1 <= u=1 (modgq) < [ul, =[1], € U(Z/qZ).
This shows that
Stabpg = ker (U(Z/NZ) — U(Z/qZ))
_ |U(Z/NZ)| _ ¢(N)

- |Stab[d] |

~U(Z/qZ)] — ¢(q) .
= 3 Femdl= 5 = ¥ je@i=»
dIN, dezt ’ ¢ [d]’ d|N,deZt d|N, dez+

This is exactly what we want.

1.10. Linear congruence equation. Given N, a,b, we are interested in the equation
axr =b (mod N). 9)

e if gcd(a, N) = 1, then it admits a unique solution modulo N.
e A necessary condition for the existence of solutions :

ged(a, N) | ged(b, N).
We will prove this is also sufficient.
Proposition 1.16. Fiz a nonzero integer N and two integers a,b. Then
Eq.(9) has one solution <= gcd(a, N) | ged(b, N).
If this holds, there are ged(a, N)-many solutions (in Z/NZ).

Proof. Let us assume that d, := ged(a, N) divides dj := ged(b, N). Since d, divides dy,
we can find ¢ € Z such that d,q = dp.
By Proposition 1.14, we find u,, up coprime to N such that

a=ugd, (mod N), b=wupd, (mod N).
Setting u} to be the modulo-N inverse of u,, Eq.(9) is equivalent to
dox = uiupdy,q  (mod N)
which is again equivalent to
x=usupg (mod N/d,).

That is to say, the solutions to Eq.(9) are precisely the preimage of [ujusq]n/q, along
the homomorphism Z/NZ — 7Z/(N/d,)Z. Since this homomorphism is surjective, we
conclude that there are d,-many solutions, given by

upupg + (N/dg)Z (mod N).



11

2. SUM OF TWO SQUARES
Fermat considered the following question:
Question 2.1. Which prime number can be represented as x* + y? for some x,y € Z?
By explicit calculation:
2=1241% 3#£2%+y? 5=12422 T#2 4+ 11#22+y% 13=2243%...

2.1. Necessary congruence conditions. Here is a necessary congruence condition for
p being a sum of squares:

Lemma 2.2. Let p be an odd prime with p = x? + y? for some x,y € Z. Then p = 1
(mod 4).

Proof. Since p is odd, one of z,y is even and the other is odd. Say ©* = 2m, y = 2n + 1.
Then:

p=4m’+4n’ +4n+1 = p=1 (mod 4).

Fermat claimed the following. Euler wrote down a proof.

Theorem 2.3. Let p be an odd prime. Then the following are equivalent:

(1) p =22 +y? for some x,y € Z.
(2) p| 2 +y? for some x,y € Z with ged(x,y) = 1.
(3) p=1 (mod 4).

Proof of 1 = 2. Since p is odd, one of z,y is even and the other is odd. Say = = 2m,
y =2n + 1. Then:

p=4m’*+4n’ +4n+1 = p=1 (mod 4).

The following can be deduced from Lemma 1.5: (Z/pZ)* is cyclic.

Lemma 2.4. Assume p =4k +1 for some k € Z is a prime. There exists x € 7 coprime
to p such that
2 —1#£0 (mod p).

Proof of 3 = 2. Write p = 4k + 1 for some k € Z.
Since (Z/pZ)* has order p — 1 = 4k, we have

z* =1 (mod p)
for all integers x that are coprime to p. Hence,
(%% = 1)(@** +1) =0 (mod p).
Now take z as in the corollary. Then,
2 +1=0 (modp), ie.,p|()?+1%
O

2.2. Congruence condition is sufficient: 2 = 1. Let p be an odd prime number,
we show by induction that

pl (2?2 +4y?), Iz, y €Z, ged(z,y) =1 = p=2a"?+y? 32’y € Z.
Replacing x by = + n;p, y by y + nyp, for suitable n,,n, € Z, we assume
p p
< = < =.
< wi<?

So
»?
2 +y? < R (10)
Let
a4y =plpg - pit
be the factorization into primes, with p; > ps > ps > ---. We have p; = p, d; = 1 by

Eq.(10). If k = 1, then we are done.
Otherwise, we have ps | (22 +4?), ged(z,y) = 1. By induction hypothesis, ps = a? + b2
for some a,b € Z. It only remains to show the following:
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Lemma 2.5. Let g be a prime number that can be written as a sum of squares:
g=a>+bV*, abel.
Assume that q divides x> + y? for some x,y € Z. Then there exist c¢,d € 7 such that
22 + 9% = (a® +b?) (S + d?).
Proof. Let i be a solution to 22 + 1 = 0. Then the desired conclusion suggests:
z+iy = (a+ib)(c+id) or z+iy= (a—1ib)(c+id).
So we are led to compute:

r+iy  (z+iy)la—ib)  (ax+by)+i(ay — bx)

a+ib a? + b2 N q ’
r+iy  (z+iy)(a+ib)  (ax —by) +i(ay + bx)
a—1ib a? 4+ b2 N q '

Since
(azx + by)(ax — by) = a®2® = b*y* = a®a® + (a® — q)y* = (2 + ) —qy* =0 (mod g),
one of ¢ | (ax +by) and ¢ | az — by must be true. WLOG, assume the former holds. Then
(ay — bx)? = (ay — bx)* + (az + by)? = a*(2* + 3°) + b*(2* +4*) =0 (mod q).

So ) .
WO G WO g
q
Calculating (z + iy)(x — iy) proves the lemma. O

x+iy = (a+ib)(c+id) with c=

3. QUADRATIC RECIPROCITY LAW
3.1. Square root of —2 mod p. Let us observe the following

Lemma 3.1. Let p be an odd prime and n be an integer with p{n. TFAE
e p | x2+ny? for a pair of coprime integers (z,y);
e 22+ ny? =0 (mod p) has a nonzero solution;
e there exists © € Z/pZ such that z* = [—n],, i.e., —n has a square rood modulo p.

When n = 1 we know the above is equivalent to p =1 (mod 4). Can this be general-
ized? Let us take the second example n = 2. Does \/—2 exist in Z/pZ?

Well by the group isomorphism

U(Z/pZ) =Z/(p - 1)Z
an element in U(Z/pZ) has a square root iff the order of this element divides pT_l, that is
V—2 exist in Z/pZ <= (—2)%1 =1 (mod p).
On the other hand, we have another expression for /—2:
Gs— G =V-2

From here we already see that if p =1 (mod 8), then (s, and hence /-2 exists in Z/pZ.
We still need to worry about the case p = 3,5,7 (mod 8).
So we have B
(=2)"= = (G+E
We know that raising to p-th power is easy modulo p:
(=GP = —¢ 7 (modp)
whose value is determined by the residue class of p modulo 8. Indeed
- (s — G5t ifp=1,3 (mod 8
C-G? (modp)= (@S HP=LI medd)
—(s+ ¢ ifp=5,7 (mod38)

This implies that

b1 11 _ J1 ifp=1,3 (mod 8)
D= =t ) _{—1 if p=57 (mod 8)

In other words,
V—2exists in Z/pZ < p=1,3 (mod 8).
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3.1.1. Square root of —5. As one notes, in the above process, the key is to find an expres-
sion for /—n using roots of unity. When n = 5, one can apply some clever trigonometry.

By staring at the triangle with inner angles 36°,72°,72°. One finds
in 72° 1 )
o Sin36° = T s 0s36° = V5

(14+V5)/2 4
—1++5

e the above two implies that
G-G-G+G=v5

Now we can again repeat the argument before to conclude that

® cosT72° =

V5 exists modulo p <= p=41 (mod 5).

which is equivalent to p = £1,+9 (mod 20).

One may continue to v/—7, but (7 is not easy to explicitly compute. Indeed, one can
prove that (7 is not expressible as finite combinations of rational numbers and square
root and +, —, X, + (known as constructible numbers).

3.2. Euler’s conjecture: quadratic reciprocity. Though we get stuck in generalizing
the proof. It is possible to do a few calculations:

quadratic_residues_p1mod4

p\gq 5 13 17 29 37 41 53 61 73 89 97

5 o o1t o 1t o0 1 0 1 O
13| 0 i1 o o0 1 1 0 0 O
170 1 0o 0o 0o 1 o O 1 O
291 1 0 o 01 0 0 O O
37/0 0 0 O 11 0 1 0 O
41|/1 0 O O E o 1 1 0 O
3|0 1 1 1 1 O o o 1 1
61|11 1 0 0 O 1 O 1 0 1
73/0 0 0 0 1 1 0 1 1 1
8|1 0 1. 0 0 0 1 0 1 1
970 0 0 0 O O 1 1 1 1

In the table above, the column primes are called p, row primes are called ¢g. The (p, q)-
th entry is 1 iff p is a quadratic modulo ¢ and is 0 otherwise. In the table only primes that
are 1 modulo 4 are listed. One notices that this is a symmetric matrix. Euler conjectured
this is always the case. More generally, Euler made the following conjecture, proved later
by Gauss. This is now known as quadratic reciprocity law.

Definition 3.2 (Legendre symbol). For a € Z and an odd prime p,

0 ifa=0 (modp),

(a> = 1 if ged(a,p) =1, a is a quadratic modulo p,
b -1 if ged(a,p) =1, a is not a quadratic modulo p.

Theorem 3.3. Let p and g be two distinct odd primes.

1. (pl) =1 < p=1 (mod4), or <1> :(_1)%;

<;> =1 = p=1,7 (mod8), or (2) _ L,
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3. (1) if¢g=1 (mod 4) orp=1 (mod 4), then

(- = -

(2) If p=3 (mod 4), then

- = (-
()9

We have seen the (rough) proof of the first two. Here are some explicit corollaries:

In other words,

<3> =1 <= p=+41 (mod 12)

p
)

() =1 < p==+1,49 (mod 20)
p

(7> —1 <= p=-+1,42549 (mod 28)
p

(2) =1 <= p=41,45 (mod 24)
3.3. Modulo p in ring extensions. Here we resolve a technical issue that would arise
in the proof.

Given an integer n, we write ¢, = e and let Z[¢,] be the subring of C generated
by Z and (,. So it consists of all f((,) as f ranges over all polynomials with integer
coefficients.

Lemma 3.4. Z[(,]NQ =Z.
The proof will be delayed to a later subsection.

Definition 3.5. Let I be an additive subgroup (so that the being congruent is an equiva-
lence relation) of C, two complex numbers x,y are said to be congruent modulo I, written
asxz =y (mod I), iff c —y € I.
So for two integers a, b and a nonzero integer IV,
a=b (mod N) < a=0b (mod NZ).

As a corollary, we have

Corollary 3.6. Let p,n be two integers. Then pZ[(,] N Q = pZ. Consequently, for two
rational numbers x,y, we have the following equivalence:

z=y (modp) <= z=y (mod pZ[(,])

Proof. 1t is direct to see that pZ[(,] N Q D pZ. Conversely, suppose = € pZ[(,] N Q, then
x/p € Z[(,) N Q = Z by Lemma 3.4. Thus z € pZ.
Once this is done, that ¢ —y € pZ < x —y € pZ|(,] follows. O

So the proof of can be rigorously completed as follows.

27 (GH+ G =(GHEY =@+ G (mod pZiG)) (11)

p2—1

A direct computation shows that p = +1 (mod 8) iff (—1)"s
p =1 (mod 8) and we need to show 2 =1 (mod p). From Eq.(11) and the assumption
we have

= 1. First assume that

2" (Gs+ G ) =G+ ¢ " (mod pZ[Gs)

= (27 ~ DG+ =0 (mod pZlG)
= (27 ~DG+GE =@ ~1)-2=0 (mod pzlG)
(Coro 3.6) = (21%1 —1)-2=0 (mod p).
(ged(2,p) =1) = 2" —1=0 (mod p)



15

In the other case when p = 43 (mod 8), we have ¢ + (g° = —((s + (g *). Similar

arguments as above then imply that 2" = —1 (mod p). This completes the proof of
part 2.

3.4. Gauss sum and the proof of quadratic reciprocity law. Define g, := Zan/qZ <a> Cq-
q

-1
Lemma 3.7. Let g be a positive odd prime number, then gg = () -q.
q

Proof. We start with a series of change of variables
2

(509 - 0

a€(Z/qZ)* a,beZ/qL

2
22 (e 2 ()
€(Z/qZ)* a€Z/qL a€Z/qZ

- Z ¢ Y () (e

te(Z/qZ)> GG(Z/qZ)X(
te(Z/qZ)* GG(Z/qZ)X(

= > G X
= > G X
te(Z/qZ)*  a€(Z/qZ)*

- Y (ql

te(Z/qZ)*

Once this lemma is verified, the remaining proof is similar as before

()7 (56)9
(S T (w0 £ mame
= (-1)T T T = <§) (mod p).

This completes the proof.

3.5. Proof of Lemma 3.4. We need Gauss’ lemma. For a polynomial f(z) = agz™ +
..+ an in Z[X], let coeff(f) be the set of non-zero coefficients {a;}.

Lemma 3.8. For g, h € Z[X] with ged(coeff(g)) = ged(coeff (h)) = 1, we have ged(coeff (g-
h)) = 1.

Proof. We write
g(x) = box™ + b1x™ 4 ..+ by,
h(z) = coxt + et + 4,
g-h(z) =apz™ + a1zt + ... 4 ap.
By convention a;, b; or ¢; is set to be 0 if it does not appear.

Now assume the conclusion is false and we seek for a contradiction. Find a prime p
dividing all a}s. Choose k (resp. r) to be the smallest non-negative integer such that

P | bo, b1, ..., bp—1 but p{ by
resp. p | co,b1,....,cr—1 but pfep.
Consider
Qpqr = boClgr + ... + bp_16r41 + bpcr + bpgrcr—1 + .. + biyrco.

For instance, k = 0,7 = 2, we are looking at ag = bgca + bicy +bacg. Then p | bic,, which
is a contradiction.
O
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Remark 3.9. This lemma is a simple consequence of: for each field F, F[X] is an
integral ring.

Now we go back to Lemma 3.4. We are actually going to show that Zla] N Q = Z
whenever « is an algebraic integer, i.e., there exists a monic f(z) € Z[x] such that
f(a) = 0. Assume deg f is as small as possible.

(1) We claim that f is the minimal polynomial for « in Q[z] (that is, f(a) = 0,
f € Q[z] is monic and deg f is as small as possible). Otherwise, choose g(z) € Q|x]
monic whose degree is strictly smaller than f and g(a) = 0. Write

f=g-h+r
for some g,r € Q[z] with degr < degg. So r(a) = 0. By minimality of degg,
r = 0. Let M, M be the smallest integers such that Mjg(x), Mah(z) have

Z-coefficients. Then ged(coeff(Mg(x)) = ged(coeff(Mah(x)) = 1. By Gauss’
Lemma,

ged(coeff (Myg(x)Mah(x)) = ged(coeff (M Ms f (z)) = 1.

Thus M; M, = 1, implying g € Z[z] and hence is equal to f.

(2) Let N =deg f. Let W be the Z-module spanned by {1, q,...,a’N"1}. Using the
fact that f is monic, for all m € Z, o™ € W. Thus, W is a ring and is equal to
Z[a).

(3) So any element ¢ € Q N Z[a] can be written as A\g + A+ -+ + Ay_1a’N "1 for
some \; € Z, then

o(x) = Xo — g+ Mz + - + Ayz™V ! annihilates o

This contradicts against the minimality of f.

3.6. An alternative way of concluding the proof: finite fields. Rather than using
Z[a]) N Q = Z, we can use finite fields to conclude the proof.

Lemma 3.10. Let p # q be two distinct prime numbers. There exists a field extension
F of Z/qZ and z, € F such that z, # 1, 2b = 1.

Proof. Write F, := Z/qZ. We say a polynomial ¢ € F,[X] is irreducible iff whenever
¢ = f1- fa for some f1, fo € F,[X], one has f; or f; is contained in Fj.

Similar to Bezout’s theorem, one can prove here that for any two ¢, ¢ € F,[X], the
ideal (¢, 1) generated by them is a principal ideal, that is, there exists «, 8 € F,[X] such
that ap + Sy =: f divides both ¢ and 1. As a consequence, one can show that the ideal
generated by an irreducible polynomial is a prime ideal.

Now let ®,(X):=1+ X + X?+ ...+ XP~! € F,[X]. Let ¢ € F,[X] be an irreducible
factor of ®,. Then F,[X]/{¢(X)) is an integral domain containing Fy. It is also finite, so
must be a field. And the image z;, of X in the quotient is an element satisfying z§ = 1,

zp # 1.
O

Fix x, € F as above. Note that in F' we have (z + y)? = 27 4 y? for every z,y € F.

p—1
a
Similar to g,, we now let 7, := E <) x, € F. Just as before, we can show
p
a=0

.o {(;)L-mq;
sG], = =16,

and the above two imply that

= ()] 7w = [(2)

In other words,
p=1l a=1 (D q
-1z (=] == mod gq),
T2 (G) = (5) o

which proves a major part of quadratic reciprocity law. The rest can be handled in a
similar manner.
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3.7. Jacobi symbol.

Definition 3.11 (Jacobi symbol). Let M € Z and m be an odd positive integer. Let
k a;
m = [[;_; pi"

. be the prime decomposition of m. Define the Jacobi symbols

-0 (v (e

1
It follows from the definition that
MMy _ (My (Mo
m S \m m )’
may be viewed as a homomorphism from the (multiplicative)
semigroup Z/mZ to {0,—1,1}. Also,

() = (o) ()

M
But it is not clear from the definition that whether () only depends on m (mod M).
m
We extend quadratic reciprocity to positive odd integers.

That is, M

=(-1)";

Lemma 3.12. Let M, m be two positive odd integers. Then

()

1.

5
M m (M—1)(m—1)

s (M) 2 () (e,

(3) = () o=
Remark 3.13. (%) =1 does not mean M is a square modulo m.

. . . o . 'S b 1
To prove this lemma, let us assume their prime decompositions are M = [[;_, q;’ and
— 17t a;
m = ][ i

Proof of 1. By definition and Theorem 3.3,

R T S

= (-1) T = (-7,

The last two equalities come from the fact that for two odd integers z,y we have

z—1 y—1_ 2z2y—1
= 2).
5 + 5 5 (mod 2)
And we are done.
d
Proof of 2. This is the same as above except that one needs
x? -1 y2—1 x2y2—1
= d?2
8 8 g (med2)
for two odd integers x, y. d
Proof of 3. The proof is also similar:
bjai p;—1 a;—
o) =I(3) = () o i) -
m AN M

O
Lemma 3.14. Let m,n be two positive odd integers.

D=0,1 (mod 4). Assume m =n (mod D), then <D>

n
Proof when D =1 (mod 4). If D >0 and D =1 (mod 4), then by Lemma 3.12,

(2)=(2)=(m-=(2)

Let D be an integer satisfying
(%)
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If D<0Oand D=1 (mod 4), then —D =3 (mod 4). Thus

(2)- 0 ()= ()= (35)- (5)- ()

Proof when D =0 (mod 4). Now assume D =0 (mod 4) and we write D = 4"d for some

positive integer r and some integer d not divisible by 4. In this case m is congruent to n

modulo 4. Thus <) = (_1> Therefore the case when D < 0 follows from the case
m n

when D > 0. So from now on assume D > 0.
If d is even, then d = 2!'d’ for some odd integer d’ and [ € Z*. Now m = n (mod 8),

2 2
implying that m) = (n> Since m = n (mod d’), we know by Lemma 3.14 that

(£) = (). i,
(7)=() ()= (D)-(2)

The last case when d is odd directly follows from Lemma 3.14. O

3.8. The associated character. We will prove later in Lemma 4.9 that the iff condition
for an integer m coprime to D to be represented by some other quadratic form of the
same discriminant:
D=2% (modm) 3zecZ

Now we specialize to the case when m is a prime number p. Using quadratic reciprocity,
we explain that this condition defines a subgroup of (Z/DZ)*. Indeed, we will define a
group homomorphism xp : (Z/DZ)* — {£1} such that p satisfies the above condition
iff [p|p € ker xp.

Theorem 3.15. Given a nonzero integer D satisfying D = 0,1 (mod 4), there exists a
unique homomorphism

xp : (Z/DZ)* — {+1}
such that

D
xp([p)) = <) for every odd prime p not dividing D.
p

XD@4D={ 1 D>0

Moreover,

-1 D<O0
Proof. For x € (Z/DZ)*, choose m, € Z such that [m,] = x and m,, is positive and odd.

D
Define xp(z) := <> It follows from Lemma 3.14 that this is independent from the
My

choice of m,.
For z,y € (Z/DZ)*, mymy = my, (mod D). Thus

i) = () = () = xool)

My MgMy

showing that xp is indeed a group homomorphism. It only remains to calculate xp([—1]),
which is a case-by-case analysis.
Case 1.1, D > 0, odd.

w0 = (1) = (5) = (F) == -1

Case 1.2, D > 0, even. Write D = 4"d and 4 { d. Note that D —1 =3 (mod 4). If d is
1.

2
even, write d = 2d’. In this case D — 1 = —1 (mod 8), so (D—l)

wi-0=(527) = (555) = (&) 0= = (F) v =

The case when d is odd is easier.
Case 2.1, D < 0, odd. Note that —2D — 1 =1 (mod 4).

o= (25) - (252) - (3) -~




19

Case 2.2, D < 0, even. We only treat the case when D = —4"-2-d’ for some positive odd
d'. Here —1 — D = —1 (mod 8).

w-=(o25) = (555) (525) (555)

- (F77) v e

4. REDUCTION THEORY AND THE DESCENT STEP
Let p be an odd prime. We want to know when the implication
pla®+ny?’, ged(z,y) =1 = p=a®+ny’

holds. We will define a number h(—4n): implication always holds iff h(—4n) = 1. To
define this number, we need an important conceptual transition: from considering indi-
vidual quadratic forms one by one to considering all/many of them at the same time —
emphasizing their interconnections.

4.1. Space of quadratic forms. We start with several definitions.

Definition 4.1. An integral quadratic form Q is a nondegenerate homogeneous polyno-
mial of degree two in two variables with Z-coefficients. Explicitly, Q(x,y) = ax? + bry +
cy?, with a,b,c € Z and b* — 4ac # 0. It is said to be primitive iff ged(a,b,c) = 1. Un-
less otherwise specified, a quadratic form is a binary nondegenerate primitive integral
quadratic form by default.

Given a quadratic form @, we let
Rep(Q) :={Q(z,y) | z,y € Z}, Rep™(Q) :={Q(z,y) | z,y € Z, ged (z,y) = 1}.
Definition 4.2. Two quadratic forms @ and Q' are said to be properly equivalent if
r
Qz,y) = Q'(px + qy,rx + sy) = Q <(x, 0) {Z SD

for some p,q,r,s € Z satisfying ps — qr = 1. Sometimes we abbreviate this equivalence
relation as Q ~ @Q’.

Remark 4.3. Observe that Q@ ~ Q' = Rep(Q) = Rep(Q’), Rep” ™ (Q) = Rep™™(Q’).

Notation 4.4. Given v = (‘f g) and a quadratic form Q, let Q) be a new quadratic

form defined by
"Q(x,y) == Q(z,y)7) = Qpz + ry, qv + sy).

Let Mg denotes the symmetric matriz representing @, i.e.,

x
Qo) = o (1)
Then M~q = yMo~y™.

Lemma 4.5. Let Q(z,y) := ax? + bwy + cy? be a quadratic form and v € SLo(Z), then
YQ(x,y) just defined is still quadratic form. Namely, if Q" :=7Q = a’x* + b'zy + 'y>.
then /b, ¢’ € Z, ged(a’,b',¢') =1 and b'? — 4a’c’ # 0.

Proof. From the definition, one sees that a’,b’',¢’ € Z. Also, that b2 — 4a/c’ # 0 will
follow from Lemma 4.7 below and we do not repeat the proof here.

To see ged(a’,b',¢’) = 1, let us assume the converse: for certain prime p, one has
pla,b,c. Then p| Q'(x,y) for all integers x,y. Or in other words, p | Rep(Q’), which
is equal to Rep(Q).

Now let us observe that a = Q(1,0), b = Q(0,1) and ¢ = Q(1,1) — Q(1,0) — Q(0, 1).
Therefore 1 = ged(a, b, ¢) = ged(Q(1,0),Q(0,1),Q(1,1)). But this contradicts against
the assertion that p | Rep(Q). O
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4.2. Discriminant friends. Besides Rep(—), there is another invariant with respect to
this relation:

Definition 4.6. The discriminant of a quadratic form Q(x,y) = ax® + bwy + cy? is
defined by disc(Q) = b* — 4ac.

Lemma 4.7. If Q ~ @', then disc(Q) = disc(Q’).

b
Proof. Note that Mg = 2) and hence disc(Q) = —4det(Mg). If @ ~ Q’, then we

find v € SL(2,Z) such that Q =7Q". So Mg = yMg~*™. Hence
det(Mg/) = det(Mg), implying disc(Q’) = disc(Q).

N
Nl Q

O

Notation 4.8. We denote by M p the space of quadratic forms of discriminant D. When
D <0, we let M}, C Mp collect positive definite forms. Let Mp(R) (resp. ME(R)) be
the space of (resp. positive definition) real quadratic forms of discriminant D.

Note that a necessary condition for Mp # @) is that D = 0,1 (mod 4).

Lemma 4.9. Assume D is a nonzero integer with D = 0,1 (mod 4). Then Mp # 0.
And if m is an odd number coprime to D, then

D=z* (modm) 3zeZ < mecRep’™(Q), 3Q € Mp.

Since the first half of the statement is implied by the second half, we focus on proving
the latter.

Proof of <=. Find Q(z,y) = ax?® + bxy + cy? and coprime integers p, ¢ such that m =
Q(p, q)- By Bezout theorem, find ¢, s € Z such that pt — gs = 1. Let Mg = (b?? bf).

Then we can find integer n, [ such that

AMgA™ = (T 2) , where A := (p q) .
b l s t

Taking determinants of both sides:

D n? 9 9
—szl—Z:>D=—4ml+n = D=n" (modm).
This finishes the proof. O

Proof of =>. We first note that
m=m-124b-1-04+¢-0?> Vb cecZ.

That is, if Qp..(z,y) = ma? + by + cy?, then m = Qy.(1,0) € Rep” ™ (Qp..). We hope
to find b, ¢ € Z such that
disc(Qp.c) = b* —d4mec =D (12)
Since D =0 (mod m), there exist s,t € Z such that D = s> — tm. Thus
D= (s+m)*—2sm—m*—tm=(s+m)>— (2s +m+t)m.

We let ¢/ := 25 +m +t. Since m is odd, one of ¢ or ¥ must be even. WLOG, we assume
t is even.
We then make use of the condition D = 0,1 (mod 4). Also note that s> = 0,1 (mod 4).
Thus
tm=s>-D=0,1-0,1=-1,0,1 (mod 4).
But ¢ is even, so we are forced to have tm =0 (mod 4). As m is odd, t =0 (mod 4). So
we can write t = 4r for some r € Z.

Thus b := s, ¢ := r is a solution to Eq.(12) and the proof is complete.
O

We are interested in the quadratic form 2 4+ ny?, which has discriminant —4n. Apply
the lemma in the case D = —4n and m = p is a prime here.

Corollary 4.10. Let nyg € Z and p be an odd prime not dividing n, then

(;) =1 <= peRep™™(Q), 3Q € M_yy,.
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Summary

Let me summarize the situation so far. Using change of coordinates, we defined an
action of SLy(Z) on the set of quadratic forms. And we find that discriminant is an
invariant for this action. So we end up with actions of SLy(Z) on Mp for each D. And
it turns out that, for an integer m corpime to 4D, the congruence condition' D being a
square modulo m is equivalent to m being representable by one of the quadratic forms of
discriminant D. In the next section, we will find a representative for each SLy(Z)-orbit,
so that we will have a finite list of quadratic forms, one of which can represent the given
m under congruence conditions. This method is now called “reduction theory”.

4.3. Reduced form. So now we know that either one of the equivalent conditions

pla?+ny? = (—n) =1
p
implies that p is primitively represented by some “discriminant-friend” @ of z2 + ngy?2.
Then p is also primitively represented by any Q' ~ @. The question is, when can we find
Q' = 22 + ny?? So we need find a way to determine whether two given quadratic forms
are properly equivalent or not.

Definition 4.11. Assume D < 0. A positive definite quadratic form Q(x,y) = ax?® +
bry + cy? of discriminant D is said to be reduced if 0 < b < a < ¢ and if |b] = a or
a=c, then b > 0. We let M;’md collect all reduced positive definite quadratic forms of
discriminant D.

Theorem 4.12 (Lagrange). Every positive definite quadratic form Q is properly equiva-
lent to a unique reduced form.

4.4. Proof of Existence. Given Q(z,y) = an2 + bory + ch2, by choosing special
p,q,7,s, we find that the following two forms are properly equivalent to Q:
UQ)(x,y) = Qz — y,y) = agz® + (bg — 2aq)ay + (cq + aq — b)y?
T(Q)(z,y) = Q(—y,x) = cqu® — bory + agy®.
Also note that Q being positive definite implies that
disc(Q) = by — dageg <0, ag,cq > 0.

The idea is to apply U and T repeatedly to reduce the size of |bg|. For convenience,

let us assume that we have already arrived at ()¢ such that
(1) Qo ~ @,
(2) |bo| := |bg,| is as small as possible.

Applying T if necessary, we further assume that
(3) a0 < co.

Now, we show that |by| < ag. Indeed if this were not true, the b-coefficient of U(Q) or
UHQ) (which is |by — 2ag|, |bo + 2ag| respectively) would be strictly smaller than by,
a contradiction against (2).

So we have |by| < ag < ¢p. If both inequalities are strict, then we are done.

Next, we consider the case when ag = cg. If by > 0 then we are done. Otherwise
Q@1 := T(Qo) would have the required property.

Last, assume |bg| = ag. If by > 0 then we are done. If not, Q1 := U~ (Qp) meets our
requirement.

4.5. Finiteness of class number. The existence part already leads to some interesting
corollaries.

Definition 4.13. Given an integer D = 0,1 (mod 4) and D < 0, we define the form
class number

h(D) :=# {proper equivalence classes of positive definite quadratic forms of discriminant D}
= #Mp/SLa(Z) = #Mp"™",

Corollary 4.14. Given D € Z.o and D = 0,1 (mod 4). Let Q(x,y) = ax?® + bxy + cy?

be a reduced positive definite quadratic form with discriminant D. Then |b] < a < \/5

1
and ¢ < % < %. Consequently h(D) < %2.

1That this is a congruence condition in m follows from quadratic reciprocity law.
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Proof. Note that [b] < a <ec.

-D -D -D
—D=4ac—b* = 4dac< -D = ¢< — < — a </ —.
4a 4 4

O

Remark 4.15. One (Siegel) can show, for any € € (0,1), there exists Cc > 1 such that
C-'DY?27¢ < (D) < C.D/?+=,

4.6. Proof of Uniqueness. The key to the proof is the following observation (due to
Lagrange):

Lemma 4.16. Let Q(z,y) = ax?+bxy+cy? is a reduced positive definite quadratic form.
Then |Q(z,y)| > ¢ (hence > a) if x,y # 0. Moreover, if Q(x,y) = a, then one of the
following holds:

1. (z,y) = £(1,0);
2. (z,y) ==£(0,1) and a = ¢;
3. (z,y) = £(1,-1) and a = b = c, that is, Q(x,y) = x> + xy + y>.

Proof. We take x # 0 and y # 0. We need to show Q(x,y) > ¢ and if Q(z,y) = a then
(r,y) =£(1,-1), a=b=c

The proof is divided into two cases: |z| > |y| or |z| < |y| — 1. In either case we have
Q(x,y) > ax?® + cy? — |bry| with equality holds iff xy < 0.

In the 1st case, we have

Q(x,y) > ax® + cy® — |bay|
(use [z] > [y]) = || ||az| - [byl| + ey®
> cy2 >c>a

with Q(z,y) = a iff
c=a, v =1, alz|=|b|, 2y <0 = a=b=c, (z,y) = (1,—1), or (—1,1).
In the 2nd case, we have

Q(z,y) > az® + cy® — [bay|
(use |2 < |yl —1) = az® + |y| ||ey| — [bal|
(use |z| < |y| — 1 again) > az? + cly|
>c2>a.

Note that Q(z,y) = a is impossible to hold in this case. O

Now we are ready to prove the uniqueness. Let @, Q" be two reduced (positive definite)
quadratic forms that are properly equivalent and we need to show Q = Q’. We first note
that by the lemma above,

ag = min Rep”"™(Q) = min Rep”™™(Q’) = ag:.

By the definition of proper equivalence,

Q) =@ (). 3= (2 1) esta@).
In particular,
ag = aq = Q(1,0) = (1,0)Mq (é) =Q'(p,q).

By Lemma 4.16, there are three cases

(a) (p,q) = £(1,0)
(b) (p,q) = £(0,1) and a'Q = C’Q;
(¢) (p,q) ==x(1,-1) and a’Q = b’Q = c’Q =1.
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Case (a). We have
10
'y—:lz(r 1>, JreZ.

Q'(z,y) = agz® + (bq + 2rag)zy + cqy®
= ag > |bg + 2rag| > 2|rlag —bg > (2|r| — 1)ag
Therefore r = 0,1, —1. If r = 0, then Q = Q' and we are done. Otherwise r = £1, and
all inequalities above must be equalities and hence ag = |bg| and the signs of by and r
are different, implying by = ag > 0 and r = —1. But now Q' = an2 —agry + ch2 is
not reduced, a contradiction.

Case (b). Now v =+ <0 _1> and

Then

1 s

Q'(z,y) = aqy® + boy(—x + sy) + co(~z + sy)*
= cqr® + (=bg — 2scq)zy + (ag + sbg + s%cqQ)y?
= aq = cq = ag, aq > |=bq — 2saq| > |2s|aq — |bol = (2]s] — 1)ag

So s =0,1,—1. If s = 0, then the above equation implies b = —bq hence bg = by, =0
and Q = Q' = 2% + ¢2.

If s = &1, then all the inequalities above become equalities. So s and bg have different
signs and ag = |bg| = ag = bg. Hence s = —1 and Q' = Q = 2% + zy + y>.
Case (c). Here we have Q'(z,y) = 2 + zy + y?. So ag = ag =1 and by = 0,1, 1.
Inserting into b?Q —deg=-3,weget bg=*landcg=1. So Q=22 +zy+y>=Q".

4.7. Class number 1 and representation of quadratic forms.

Definition 4.17. Given an integer D = 0,1 (mod 4), We define the principal quadratic
form (will be abbreviated as the principal form) to be

Qprin( ) z? — %y2 if D=0 (mod 4)
z,y) = . .
b 4 2 +ay+ =LHy? if D=1 (mod 4)
The proper equivalence class that Qgin belongs to is called the principal class.
Corollary 4.18. Given a negative integer D = 0,1 (mod 4) such that h(D) = 1. Letp
be an odd prime number coprime to D. Then TFAE

(1) D is a square modulo p;

(2) p e .Repprlll'l<QFg'ln);

(3) Q5" (z,y) =0 (mod p) for some ged(z,y) = 1.

In the special case when D = —4n for some n € Z", we have the following equivalences
-n
H({—])=1;
o (5)

(2) p =22+ ny? for some x,y € Z;
(3) p |z +ny? for some ged(z,y) = 1.

4.8. Examples of class numbers. Corollary 4.14 yields an algorithm to calculate class
numbers. Let us do a few examples by hand.

Example 4.19. h(—4) =1, MJDr’rEd = {a? +y*}.
=3)=1, ML™ ={a?+ay+y’}.
. ML = (2% + 397}
=1, M5 = {22 + 442}

)
)
—20) =2, ML = {22+ 592, 222 + 2xy + 3y%}.
)
)

Example 4.20. h
Example 4.21. h

(
(
Example 4.22. h(—16
Example 4.23. h(

(

Example 4.24. h =2, M‘g’red = {222 + 392, 2% + 6y?}.
Example 4.25. h(-28) =1, M} = {2®+7y?}.

As a corollary of this example, one obtains
Theorem 4.26. Let p # 7 be an odd prime, then

p=x2+7y* Iz, ye€Z < p=1,2,4 (mod 7).
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One may wonder whether there are other examples of class number one.

Theorem 4.27 (Gauss conjecture, Landau theorem). If n € Z*, then h(—4n) = 1 iff
n=1,2,34,1.

See Cox’s book for a short proof.
4.9. Relation with hyperbolic geometry. Let D < 0 be fixed. Given Q = ax?+bry+
cy? € M3}, the equation Q(x,1) := az? + bx + ¢ = 0 has a pair of conjugate solutions

in C: one has positive imaginary part, the other has negative imaginary part. Let zg be
the root with positive imaginary part. This construction can be done more generally for

Q € MH(R) := {ax2+bxy+cy2 | a,b,c € R, b —dac =D, a>0}.

Similar arguments as above show that SLo(R) acts on M} (R) and each orbit of SLy(Z)
contains one unique element in

M3TR) = {az® + bay +cy® e MER) [ 0<b<a<c, ifjb|=aora=c, thenb>0}.
Taking @ — z¢g defines a map
MER) —» H? := {zx +iy € C |y > 0}

~ —b+VD
N 2a

Exercise 4.1. Show that indeed this is a homeomorphism M} (R) = H2.

Q:ax2+bxy+cy2»—>zQ:

There is a natural SLy(R)-action on H? (known as fractional transformations):

SLy(R) x H? — H?
o= ([ 2) room 222

r s rz4+s
Exercise 4.2. Show that this is indeed a group action.
We temporarily write v.Q for our old notation 7Q.

Lemma 4.28. Let notations be as above. For v € SLa(R) and Q € M}, we have
2.0 =7""-2q

This is rather direct and the details are left to you. So for each v € SLa(R), we get a
commutative diagram:

M5 (R) —— H?
bl
ME(R) —— H?

By transporting M} and Theorem 4.12 (the version for M} (R)) to the right, we
have

Lemma 4.29. Each SLy(Z)-orbit on H? contains a unique element in the region
R={z+iy||z]<1/2, 2 +y* > 1, if [z =1/2 or 2> + y* = 1 then x > 0} .

Proof. Indeed, given z = x+1iy, the coefficients a, b, ¢ of the corresponding quadratic form
are given by

1 x2 Y x2
0= V=D, b=—"-V=D,c=201+%).v-D.
2y Y 2 y
It remains to apply the definition of M5™4(R). O

For this reason we call R a strict fundamental domain for the action SLy(Z) ~ HZ2.

This action is related to hyperbolic geometry. Consider the metric on H? defined by
dmzy%df (this is called the hyperbolic metric). This means that for each z = z + iy € H?,
we have an Euclidean metric on C 2 R? (we should think of this C being rooted at z,

and we will call this C to be T, the tangent plane at z) defined by the symmetric matrix

1M1 o0
20 1]
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Given 21,2y € H? and v € SLy(R) satisfying 7.2; = 29, we associate it a map
dy,, : T, = 1%,
u=uv+iw— dy, (u) ==+ (21) - u.
This is compatible with the differential map from multivariable calculus.

. . . . dz?+dy?
Exercise 4.3. dv,, preserves the Euclidean metrics induced by e

Given a metric, one can talk about the area of SLy(Z)\H?, which is nothing but the
area of R as in the lemma above.

Exercise 4.4. The area of R is 5.

Hint: evaluate the integral:

1/2 /+OO dxdy
V1—z2 y2 '
One may view R as a triangle with one corner sitting at the ”infinity”. Then its inner
angles are 7/3,7/3,0. So we find that

Area(R)=nm—7/3—7/3 -0

which is true for other (hyperbolic) triangles! This is related to Gauss-Bonnet.

—1/2

5. LOCAL REPRESENTATION AND GENUS

Notation.

e A quadratic form refers to some Q(z,y) = ax? + bry + cy?® with a,b,c € Z and
ged(a,b,c) = 1.
e [z]y is the image of an integer x in Z/NZ.
5.1. Genus, prelude. Since Mf’;Oed = {2% + 5y%, 222 + 22y + 3y*}, reduction theory +
quadratic reciprocity show that

-5
p=1,3,7,9 (mod 20) < <) =1 <= p=a®+5y% or 227 + 22y + 3% (13)
p

These two forms, however, can be distinguished by calculating their values modulo 20:
{1,9 (mod 20)} = {m € (Z/20Z)* | m = 2* + 5y> (mod 20)}
{3,7 (mod 20)} = {m € (Z/20Z)* | m = 22” + 2zy + 3y> (mod 20)} .
Together with Eq.(13) we deduce that
Theorem 5.1. Let p be an odd prime, p # 5. Then
p=1,9 (mod20) <= p=a?+ 5y’
p=3,7 (mod20) < p=2z+ 2zy + 3y°.
Our example suggests that

e the modulo-D-invertible numbers that are represented by z2 + ny? is a group;
e for different quadratic forms, the set of invertible-modulo-D representations are
either the same or disjoint.

A calculation with D = —56 is also in support of this, indeed,
p=1,9,15,23,2539 (mod 56) <= p = z? + 14y or 222 + 7y?
p=3,513,19,27,45 (mod 56) <= p = 3% + 2zy + 5y* or 3% — 22y + 5y°.
Definition 5.2. Given a quadratic form Q of discriminant D < 0, let Rep(Q, mod) be

the image of Rep(Q) in Z/DZ. An integer m is said to be locally represented by Q if
[m]p € Rep(Q, mod). Let Rep™ (Q, mod) := Rep(Q, mod) N (Z/DZ)*. Also, we define

Genus(Q) := {Q" € M} | Rep”(Q', mod) = Rep”(Q, mod) }

to be the genus containing Q. The special genus Genus(Q%rin) containing the principal
form is called the principal genus.

We will show that if a prime p coprime to D is locally represented by @, then it is
“globally represented” by one of its genus friend Q" € Genus(Q)). We use the character
Xp : (Z/DZ)* — {£1}, appearing as corollary to the quadratic reciprocity law.
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5.2. Genus theory. Caution: though the statement is general, currently the proof is
only given in the case D = —4n, where Q)" = 2% + ny?.
Theorem 5.3. Let D = 0,1 (mod 4) be a negative integer and xp : (Z/DZ)* — {£1}
be the associated character. Then

(1) Hp := Rep* (Q™™, mod) is a subgroup of ker(xp).
Let Q be a positive definite quadratic form of discriminant D, then

(2) Rep™(Q, mod) is a coset of Hp in ker(xp).
Let pt D be a prime number in ker(xp).

(3) If p is locally represented by Q (i.e. [p]p € Rep™(Q,mod)), then p is globally rep-

resented by some genus-friend of Q (i.e. p € Rep(Q'), for some Q' € Genus(Q)).

In part (3), it suffices that p is an integer coprime to D that vanishes along xp.

Remark 5.4. Part (2) of the above theorem shows that Q ~gemis @ <= Q' €
Genus(Q) defines an equivalence relation, which is coarser than proper equivalence, on
M. Since every congruence class in (Z)DZ)* contains one prime number (by Dirichlet’s
theorem on primes in arithmetic progressions, which we do not prove), the above theorem
establishes a bijection

Mg/ ~Genus= ker(XD)/HD‘
Since RHS is a group, this suggests a group structure on the left hand side. We will
actually construct a group structure on M}/ SLa(Z) in the next section, making [Q] —
Rep” (Q,mod) a group homomorphism onto ker(xp)/Hp. The principal genus is nothing
but the kernel of this homomorphism:

Mp/ ~
MJB/ ~Genus T ker(XD)/HD
In the special case of D = —4n, we draw the following corollary.
Corollary 5.5. Let n € Z* and ptn be an odd prime number. Then (D := —4n)
p € Rep(Q), 3Q € Genus(Q%ri“) — p=p2orp+n (mod D), IBEZ.

Proof of =>. Write p = 22 + ny? (mod D) for some z,y € Z. Since

2% 4y’ = { 22 (mod D) if y is even

z2+n (mod D) ifyisodd ’
we are done. O

Proof of <=. Either case implies that p € Rep(Q%™, mod). It only remains to invoke

Theorem 5.3
O

For simplicity we only prove Theorem 5.3 in the special case D =0 (mod 4). As usual,
we write D = —4n.

5.2.1. Proof of Theorem 5.3, (1). Tt follows from
(2 +ny?)(z + mw?) = (@ + V=R Y) (@ — VoY) (= + VR w)(z — Vmw)
= ((xz — nyw) + vV—n (2w + y2)) ((xz — nyw) — vV—n (2w + yz))
= (zz — nyw)? + n(zw + yz)?
that Rep(Qgin) is closed under multiplication. Therefore, Hp is a subgroup of (Z/DZ)*.
Next we explain that it is contained in ker(xp).
Fix some element in Hp, written as [z + ny?|p € (Z/DZ)* for some z,y € Z such

that 22 + ny? is coprime to D. Let g := ged(z,y) and write © = g1, y = gy; for some
coprime integers x1,y;. Then

xo(le® +ny’]) = xo([zf + nyi)). (14)

Factorize 23 + ny? = [[pl*. Since D is even and 2 + ny? is coprime to D, we have that
each p; is odd. Thus for each i, by Theorem 3.15,

n) =1 = xp(p)) = 1.

Y2

pi | 2] +nyi = (
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Hence xp([z? +ny?]) = [1xp([pi)™ = 1. By Eq.(14), xp([z? + ny?]) = 1 and the proof
is complete.

5.2.2. Proof of Theorem 5.3, (2). The proof of (2) involves some clever algebra. Write
Q(z,y) = ax?® + by + cy?. Note that D =0 (mod 4) = b is an even number.

First we prove (2) under the assumption that ¢ is coprime to D. Then we show that in
general it is always possible to find @’ properly equivalent to @) such that the c-coefficient
of Q' satisfies this assumption.

Step 1. Assume gecd(c, D) = 1. We fix some ¢* € Z such that cc* = 1 (mod D). For
any x,y € Z,

4¢- Q(z,y) = 4acx® + dbcxy + 4c*y? = (4ac — b*)2® 4 (b*x? + dbexy + 4c*y?)
= (bx + 2cy)* — Da?

2
= c - Q(z,y) = (Zm + cy) + na? (15)

= Q(z,y) =c" ((gx + cy>2 + nx2> (mod D).

This shows that Rep™(Q, mod) is contained in the coset ¢*Hp. To prove the reverse

inclusion, fix z,w € Z and note that x :=w and y := (z — %w)c* satisfy

b
§x+cy =2z (mod D)

z=w (mod D)
Hence
22+ nw? = eQ(v,y) (mod D).
This shows that Hp C [c] - Rep™ (Q, mod). And thus Rep™ (Q, mod) = [¢*|Hp is a coset
in (Z/DZ)*. Tt only remains to check xp([c]) = 1. Since ¢ is positive and odd, we have

D b? — dac b?
wieh=(7)= (7)< (%) =2
Step 2. It suffices to show (when M := D)

Lemma 5.6. Let M be an integer. There exist x,y € Z such that Q(x,y) is coprime to
M.

Proof. Since ged(a,b,¢) = 1, Q(1,0) = a, Q(1,1) = a+ b+ c and Q(0,1) = ¢, for any
prime p, there exists (zp,y,) € {(1,0),(1,1),(0,1)} such that Q(xp,y,) is coprime to p.
Let p1, ..., pr be the distinct prime factors of M. By CRT, find (z,y) € Z? satisfying

T = Tp, (mOd pz)7 Y= Yp (mOd pi)a Vi= 1.

Then Q(z,y) = Q(xp,,Yp,) (mod p;) for each i, implying that Q(x,y) is coprime to each
p; and hence to M.
O

5.2.3. Proof of Theorem 5.5, (8). By Lemma 4.9, we can find Q' € M}, representing p.
Thus p € Rep” (Q’, mod). But any two Rep™ (e, mod) are either disjoint or the same by
part (2) of the theorem. Therefore, Rep™ (Q’, mod) = Rep™ (Q, mod) and Q' € Genus(Q).
So we are done.

5.3. Why only modulo D? We will explain the following in this subsection:

Theorem 5.7. Let n be a positive integer and p be a prime number not dividing 4n that
is represented by x + ny? modulo —4n (i.e. [p|p € Rep™ (x? + ny?, mod)). Then there
exists a sequence of (xn,Yn)nez+ C Z% such that®

Q(rn,yn)=p (mod N), VN €Z%; (xn,yn) = (zam,ym) (mod N), VN | M.
By Chinese remainder theorem, it suffices to show this for N = ¢* for every prime ¢
and positive integer k. There are three types of ¢ that require different treatment
*q=2
e g #2but q|n;
e gf4n.

2the first one is important, the second one about compatibilities of z 7,y can be implied by modifying
TN YN-
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On the other hand, the proof when
o k=1,
e k>1.

is different.

5.3.1. Hensel’s lemma. Hensel’s lemma is similar to Newton’s method of approximating
the zero of a differentiable function. It allows us, under some condition, to “lift” modulo-¢
solutions to modulo-¢* solutions for any & > 1. Although this is general, and admittedly,
the proof is essentially the same, we shall focus on the case of binary quadratic forms.

Lemma 5.8. Let k be a positive integer. @ is a quadratic form and m is an integer.
Assume (zg,yr) € Z? is given such that

Q(xkayk) -m=0 (HlOd qk)a VQ(ajkayk) %O (mOd Q)
Then we can find Tiy1,Yr+1 € Z satisfying

k+1)

Q(xp41,Yk+1) —m =0 (mod ¢ . T =2, (mod ¢), yry1 =yr  (mod ¢¥).

We note that

VQ(ry) = ( o5

oQ
. = =(2 2cy).
O (a@y), ay (x,y)) ( ax—i—by,bx—i— Cy)

By assumption we find [ € Z such that Q(xx,yr) = m + ¢*l. For a € Z,

Qzr + ¢ o yr) = Q(zk, yx) + a (g + ¢ ) — xi) + bg" ayy,
=m+ ¢"l + a(2zrd"a + ¢**a?) + bgFayy,
=m+ (I + (2az), + byr)a)g"  (mod ¢**h)

k k+1).

0
Em+(l+a—§(xk,yk)~a)q (mod ¢

If

gg(iﬁmyk) #0 (mod q)

then there exists « (the inverse-mod-q of %(xk, yx) multiplied by —1) such that
I+ (2axg + byr)a =0 (mod q),

implying that
Qwx +¢"a,yp) =m  (mod ¢**).

So we may choose zj41 := ), + ¢*a®, yri1 = Y.
If

0
8—3(%%) £0 (mod g),

then similar considerations lead to the existence of g € Z such that zp1 := x, Ypr1 =
yr + ¢* B fulfills the assumption.

Finally, note that at least one of %(wk,yk) or %(mk,yk) must be nonzero modulo ¢
by assumption.

5.3.2. Hensel’s lemma in general. We state Hensel’s lemma in general here.

Theorem 5.9. Let q be a prime number, k € Z" and f € Z[ X1, ..., X,] be a polynomial
with integral coefficients. Assume that (z1,...,x,) € Z™ satisfies

f(x1,.yzn) =0 (mod ¢¥), Vf(zi,...,z,)Z0 (mod gq).
Then there exists (y1,...,yn) € Z™ satisfying

k+1)

fyi, ey yn) =0 (mod ¢ , (T1, 0 70) = (Y1, -y yn)  (mod qk).

Consequently, there exists a sequence of integral vectors (w{, ey W) > C Z™ with

f(w{, 7“’%) =0 (mod qj)7 (w{“, ...,waH) = (w{, ,wﬁl) (mod qj).

35, _ k l _ Qzg,yK)—m
ormally, xx411 =2 — ¢ - 50— = T — For—.
i 2 (@rv) 29 (wkur)
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5.3.3. Apply Hensel’s lemma. In applying Lemma 5.8, the key observation is that

saen=fz Y []-> f]

We will use this in two ways.

Corollary 5.10. Let n be a nonzero integer and Q = ax? + bxy + cy?> € M_y4,. Take
m € Z and assume q { 4n is a prime number. Then for (x1,y1) € Z2, the following
implication holds

(r1,91) # (0,0) (mod q), Q(x1,y1) =m (mod q)
= 3{(zr yt) rez+ CZ% Qag,yr) =m  (mod ¢"), (zk, yx) = (Teg1,Yk41) (mod ¢¥).

Proof. In this case

2a b
det {b 20] = —4n

is coprime to ¢ and hence this matrix is invertible modulo ¢q. Consequently

wann <[} 3]

is nonzero modulo ¢ unless (z,y) = (0,0) (mod ¢). But this possibility has been excluded
when x = x1,y = y1. So it remains to apply Hensel’s lemma. O

Corollary 5.11. Let n be a nonzero integer and Q = ax? + bxy + cy?> € M_y,,. Take
m € Z and a prime number q. Assume m is coprime to 4n. Then for (x1,y1) € Z2, the
following implication holds

Q(z1,y1) =m  (mod q)
= I (vk, Yu) thez+ C Z%, Qai,yp) =m  (mod ¢%), (zk,yk) = (Trt1, Yer1) (mod ¢¥).
Proof. Indeed

2a b | |z
@) V) =) [ | [7] =206 (16)
Thus when x = x1,y = v, this is 2m modulo ¢, which is nonzero. So Hensel’s lemma
can be again applied. O

5.3.4. The exceptional case ¢ = 2. Hensel’s lemma, as stated, does not apply to the case
q = 2 since VQ = 0 (mod 2). But it is nonzero (well, still not invertible) modulo higher
powers of 2. We now modify the proof of Hensel’s lemma to show

Lemma 5.12. Assume m is coprime to 2 and k is an integer that is at least 3. Assume
(w1, yr) € Z? satisfies Q(x1,yr) = m (mod 2%). Then there exists (xp11,yrs1) € Z2 such
that

Tkt 1, Yrt1) = (@, ) (mod 2871), Q(gs1,yks1) =m  (mod 27°71).
If we shift the index and set @}, := Zjy1,V}, = Yr+1, then
Q(l’;,y;c) =m (mOd Qk)7 (x%,y;) = (x;chlvy;chl) (mOd Qk)
as before.

Proof. Note that VQ(zy, yx) is divisible by 2 and by Eq.(16)

SVQk ) £ (0,0) (mod 2)

Without loss of generality assume

10Q

ga(mk,yk) #0 (mod 2).

Write Q(wk, yx) = m + 2¥1 and take a € Z, then

Qzr + 2" Lo, yp) =m + 2F (l + %%(Jﬂmyk) ~a> (mod 2°+1)

So the proof is complete by analogous argument applied before. O
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5.3.5. Proof of Theorem 5.7. Summarizing the efforts so far, we have shown (Lemma
5.12)

Q(z,y) =m (mod 8) has solution = Q(z,y) =m (mod 8- 2¥) has solution Vk € Z>¢
and for every odd prime ¢ (Corollary 5.10, 5.11),
Q(z,y) =m (mod ¢) has solution = Q(z,y) =m (mod ¢*) has solution V& € Z.

4 Moreover, the solutions can be made to be compatible with Z/¢*1Z — Z/¢"7Z.
To prove Theorem 5.7, we specialize to the case when Q = 22 + ny?, m = pt4dnis a
prime and it remains to show

1. when n is odd, 2% +ny? = p (mod 8) has a solution if it has a solution modulo 4;
2. for every prime q { 4n, ¥? + ny? (mod ¢) “can be any number” (see the precise
statement below) in Z/¢Z.

One should be able to do this for general @), though maybe more complicated.

5.3.6. Verify 1. Note that when n is even, 22 + ny? = p (mod 8) already has a solution
if [p] € Rep™ (2? 4+ ny?, mod).

Lemma 5.13. For an odd integer m satisfying m = x? +ny? (mod 4) for some z,y € Z,
it also satisfies m = x® + ny? (mod 8) for some x,y € Z.

Proof. This is by brutal force. There are only four possibilities for 22 + ny? modulo 8:
22 +y? 2+ 3y2, 2 + 597, 22 + Tyt
Then

e {22+ 9% (mod 8)}* = {1,5 (mod 8)};
e {22+ 3y? (mod 8)}* = {2? + 5y? (mod 8)}* = {1,3,5,7 (mod 8)};
o {22+ 7y? (mod 8)}* = (Z/87Z)*.

One sees that these sets are closed under modulo 47Z. O

5.3.7. Verify 2.

Lemma 5.14. Take n to be a nonzero integer and q to be a prime number with ¢4 D =
—4n, then every integer p is represented by 2% + ny? modulo q. Moreover, if p = q is a
prime not dividing 4n and [p|p € Rep™ (2% 4+ ny? mod), then we may choose x,y such
that ged(z,y) = 1.

Proof. Certainly numbers divided by ¢ are represented. So consider
Rep, = {[m] € (Z/qZ)* | * + ny®> =m (mod q), Fz,y € Z} .

One can prove that Rep, is a subgroup of (Z/qZ)*. By definition, it contains all the
quadratic residue modulo ¢g. Thus it is the full (Z/¢Z)* once we find some quadratic
non-residue in Rep,. If n is not a quadratic residue then we are done by taking = = 0,
y = 1. Otherwise

Rep, = {[m] € (Z/qZ)* | * + y* =m (mod q), Fz,y € Z},

showing that 12 4+ 12 = 2 is contained in Rep,. If 2 is not a quadratic residue then we are
done, otherwise (replacing y by v/2y)

Rep, = {[m] € (Z/qZ)* | 2* + 2y*> =m (mod q), Fz,y € Z} .

This shows that 12 +2-12 = 3 is contained in Rep,. Continuing this way we must arrive
at some quadratic non-residue.
For the part “Moreover,....”. Note that

2 +ny’ = (mod ¢) has a coprime solution <= () =1.
q

But this is true since [p]p € Rep™ (2? + ny?, mod) (see Theorem 5.3). O

i

4when g | m, in “having a solution....” we additional require z,y is coprime.
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5.3.8. p-adic integers. We introduce the notion of p-adic integers and state another equiv-
alent form of Theorem 5.7 in this subsubsection. Such fields are sometimes referred to as
local fields (R is also counted as a local field).

Given a prime number p, we have the following chain of ring homomorphisms

e > ZJp*T = T T — ... — TP T — TP

Define Z,, := l&n( — Z/p*Z — Z/pZ) to be the inverse limit of this system. More
concretely, if 7, : Z/p**t1Z — 7./pZ denotes the natural projection, then

Z, = {(xpk) e [[ z/w'z

kezZt

7Tk,(.’)3pk+1) = Tpk, Vk € Z+}

equipped with the coordinate-wise addition and multiplication. So Z,, is a ring. Let Z,
inherit the subspace topology from [], .+ Z/ p*7Z, equipped with the product topology.
Each Z/p*Z is assumed to be equipped with the discrete topology. Hence Z,, is compact.
If we define a metric (check that this is indeed a metric!) on the set of integers by

2l == p~@),  vy(a) == maxfv € Z, p | a}.
Then the metric induces the same topology as the inverse limit topology.

As a ring Z, has a unique prime ideal pZ,. If one embeds Z into Z,, then the residue
field Z,/pZ, is isomorphic to Z/pZ. All ideals of Z, are of the form p*Z, whose residue
ring is Z/p*Z.

Each p-adic integer x = (x,x) € Z, can be uniquely represented as

x :a0+a1p+a2p2 + ...
with a; € {0,1,...,p — 1} for each ¢ such that

k—1
Tpk = Z a;p*  (mod p*).
j=1
Conversely, given a sequence (ax)g=0,1,.. of {0,1,...,p — 1}, the sequence
k—1
Tpk 1= Zajpl (mod p*)
j=1

satisfies g (2pr+1) = 5. And hence it defines a p-adic integer.

Finally, by taking the product space Z; := Hp primes Z,, we get a compact topological
ring called “finite integral adele”®. Take Q, to be the fraction field (which is equipped
with a natural topology) of Z,, one arrives at the topological field: p-adic rationals.
By taking the “restricted product space” H; primes Qp with respect to Zy, one gets a
topological ring Ay containing Z¢, called “finite adele”. The topological ring “adele” Ag
is nothing but R x Aj.

Theorem 5.7 can be restated as

Theorem 5.15. Let n be a positive integer and p be a prime number not dividing 4n that
is represented by x% + ny? modulo —4n (i.e. [p]p € Rep™ (2% + ny?, mod)). Then p is
represented by x* + ny?* in Zs.

6. COMPOSITION OF QUADRATIC FORMS

Notation. Although much of the theory generalizes without difficulty to D =1 (mod 4),
we have chosen to focus on the case D =0 (mod 4), where the b-coefficient is even.

From this subsection on we will fix n € Z*, D := —4n and a quadratic form Q € Mp
will be written as ax? + 2bxy + cy? with ged(a, 2b,¢) = 1 and ac — b? = n.

6.1. Naive composition of quadratic forms.

Definition 6.1. Given two quadratic forms P,Q € Mp, a third quadratic form R € Mp
1s said to be a naitve composition of P and Q) iff there exist two Z-bilinear forms By, Bs
on 7% such that

P(z,y) - Q(z,w) = R(Bi1((z,y), (2,w)), B2((z,y), (2,0))) .
Explicitly, for some oy, Bi,m;,0; € Z (1 =1,2),
P(z,y) - Q(z,w) = R(aqxz + fraw + myz + 01yw, asxz + Baxw + noyz + Ooyw) . (17)

5 Alternatively, define it to be the inverse limit of Z/MZ — Z/NZ as N | M varies.
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We now show that 22 + ny? is a naive composition of Q with itself for any Q € Mp.
Lemma 6.2. We have the following identity:
(az® + 2bzy + cy®)(az® + 2bzw + cw?) = (axz + baw + byz + cyw)® + n(zw — yz)?

(18)
if n = ac — b>.
Proof. Recall that we showed in last lecture (replace ac by n + b?)
(az® + 2bzy + cy?) - cw? = (bx + cy)*w? + nrw?.

By symmetry
(az? + 2bxy + cy?) - az® = (by + ax)?2? + ny? 22
We also have (split 4b2 as 2b% + (2ac — 2n))
(az® + 2bzy + cy”) - 2bzw = (2aba® + (2ac — 2n + 2b%)zy + 2cby?) - 2w
=2zw- (ax -bxr+ax-cy+bx-by+by-cy) +n- (—2zyzw)
= 2zw - (ax + by)(bx + cy) + n - (—2zyzw)
Adding them together completes the proof. O
Corollary 6.3. Let p,q be two prime numbers. Then

(1) p,g=3,7 (mod 20) = pq = 2+ 5y? for some x,y € Z;
(2) p=3 (mod 20) = 2p = 22 + 5y? for some x,y € Z.
Proof. We have shown that
p,q=3,7 (mod 20) = p =207 4 2uy + 3y°
e q =222 + 22w + 3w?

for some x,y, z,w € Z. Also 2=2-12+2-1-0+3-02. It only remains to invoke Lemma,
6.2. O

6.2. Direct composition. With a little more care, we define

Definition 6.4. Notation as in Definition 6.1. We say that Q3 is a direct composition
of Q1,Q2 provided B;’s can be chosen such that

Q1<1,0>det(§1 g;) Q2(1,0) = det (jjll j;j) (19)

We let Comp™ (Q1,Q2) C Mp collect all possible direct compositions.
Exercise 6.1. Check that the composition in Lemma 6.2 is not a direct composition.
To understand the condition (19), we need

Lemma 6.5. Notation as in Definition 6.1. In particular P,Q, R € Mp with D = —4n
for some n € ZT. Fori= 1,2, there exists a constant map sgn, : R?\ {(0,0)} — {1, -1}

such that
a1+ My  «ex + 12y
P(zx,y) = sgn,(x,y) det .
(z,y) = sgm (z,) <5lx+01y 52x+92y)

_ a1z + frw sz + Bow
Q(Z7w) o sgnz(z,w) det (7712: + 60w mez+ 92w> ’

(20)

Proof. Let M; be the symmetric matrix corresponding to @;. Fix x,y and view both
sides of Eq.(17) as quadratic forms in z,w. Calculate the discriminant of this quadratic
form. By the left hand side we get

disc = Q1 (w,y)? - disc(Qs).
From the right hand side we get

tr
a1 +my o+ ny T +Mmy T + 12y z
RHS = M,
(z,w) (5& +61y  Paz + 921/) @s (5156 +61y  Pax + 922/) (w)

2
. a1T + My  Qx + Ny .
disc = det .d
= disc = de (51$+919 62:v+92y> isc(Q3)

(21)
This proves the first half of Eq.(20) and the second half follows from a similar argument.

To show that sgn,(z,y) is independence of (z,y), it suffices to note that (z,y) —
segn; (z,y) is a continuous map from R?\ {(0,0)} to {—1,1}: the domain being connected
forces the image to be connected. O
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Lemma 6.6. Direct compositions are SLo(Z)-stable. More precisely,

(1) If Q3 € Comp™* (Q1,Q2) and Qs ~ Q3 then Q4 € Comp™ (Q1,Q2);

(2) If Q) ~ Q1, Q4 ~ Qa, then Comp™ (Q}, Q%) = Comp™ (Q1, Q2).
Proof of (1). Thanks to Eq.(21), if Q% = 7Q3, then Eq.(17) holds for Q3 replaced by Q%
and (Bj, By) replaced by

(B (@), (200D, Byl (o). o) = (o) (G T G2 ) s

One can verify that B, B} are still bilinear and the signature stays positive. O

Proof of (2). Say Q; = "Q; (i = 1,2) for some ~; € SL2(Z). And Q3 satisfies Eq.(17)
with the correct signature.
One simply replace B; by

Bi((z,y), (z,w)) := Bi((z,y)n, (z,w)72),  Bs((2,9), (2,w)) := Ba((w,y)71, (2,w)72)-
0

It is a fact that Comp™ (Q1, Q2) consists of a single proper equivalence class. We shall
not prove it here and will not use it.

6.3. Explicit composition.

Lemma 6.7. When the middle coefficients coincide, we have the following identity:

f

(az?® + 2bxy + cy?)(d2® + 2bzw + fw?) = adX? + 20XY + 2Y?  if ac = df
a

where X 1= xz — iyw and Y := axw + dyz + 2byw.
a

In light of this lemma, we make the following definition.

Definition 6.8. A pair (P, Q) of quadratic forms in Mp is said to be Lagrange-great
iff their a-coefficients are coprime and b-coefficients are the same. Write P(x,y) =
ax?+2bry+cy? and Q(z,w) := dz? +2bzw + fw?. Then a | f and we define the explicit
composition Px(Q € Mp by

PxQ(z,y) := adx® + 2bxy + iy2.
a
One can check that P *x @ indeed lives in M p.

Remark 6.9. By Lemma 6.8,
PxQ (xz + 0zw + Oyz — iyw, 0zz + azw + dyz + byw> = P(z,y) - Q(z,w).
a

which shows that P % Q 1is a naive composition since a | f. Since

a = P(1,0) = det (é 2) L d=Q(1,0) = det (é 2)

the explicit composition is a direct composition.

6.4. Proof of Lemma 6.8. We always replace ¢ by d - g ; fbya- g in the proof.
Let us first treat a special case when b = O:

(az? + cy®)(az® + fw?) = adr®2® + afrw? + cdy?2* + cfy*w?
= adz?®2® + a2ix2w2 + dZinz2 + ad(i)2y2w2
a a a
= ad(xz — iyw)Z + i(a:z:w + dyz)?.
a a
Now we add b-terms into the formula.
(az? + 2bxy + cy?)(d2? + 2bzw + fw?)

=ad(xz — gyw)2 + g(aa:w + dyz)? + 2bdryz* + 2ab£xyw2 + 2abx?zw + 2bd£y2zw + 4b’zyzw
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Certainly we expect a middle term 2b(xz — gyw) (azw + dyz) here. So we continue the
above as

=ad(xz — iyw)Z + i(axw + dyz)? + 2bdayE® + 2abixyw2 + 26570 + 2bdiy22w + 4b*ry 2w
a a a a

+ 2b(xz — iyw)(azw + dyz)
a

/-.———//Jr 2abixyw2 — 2bdxyE” + Qbidyzzw.
a a

The terms in red and pink are cancelled and we can combine blue terms. We get the
above continues as

=ad(xz — gyw)2 + g(axw + dyz)? + 2b(zz — gyw)(axw + dyz)

+ 4ab£xyw2 + 4bd£y22w + 4b%zyzw

We then hope to add something to zz — gyw or arw + dyz so that the blue terms can
be absorbed. To obtain the 4b2xryzw-term, it seems (to me) a natural choice to replace
azxw + dyz by arw + dyz + 2byw. So

=ad(zz — iyw)z + 1(amw + dyz + 2byw)? + 2b(zz — iyw)(amw + dyz + 2byw)
a a a

— 4abixyw2 — 4bdiy22u) —W— 4z zyw —i—W
a a a a

+ 4ab£xyw2 + 4bdiy22w + 4b%zyzw
a a

It turns out that everything is cancelled. So we are done.

6.5. Form class groups.

Theorem 6.10. Fiz n € Z* and let D := —4n. For any [P),[Q] € M}/ ~, choose
Py € [P] and Q1 € [Q] such that (P1,Q1) is Lagrange-great. We define a map:

S ME)~ X ME )~ ME) ~ [P [Q] =[P+ Q4]

Then [Py * Q1] is independent of the choice of Lagrange-great pair (Py,Q1) and makes
M3,/ ~ into an abelian group.

Definition 6.11. Henceforth (when D = —4n, n € Z*) the set M}/ ~ together with
this group structure is referred to as the form class group (of discriminant D), denoted
as CI(D).

The definition is independent of the choice of (P1, Q7).

Lemma 6.12. Given two Lagrange-great pairs of quadratic form (Py,Q1) and (P, Q2)
satisfying Py ~ Py and Q1 ~ Q2, we have Py % Q1 ~ Py * Q3.

6.6. Proof of Lemma 6.13. Take P, P, (QQ1,Q2 as in the lemma. Assume they are
given by

Pi(z,y) = a12® 4+ 2bizy + c1y?,  Qi(z,w) = d12* + 2bizw + frw?;
Po(x,y) = agx? + 2bszy + c2y?, Qa(z,w) = d2z? + 2byzw + fow?.

By assumption we find (1; Z) € SLy(Z) such that

p g da by p T\ _ di by
ros)\b2 f2) \q s b fi
and we wish to find a conjugation between <a1d1 b > and <a2d2 b2 > This

by a'fy by axlf
is easy if we allow the transition matrix to be non-integral:

(all)ill albllf1>:<\/(§Tl \/£_1> (Zi IE) <\/(§Tl \/£_1>
A I TG A TG

tr
_ < a/azp \/a1a2q> (a2d2 b ) ( ai/azp \/a1a2q>
Jatas r Vas/as ba a;lfg Jaias tr Vas/ais)
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We are more likely to succeed provided a = a; = as where one has

ady b _ p aq ady by p aq " (22)
bi o 'fi)  \alr s by alfy)\a"tr s '

This would be a conjugation in SLy(Z) if a | r.
Step 1: the lemma holds assuming P, = P,. In this case, a = a1 = as ,
b=0b; = by and ¢ = ¢; = ¢3. By Eq.(22), it only remains to show a | r.

To verify this,
p q\(de b\ (p r\_ [(dn b
r s b fo)\g s) \b fi
GO 2)-0 ) Y)
s)\b fo) \b fi)\-¢ »p
de + qb pb + qu _ Sdl — qb 77'd1 + pb
rdy+sb rb+sfy)  \sb—qfi —rb+pfi

By comparing the (1,2)-th entry:

=3

=
=

qf2 = —rd;.
Since a | fo and ged(a,dy) =1, we have the required
alr

If the proper equivalence takes a special form, we can also construct the desired equiv-
alence.

Notation 6.13. Given two quadratic forms Py, Pa, we write Py ~y Py iff

Py(z,y) =P, ((z,y) B\ ﬂ) for some A € Z.

Concretely, if P; = a;x? + 2b;xy + ciy? (i =1,2), then
P~y Py <= as=ay1, by =b1 + a1\, co =c;1 +2b1)\—|—a1)\2, d\ e Z.

Step 2: the lemma holds assuming P; ~;; P> and Q1 ~y Q3.
So we are assuming there exist «, 8 € Z such that

by =by +aia=by +dif, c2=ci+2ba+aia?, fo= fi+2b18+diS>
Since ged(aq,dq) = 1, by Chinese remainder theorem, there exists 6 € Z such that
by = by + Bayd;.
WEell, one immediately sees that 8 = a16. We claim that

Pre Qe = s Qs (e [ ).

or equivalently and concretely,

a2d2 = aldl, b2 = b1 + a1d19, é = é + 2b19 + a1d192.
as al
The first two are already there. The third one follows by noting that §/a; = 6.
Step 3: the lemma holds assuming ai,a2,d;,d> are pairwise coprime. Here
we combine the previous two steps.
By Chinese remainder theorem and the coprime assumption, there exist P!, @} (i =
1,2) such that
[ ] Pz ~Y Pz'/’ Q,L ~uy Q; fOI‘ Z = 1,2,
o All P/, Q) (i =1,2) have the same b-coefficient;
e the a-coefficients of P|, P, @} and QY are pairwise coprime.
By step 2,
Pl*Ql’\’Pl/*Q/17 PQ*QQNPQI*QIQ.
By step 1,
Pix Q) ~ Pix Q5 ~ Q) x Q5.
So we are done.
Step 4. The general case.
Arguing in the same way as Lemma 6.15, we can find quadratic forms Ps(x,y) =
azx? + 2bzxy + c3y?, Q3(z,w) = d3z? + 2bzzw + fzw? such that
(1) P3~ P and Q3 ~ Q1;
(2) ged(as,ajazdidz) =1 and ged(ds, azaiazdidz) = 1;
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(3) (P3,Qs3) is a Lagrange-great pair.

Step 3, then, can be applied to the quadruple (Pi, Ps,Q1,Q3) and (P2, P5,Q2,Q3) re-
spectively. Thus,

PrxQr~ Psx Qs ~ Pax Q.
The proof is now complete.

6.6.1. Associativity. The existence of Lagrange-great pair and associativity law can be
deduced from the following

Lemma 6.14. Given a triple (P,Q, R) of quadratic forms with the same discriminants,
there exist Py ~ P, Q1 ~ Q, R1 ~ R that are pairwise Lagrange-great.

Proof. By Lemma 5.6, we can find P/ ~ P, Q' ~ Q, R’ ~ R with pairwise coprime
a-coefficients. By performing coordinate change under = — x4+ Ay and y — y for suitable
A € Z, we find:

e Each pair P, ~ P, Q1 ~ @@, Ry ~ R is proper equivalent and shares the same
a-coefficients;
e P, @1, Ry have the same b-coefficients.

This completes the proof.

6.6.2. Inverse element.

Lemma 6.15. Let Q = ax?+2bxy+cy? be a quadratic form of discriminant D = —4n < 0
and [Q) be its image in CI(D). Then [Q]™' = [Q~] where Q™ := az? — 2bzy + cy?.

Proof. We can select Q1 = a12%+2b1xy+c1y? € [Q] such that ged(ay, c1) = 1. Indeed, we

take Q1(z,y) = Q(z+ay,y) = az?+2(b+aa)zy+ (c+2ba+aa?)y? for suitable . Since

ged(a, 2b, ¢) = 1, there exists o € Z such that ged(a, ¢+ 2ba+aa?) = ged(a, ¢+ 2ba) = 1.
Thus Q2 := T(Q1) = c12% —2bizvy +a1y? € [Q] and Q] = ar2? — 2bixy +c1y? € [Q7].
The pair (Q7 ,Q2) is Lagrange-great and their explicit composition Q] * Q1 is

Qs3(x,y) = arc12? — 2byxy + 2,
showing that [Q3] = [2% + ny?] = id. O
6.7. Example. n = 14. We first list the reduced forms M9
A:=2? 4+ 1492, B:= 22>+ 792, C =322 + 2zy + 592, D := 32% — 2y + 51°.
One notes that [Q]~! can be obtained by negating the signature of . Thus [A4] = id,
[B]? = [A] and [C][D] = id.
32 4 2xy + 5y ~ 52?2 — 2xy + 3y? ~ 322 + 8xy + 10y* =: ),
322 + 22y + 5y% ~ 322 + 10zy + 10y* =: ¢”
= ' % C" = 152% + 8zy + 2% ~ 22 — 8xy + 15y% ~ 222 + Ty°.

B]

B

[B]

[A]
\
\

///Z =

—wE g ala

}
}
]
]

g Q| | >
kel

[
[
[
[
[

]
[ ]
[ ]
[ ]
(D] }
f

TABLE 1. Multiplication table of C1(—56)

Cl(—56) is a cyclic group of order 4.

6.8. [Not discussed in the lecture]|Dirichlet composition. In the rest of this lec-
ture, we will use a slight extension, called Dirichlet composition, of the Lagrange compo-
sition. With little extra work, many analogous properties can be established for Dirichlet
compositions. More importantly, we will show that up to proper equivalence, direct com-
position is obtained by Dirichlet composition. This will complete Gauss’ claim that any
direct composition consists of only one proper equivalence class (see Corollary 6.23).
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Definition 6.16. A pair of quadratic forms Q1 = a1 + 2bizy + c1y? and Q2 = asx? +
2boxy + coy? is said to be Dirichlet-good iff they have the same discriminant —4n for
some n € Z* and ged(ay, az,by + be) = 1. If moreover, by = by and ay | ca, as | ¢1, then
we say this pair is Dirichlet-great.

Proposition 6.17. Given a Dirichlet-good pair (Q1,Q2), there exists a unique [Blaya, €
Z/ayasZ such that

B=h (mod aq)
B=b (mod as)
B?2=-n (mod ayas).
For such a B € Z, we define
Q1 *B Q2 = aya22?® + 2Bxy + B*+ nyz.
a1az

This is called the Dirichlet composition of (Q1,Q2).
Proof will be presented in the next subsection.

Corollary 6.18. If the pair (Q1,Q2) is Dirichlet-good, then there exist Q1 ~y Py and
Q2 ~u Py such that (Py, Py) is Dirichlet-great.

Proof. Choose B as in Proposition 6.18. Write B = by + Aja1 = by + A2as for some
A; € Z. Then
UM (Q1) = a12” + 2Bzy + (c1 + 201 A1 + a1 A7)y
U (Q2) = asa® + 2Bxy + (c2 + 2b2Xs + a2A3)y>.
ged(aq, ag,2B) = ged(g, b1 + Arar + by + Azaz) = ged(g, by + b2) = 1.
That ag | ¢ + 2b1 A1 + a1 A? follows from the proof of Proposition 6.18. See Eq.(24). O

For a Dirichlet-great pair (Q1, @2), one may simply take B := by = by write Q1 * Q2,
dropping the dependence on B

c
Q1% Qo = Q1 *xp Qo = ajasx® + 2Bry + aiil/2~
1

6.9. [Not discussed in the lecture]Proof of Proposition 6.18.

Lemma 6.19. Given m,l € Z, write m = gm’ and | = gl' where g := ged(m,1). Then
we have the following exact sequence:

1 —— Z/lm'g —2— Z/mZ x Z)IZ —2— Z)gZ — 1

where ¢t [2]imig = ([T]m, [2]1) and P = ([2]m, [yl) — [z — yl,-

Proof. 1t is rather direct to show that ¥ o ¢ = 1. It remains to show kery C Im . Say
[@]m, [y]: is such that [z], = [y, we must show ([z], [y]) € Im .
Since ged(m/, 1) = 1, we can find A € Z such that
ma=4""% (mod 1).
g

Multiplying by g, we get
mA=y—x (modl).
Setting z := mA + x, we get o([z]r) = ([z], [y])- O
We turn to the proof of Proposition 6.18. Let g := ged(aq, az) and write ay = ga}, as =
gah. Since both forms have the same discriminant:
ajco — b3 =agcg — by = (by —by)(by +by) =0 (mod g) = by —by =0 (mod g).
The last implication is due to ged(aq, as, by + b2) = 1. By Lemma 6.20, we find By € Z
such that
By =b; (modajy), Bi=by (mod ay).
It remains to find A € Z such that
(B1 + \gdlah)* = —n  (mod ajas). (23)
We write By = by + A1a1, then®
—n = B% — (11(01 -+ )\121)1 —+ )\fal).

6T his is computing the discriminant of U (Q1).
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Therefore,
—b=0b3—ai(c1 + 20 + Na;) (mod ap)
= 0=ascy = —ai(c1 + A\2by + Aay)  (mod ay) (24)
= 0= —d}(c; + \2b; + Nia1) (mod a))
= 0=c; +\2b; +Ala; (mod ab).
Replacing —n in Eq.(23) by B — ai(c1 + A\12b; + Aaq) , it only remains to show
2B \gaah, = —ai(c1 + Mi201 + N2a;y)  (mod ajas)
Dividing both sides by a1, this would be a consequence of
2B1\ah = —(c1 + A\12b; + May)  (mod ay)
Thanks to Eq.(24), we can divide by a on both sides and this is further reduced to

_01 + )\12[)1 + )\%al

I
Qg

2B\ = (mod g)

which can be solved because ged(2By, g) = ged(by + ba,a1,a2) = 1. This completes the
proof of existence of B.

Proof of Uniqueness. It is likely that the uniqueness can already be extracted from the
proof above. Or, if B’ has the same properties as B, then

B'=B (mod gdja)), B?=-n (mod ajas).
Write B’ := B + Agaja) and we need to show g | A.
(B + \gaiab)? = —n  (mod ajas)
= 2BMgadiab =0 (mod ajaz)
= 2BA=0 (mod g).
But ged(g,2B) =1, 80 A =0 (mod g) as desired. O

6.10. [Not discussed in the lecture]Proper equivalence between Dirichlet com-
positions. Similar to Lagrange compositions, we have

Lemma 6.20. For two Dirichlet-great pairs (P1, P2) and (Q1,Q2), if P ~ Q1 and Py ~
Q2, then Py xg Py = Q1 *pr Qo for any choices of B, B’ as in the definition of Dirichlet
compositions.

This follows from the same proof of Lemma 6.13. The proof of a; | r causes a little
more trouble, but the rest remains the same.

6.11. [Not discussed in the lecture]Direct compositions and Dirichlet compo-
sition.

Theorem 6.21. Letn € Z+ and D = —4n. Take Py, Py € Mp and P3 € Comp™ (Py, P,).
Then there exists Q1 ~ P1, Qo ~ Pa, Q3 ~ P3 such that (Q1,Q2) is Dirichlet-great and

Q3 = Q1% Q2.

Corollary 6.22. Letn € Z+ and D = —4n. For every pair Py, P, € Mp, Comp™ (Py, P,)
consists of exactly one proper equivalence class.

6.12. [Not discussed in the lecture]Proof of Theorem 6.22. By assumption, there

is an integral matrix
ai; Biom b
%:
(OQ B2 m2 92)

Pi(x,y)Pa(z,w) = P3 ((c1xz + Srazw + niyz + 01yw, asxz + Bozw + nayz + Oayw))

(e () (2 5))
e () (3 B))).

such that
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Also, recall that if v;,72,v3 € SLa(Z), then 2 P; € Comp™ (7 Py, 72 P,) and the £ is

transformed by”
. ap; Qg Br B .
(71,73) : M (771 772) V3, M (91 92> V35

. a1 Q2 m 72
(72)73) 2 (ﬂl 52> Y3, V2 (91 92> V3.

We denote by 7B the resulting (coefficients of the) bilinear form. Choose 71, 72,73 such
that

e min {|a1], |ag|, ..., |#2|} is as small as possible.
Modifying ;’s by certain permutations we can further arrange that

e a1 >0 and oy = min{|aq], ..., |02]}.
Claim 6.23. o = 1.

Proof. Some immediate observation:
e «y | 11: otherwise we apply suitable 41 to get something strictly smaller;
e «y | B1: otherwise apply ~o;
e a7 | ag: otherwise apply 7s.
Actually we may and do modify v1,v2,73 by certain unipotent matrices such that 1, =
B1=a=0.
Tt is also not hard to see that «y | 71 via (71, v3)-action and oy | B2 via (2, 73)-action.
Recall that, by the definition of direct composition and Lemma 6.6, we have (write

Qi ="F;)

@2(1,0) = a1n2, Q2(0,1) = =012, Q2(1,1) = det (311 92%772) :

Since @5 is primitive, the above three numbers must have gcd = 1. But oy divides all of
them, so a = 1.
O

If we write Q; = a;x2 + 2b;2y + c;y2, then we get
n2 = Q2(1,0) = ag, —f2th = Q2(0,1) = ca, B2 = Q1(1,0) = a1, —mth = Q1(0,1) = c1.

Thus ¢; = —a160; and ¢; = —agf;. This shows that aq | ¢a, as | ¢1 and
o o 1 ay o o
az +2by +ca = Po(1,1) = det <91 a2+92) =az + 62 — a1t
o o 1 an _ _
ar +2by + ¢ = Pg(l, 1) = det (91 al + 02) =ay + 03 — a6,

:>b1:b222b, 6o = 2b.
This shows that (Q1, Q2) is Dirichlet-great and Q3 = Q1 * Q2 by Lemma 6.8 and

C1
1 0 0 ——
‘YB = al .
0 a; a 2b
6.13. Bhargava’s cube. Bhargava found yet another way of understanding composition

law. He associates three quadratic forms to a cube with labelled vertices. Let us be given
a cube C (which is really eight integers arranged in a special way):

e f

[ - - - -

¢ d

7Though it is not necessary to know this, but the action of 7; and 2 commutes.
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By slicing the cube in different ways, define

front-back :
left-right :

top-bottom :

] I B A
Qete) = et (x| )=y |3 1))
( )

Re(z,y) := —det x{z ﬂy{; Z]

A few examples: take C to be

front-back :  Pe(x,y) := — det <x {8 2} -y [2 lfz}) = —adz® + ahxy + gfy?
left-right :  Qc(x,y) := — det (z [8 2} —y [2 ﬂ) = —agz® + ahxy + dfy?
top-bottom :  Re(x,y) := —det (x {g ﬂ -y [2 ﬂ) = —afz? + ahxy + dgy?.
Take C to be
q T
ya
I .
,79 s
q r

front-back :
left-right :

top-bottom :

All equal to
Last one. Take C to be:

e =-se(ef 4[]
ccon=-aa (s 15[t )
)

L p ql  fa r
Re(z,y) := —det (w {q , y[r s

(¢* — pr)a® + (ps — qr)zy + (r* — gs)y>.

I - - -
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Then

front-back :  Pe(z,y) := —det = bex? — ehy?

7N\

0 b |e O
“le ol Y0 n
. 0 b 0
left-right :  Qc(z,y) := —det (az L 8] -y {0 h}

= bex? — chy?

)
) = cea® — bhy?
)

0 b c 0
top-bottom :  R¢(z,y) := —det (a: [e O] —y [O h}
Whene=b=c=1, h =—n, we get
Pe = Q¢ = Re = 2° + ny?.

6.13.1. Group law. The idea is that the proper equivalence class of P 4+ @ + R should be
equal to the identify in the abelian group.

Definition 6.24. Let Clppq,-(D) be the quotient of the free abelian group GaQeMg 7.Q

by the subgroup generated by Pe+ Q¢+ Re as C varies such that all Pe, Q¢ and Re belong
to M7,.

Theorem 6.25. The natural map from eaQeMjg Z.Q to CI(D) descends to an isomor-
phism Clgpa,r(D) = CI(D).

6.13.2. Hints from direct composition. Recall that if R is a direct composition of P and

@, then by Lemma 6.6,
Q2 m 12
i) %)

P(z,y) = det <a1x +my o+ 772y> — det <x (%
Q2 w) = det <a1z + Brw azz+ﬁzw) et (Z (a1 a2> Y (ﬁl 52>> '

=

prz+ by Bax + by
mz+ 0w mz+bw noone 01 02
Thus if we consider the cube C,

-1 01

B

a2 — B2

Then P = P and Q¢ = ). Thus we expect that the proper equivalence class of R is
[R]~!. But it seems difficult to check.

6.13.3. Explicit composition. Working with explicit composition is much easier. Here we
explain that for a Lagrange-great pair (P, Q), there exists a cube C such that

P:PC7 Q:QCa (P*Q)_NRC-

The notation ()~ means to negate the b-coefficient.
So this time our cube C is

[ - - - -

— 2b
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Re(X,Y) = —det (X {(1) J(‘)/a} -r [Od 25])

— _det X aY

Ty —Ix -y

=L X2 XY 1 adY? ~adX? —obxy 1 Ly,
a a

which is the negation of R.

6.13.4. SL2(Z) x SLo(Z) x SLa(Z)-action on cubes. Recall that we defined SLo(Z)-action
on quadratic forms as follows. Let v = {f ﬂ € SLy(Z). Then

(7, Q) = (v-Q)(=,y) := Q((z,y).7) = Qpr + ry, gz + sy).

So when the quadratic from @ = P¢ is coming from a cube, then

PP I

(oGl Joaly Do Gl L D)

Inspired by this, define SLy(Z)-action on cubes by changing its front-back matrices:

(e a o ) Gl af ey i)+ 3])

and let 7.C be the new cube. Then P, ¢ = v.F¢. It is also direct to check that Q,.¢c = Q¢
and R, ¢ = Rc. In particular, this shows that in Clgp-(D), [v.Pe] = [Pc].®

Likewise, we define SLy(Z)-action by changing left-right or top-bottom matrices. These
actions commute with each other, so we end up with a SLy(Z) x SLa(Z) x SL2(Z)-action
on cubes.

Let me note that a proof of Theorem 6.26 can be obtained by combining discussions
so far.

Sketch of proof of Theorem 6.26 . We need to check that for every “ primitive cube” C,
[PC] : [QC] : [Rc] = identity (25)

in C1(D). By discussion above, it suffices to check this for some C’ in the SLy(Z) x
SL2(Z) x SLa(Z)-orbit of C. Since ged of the eight integers must be 1, we can find C’ such
that its a equals 1. Then one can use this to eliminate adjacent vertices b, e, c. For such
a cube, the verification of Eq.(25) requires a slight generalization of explicit composition,
which is left to the reader.

Then it only remains to check the descending morphism is injective. This follows by
noting that every P is of the form P¢ for some C and for any -,

[PC]Bhar + [QC]BhaT + [RC]Bhar = 07 [’YPC}Bhar + [QC]BhaT + [RC]Bhar
- [PC]Bhar = h’PC]Bhar-

O
Finally,
Theorem 6.26. There is a group law on SLa(Z) x SLa(Z) x SLa(Z)-orbits of primitive
cubes (that is, the associated quadratic forms are primitive) such that if [C1] - [C2] = [Cs],
then

[PCI] ) [PCQ] = [PC3]’ [QCJ ’ [QC2} = [QCS]’ [Rcl] . [Rcz] - [RC3]~

7. GENUS THEORY II

Recall M}/ ~ equipped with the group structure is denoted as CI(D).

8That every quadratic form P is of the form Pz can be deduced from results on Lagrange-great pairs.
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7.1. 2-torsion elements in class groups.

Lemma 7.1. Let D = —4n for some n € ZT. Take Q = ax® + 2bxy + cy® € M5,
Then
[Q] € CI(D) has order <2 <= b=0ora=2bora=-c.

Proof. [Q] has order < 2 iff its inverse is equal to itself, that is, iff
Q = az?® 4 2bzy + cy® ~ Q™ = ax? — 2bxy + cy?.

Let us first assume [Q)] € Cl(D) has order two. If |2b| < a < ¢, then @~ is reduced
and hence Q = @~ by uniqueness of reduced forms, implying b = 0.

If |2b] = a, then 2b = a by the definition of reduced forms.

If a = ¢, then we are also done.

Conversely, we must show Q@ ~ @~ when b =0 or a = 2b or a = c. Indeed, b =0 =
Q=Q ,a=2b = Q =UQ)anda=c = Q = T(Q). So we have Q ~ Q~

in each case. d
Notation 7.2. Given an abelian group A, let A[2] be the 2-torsion subgroup: {a €
A, a? =1}.

By Subsection 4.9, 2-torsion elements are those on the boundary of the fundamental
domain or whose real parts are zero.

Using the above lemma, it’s possible to obtain nontrivial information about Cl(D).
Here is one example

Example 7.3. Cl(—164) = Z/8Z.
Proof. By listing all reduced forms

122 4 0zy + 41y?; 222 + 2xy + 21y?; 322 — 2zy + 14y2; 322 + 2xy + 149%;

522 — day + 9% 5% + day + 9y 622 — 2xy + Ty?%; 622 + 2xy + Ty2,
we find # Cl(—164) = 8 and that there is only one element of order 2. This gives the
conclusion. 0

Tt is direct to see that # C1(D)[2] is a power of 2. By further computation, we can find

Proposition 7.4. Let D = —4n for some n € Z7. Let r be the number of distinct odd

prime numbers dividing D. Define
T n=3 (mod 4)
r—+1 n=1,2 (mod 4)
r+1 n=4 (mod8)
r—+2 n=0 (mod 8)

Then # CI(D)[2] = 2+~ 1.

7.2. Proof of Proposition 7.4. Without loss of generality, we shall assume n > 2.
Elements in M™% 1 C1(D)[2] can be divided into three disjoint types by Lemma 7.1:
Type 1. ax? + cy? with 0 < a < ¢, a,c € Z, ged(a,c) = 1, ac = n;
Type 2. 2bx? +2bxy + cy? with b,c € ZT, 2b < ¢, ged(b, ¢) = 1, ¢ is odd and (2¢ — b)b = n;
Type 3. ax? + 2bxy + ay?® with a,b € ZT, 2b < a, ged(a,b) = 1, a is odd and a? — b = n.
Type 1 forms are in bijection with

Typel = {(a,c) € Z* |0 <a <c, ged(a,c) =1, ac=n}.

So its cardinality is nothing but all possible ways of dividing distinctive prime factors of
n into two parts: allowing one of them to be empty. Thus,

or—1 if n is odd.
2" if n is even.

#mel-{

Type 2 and 3 elements are more complicated and will be considered together.
Note that sending (b, ¢) — (I,m) := (b,2c —b) gives a bijection (with the inverse being
(I,m) — (b,c) := (I, (I +m)/2)) between

{(b,e) eR* | n=b2c—b),0<2b<c } ={(l,m) eR*|n=1m,0<3l<m}. (26)

Similarly (a,b) — (I,m) := (a4 b,a —b) gives a bijection (with inverse given by (I,m) —
(a,b) := ((I+m)/2,(m —1)/2)) between

{(a,b) eR*|0<2b<a, n=a®>-b}=2{(I,m) eR* [n=1Im, 0<l<m<3l}. (27)
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Proof when n =1 (mod 4)

By restricting to suitable subsets, Type 2 elements are in bijection with:

b,c €72, , ged(b, ¢) = 1,

od 2),
~ 2 : —
n = b(2e—b),0 <2 < c =¢(l,m)eR , ged(l,m) =1,

n=1Im,0<3l<m
(28)

Ibm € Z, l+m = 0 (mod 2
{(b,c)€R2 }

Indeed,

l+m

bceZ? — I, €Z? «—= Il,meZ Il+m=0 (mod?2);

Finally, under the above conditions [ must be odd. Thus

l )
ged(b,c) =1 < ged(l tm

)=1 <= gcd(l,l4+m) =1 < gcd(l,m) = 1.

This verifies Eq.(28).

The right hand side of Eq.(28) can be further simplified. Indeed, n =1 (mod 4) implies
that l = m (mod 4). Thus [+m =0 (mod 2) and [+m = 2 (mod 4) automatically hold.
So

Type 22 {(I,m) € Z* | ged(l,m) =1, n=1Im, 0 <3l <m}. (29)

Type 3 elements can be analyzed in a similar fashion:

Ibm € Z, l+m = 0 (mod 2)
2 . _ ) ) )
{(a,b) e R? a,ge( Z—’b)( n b)7 %)Ci(;bbi_ 1’} >~ { (I,m) € R? , ged(l,m) =1,
n=\a v “ n=1Im,0<l<m<3l
(30)

The blue and orange part is the same. The pink part is also similar

l+m fler) _1 g‘(:d(ler

ged(a,b) =1 <= ged( ,m) =1 <= ged(l+m,m) = ged(l,m) = 1.

2 7 2
This verifies Eq.(30), which is further simplified as
Type 3= {(I,m) € 7?2 | ged(l,m) =1, n=1m, 0 <l <m < 3l} (31)

Combining Eq.(29) and (31), we get (note that m = 3l never happens)
Type 2 U Type 3 = {(l,m) €7? | n=1Im, ged(l,m)=1,0<1< m}
which is in bijection with partition of prime factors of n. So it has cardinality 27 /2 = 2"~ 1.

Thus
#Type 1+ #Type2 or 3=2""1 4271 =9,

Proof when n = 2,3 (mod 4).

In this case, there are no Type 2 or 3 elements.
For type 2 forms, since ¢ is odd, 2¢ =2 (mod 4) and
2—1=1 (mod4) if b is odd,

n=2b-b=20-0b>= o
0—-0=0 (mod4) if b is even.

For type 3 forms, since a is odd, we have a®> = 1 (mod 4), so

22 0 (mod 4) if b is odd,
n=a"—-b"=1->b"=
1 (mod 4) if b is even.

So we are also done in these two cases.
Proof when n =4 (mod 8).

In this case there are also no type 2/3 forms.

For a type 2 form 2bx?+2bzy+cy?, we have that ¢ is odd. In order that n = 2bc—b% = 0
(mod 4), we must have b is even. Write b = 2b" for some b’ € Z. So n = 4¥ (b’ — ¢). But
one of b’ or b’ — ¢ has to be even, we have n =0 (mod 8).

For a type 3 form ax? + 2bxy + ay?, we have that a is odd. But n = a? — b? is even,
so b is also odd. But then a? = b? = 1 (mod 8), showing that n =0 (mod 8).

So the proof is complete in this case.

Proof when n =0 (mod 8).
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Sending (b,¢) — (I,m) := (g,c— 2) and (a,b) — (I,m) := (a;b7a—2|—b> gives
bijections between
{(b,c) € R? ‘ n=">b(2c—10),0<2b<c}={(l,m)eR>? | n/4=1m,0 <3l <m}
{(a,) eR? | n=(a—b)(a+b),0<2b<a}={(l,m) ER®|n/d=1m,0<l<m<3l}.

Restricting to subsets, they induce bijections

9| b,ceZ?, , ged(b,e) =1, o o | Im € Z, ,
{(b,c)ER n=>b2c—b),0<2b<c = (m) eR ged(l,m) =1, n=1Im,0< 3l <m
(32)
and
Im € Z
bec 72 cd(a,b) =1 ’ ’ ’
{(a,b) € R? Z’:E(a st %‘J;’é’ia } o {(l,m) ER? | ged(lm) = 1, n =1Im, 0 < I <}.
’ m < 3l
(33)

We explain why Eq.(32) holds and omit the proof for Eq.(33). Note that & = Im excludes
the possibility I,m € % \ Z.

byceZ <= 2l,l+meZ < I,meZ.

Finally, under the above conditions
ged(b,c) =1 < ged(2l,l+m) =1 < ged(l,l +m) = ged(l,m) = 1.

One also observes that [+m = 1 (mod 2) is redundant: it can be deduced from im being
even and ged(l,m) = 1. Therefore,

Type 2 U Type 3 = {(l,m) € 7? ‘ gzlm, ged(l,m) =1, 0<l<m}7

which has cardinality 2”. Combined with type 1 elements, there are 2" + 2" = 2"+! in
total. The proof of Proposition 7.4 is now complete.

7.3. Genus number, I. Let n € ZT, D = —4n and Q € ME. We already knew that
Rep™ (Q,mod) is a coset of Hp := Rep™ (2% + ny?, mod), which is a subgroup of ker x p.
Sending [Q] to Rep™ (Q, mod) gives us a map ® : C1(D) — ker(xp)/Hp.

Lemma 7.5. ® is a group homomorphism.

Proof. By definition, identity element is preserved.
Take [Q1], [Q2] € C1(D). Replacing by properly equivalent forms, we assume (Q1, Q2)
is Lagrange-great and so Q3 := Q1 x Q2 is a direct composition. Therefore,

Rep™ (Q3, mod) C Rep”*(Q1, mod) - Rep™ (Q2, mod).

But they are cosets of Hp, so actually equality holds. This shows that ®([Q1] - [Q2]) =
([Q1 * Q2])) = ([Q1]) - ([Q2])- O

Therefore, ME/ ~Genus= ker(xp)/Hp.

Lemma 7.6. ker(xp)/Hp is a 2-torsion abelian group. Hence #MB/ ~Genus 1S 6 power
of 2.

Proof. This comes from the fact that Q%rin is a naive composition of () with itself for

every Q € M},. O
7.4. Genus number, II. Let n € ZT and D := —4n as usual. So far we know the
following

e For every Q € M}, [Q]? € Genus(z? +ny?) (see Lemma 6.2). That is, C1(D)? C
Genus(z? +ny?)/ ~;
e Consider the endomorphism
CI(D) — C1(D)?
Q] — [@).
We find that
4CI(D)

ZeiD)E — #OUP)* = #CUD)/CUD)* = #CUD)[2
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Cl(D) ~ ker(xp)
Genus(z? +ny?)  Hp

e [Q] — Rep”([Q], mod) induces
e #CI(D)[2] =2+L.
We are now going to show

Theorem 7.7. The index of Hp in (Z/DZ)* is 2*.

Combining with the facts listed above, we obtain
Corollary 7.8. Cl(D)? = Genus(z2 + ny?) and C1(D)/ Cl(D)? = ker(xp)/Hp.
In words, every principal genus form arises from a duplication.

7.5. Proof of Theorem 7.7. In the proof, we adopt the shorthand notation that for a
nonzgero integer N,

Rep™ (N) == {[2* + ny®|n | 2,y € Z} N U(Z/NZ).

So Rep”* (22 +ny?, mod ) = Rep* (D). Write n = 2% .p ..... p? for certain odd primes
D1y ..oy pr With ag > 0, aq, ..., a, € Z+. Note that
22 +ny* =2 (mod pf), i=1,..,7
By Chinese remainder theorem,
Rep™ (D) = Rep™ (4 -2%) x Rep™ (p{*) x ... x Rep™ (pi")
= Rep*(4-2%) x U(Z/pP*Z)* x ... x U(Z/p*Z)2.

For the reader’s convenience, let us recall the structure of unit groups: Lemma 1.10
and 1.13.

Lemma 7.9. Let p be an odd prime andr € Z. Then as a group (Z/p"Z)* is isomorphic
to Z/p" Y7 x (Z/pZ)*.

Lemma 7.10. Let r > 3 be an integer. There is a canonical isomorphism {£1} X
727727 = (Z/2"Z)* where £1 goes to [£1]or and the [1] € Z/2"~%Z is sent to [5]ar.

Hence
Ind (Rep” (D), (Z/DZ)*) = Ind(Rep* (4 - 2%0), (Z,/2%0+27) %) - 2"

It only remains to show that

1 n=3 (mod 4)

2 n=1,2 (mod4)
Ind(R. x4'2a0’22a0+22>< — ’ .
nd(Rep™ ( ), (Z/ )*) ) n=4 (mod 8)

Case 1, n is odd. Here ag = 0.
If n =1 (mod 4), then
Rep™(4) = {2° +¢* (mod 4)}" = {[1]a},

which has index 2 in (Z/4Z)* as expected.

If n =3 (mod 4), then

Rep™(4) = {2 —¢* (mod 4)}" = {[1], (3]s},

which has index 1 in (Z/47)* as expected.

Case 2, n =2 (mod 4). Here ap =1 and

Rep”(8) = {z? +ny? (mod 8)}*.

Note that z has to be odd so 22 = 1 (mod 8). If y is even, then ny? =0 (mod 8). If y is
odd, then ny? =n (mod 8). So

Rep* () — {{[1]8, s} ifn=2 (mods)
{[1]s,[7]s} ifn=6 (mod8)
In any case, the index in (Z/8Z)* is 2, as expected.
Case 3, n =4 (mod 8).
Here ag = 2 and
Rep™(16) = {z? + ny® (mod 16)}*.



47

Note that z has to be odd so 2% = 1,9 (mod 16). If y is even, then ny®> =0 (mod 16). If
y =2y +1is odd, then

ny? = 4ny’? +4ny’ +n=n (mod 16).
So there are two cases n =4 or 12 (mod 16). In either case, one has

Rep™ (16) = {[1]16, [5]16, [9]16, [13]16}
with index 2 in (Z/16Z)*.
Case 4, n =0 (mod 8).
Now ag > 3 and

Rep* (2%072) = {22 + ny® (mod 2%0F2)1*,

Recall (Z/2%%27)* = {+1} x ([5]). Thus, when y is even, {z? (mod 2%0%2)}* is equal
to {1} x ([5]%). But this is exactly the kernel of

(Z/20F27)% — (Z/8Z)*.
and 22 + ny? = 22 (mod 8). Therefore,
Rep™ (2%7%) = {1} x ([5]*)
with index 4 in (Z/2%+27Z)*.
7.6. When is genus = class? Here is a summary on what we have done:

Theorem 7.11. Let n € Z1 and D := —4n. TFAE:

(1) Genus(Q) consists of only one proper equivalence class [Q] for every Q € MF;

(2) Every positive definite reduced quadratic form of discriminant D takes the form:
ax? + cy?, 2ba? + 2bxy + cy?, ax? + 2bzy + ay?;

(3) The form class group is 2-torsion: C1(D)[2] = CL(D);

(4) The form class number is equal to h(D) = 2+~ 1.

Recall that there exists a necessary and sufficient congruence condition for p = z2 +
ny? (for p ¥ —4n) when each Genus(Q) consists of only one proper equivalence class.
Euler listed 65 many n’s such that ~ <= ~@genus and Gauss conjectured that the list is
complete, which is confirmed under GRH.

Let us end this lecture with such an example.

Example 7.12. Take n = 240. It can be checked that h(—4n) = 8. On the other hand,
240 =2%.3.5. Sor=2and pu=r+2=4. So 21 =8 = h(—4n). Thus we have for a
prime number p # 2,3,5,

p=x?+240y*> Ja,y€Z <= p=2x>+240y*> (mod 960) Tz,y € Z.
Working out the latter condition explicitly (by computer) we obtain
p=2%4240y* 3Jr,ycZ =
p = 1,289,481, 769, 169, 361, 841, 409, 649, 601, 49, 529, 721,241,121,889 (mod 960).

32x2x4

Note that there are exactly 5575~ = 16 congruence classes as expected.

7.7. [Not discussed in the class|Interpretation Hp as kernel of characters. We
define group homomorphisms®’

e Fori=1,..,7, xi([z]p) := (;)
o 6([a]p) == (—1) 7
o e([z]p) = (—1)5F

Since the targets are {£1}, these characters are determined by the kernels, which admit

a more concrete description. Note that if n = 2F [1;_, p{* where p;’s are distinct odd

primes, then

(z/Dz)* =
Also note that (Z/28+27)*
e For each i€ {1,...,7},

—~

Z)22TRL) X (Z/pS )" x ... x (Z)p®rZ)™
(Z/AZ)* x Z./2FZ canonically.

1%

x=0 (modpf) < xi([z]p) =1.

9n general, homomorphisms from a group to C* are referred to as characters. Finite abelian groups
are determined up to isomorphism by its group of characters.
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d([z]p) =1 <= the image of [z]p in (Z/4Z)* is [1]a.

e([r]p) =1 <= the image of [z]p in Z/2*Z lies in 27 /2" Z.
[ ]
(e-0)([z]p) =1 <= the image of [z]p in (Z/4Z)* x Z/2Z lies in {(1,0),(—1,1)}.
Let b oad := {x1, .-, Xr and

9D odd n=3 (mod 4)

ﬂD,odd U {5} n=1 (mod 4)

DD odd U {5 . 6} n=2 (mod 8)
JZfD = ’

D odd U {€} n=6 (mod 8)

ﬂfD,odd U {5} n=4 (mod 8)

dD,odd U {5, 6} n=0 (mod 8)

Note that #4/p = p. Finally, let Up : (Z/DZ)* — (Z/2Z)" by ¥p([2]p) = D, e X([z]D)-
The proof presented below actually reveals the following:

Theorem 7.13. Let n € Z1 and D = —4n. Then Hp = ker ¥ p.
8. Z|w]
8.1. Ring properties of Z[w]. Let w := ¢*™/3 be a cubic root of unity. Explicitly

~1++/-3
Ww=———

. It satisfi
2 satisfies

w’+w+1=0.
So w is an algebraic integer and we let Z|w] be the subring of C generated by Z and w. As
an abelian group (or Z-module) Z[w] =2 Z ® Z.w. Every element x € Z[w] can be uniquely
written as a + bw for some a,b € Z.
Just to recall the definition of rings and ideals

Definition 8.1. Let R be a unital commutative ring, that is, R is equipped with two binary
operations +, x and two distinguished elements 0,1 satisfying certain assumptions'®. A
subset I C R is said to be an ideal iff

(1) I is an additive subgroup;

(2) R-IcCI.
Equivalently, an ideal is an R-submodule of R. For x € R, R-x is an ideal and is called
the ideal generated by x, denoted as (x). An ideal is said to be principal iff it is generated
by a single element. If all ideals are principal, then we call R a principal ideal domain.

Notation 8.2. I < R means I is an ideal of R.
We often use the fact that Z|w] is an integral domain: zy =0 = z or y = 0.
8.1.1. Euclidean domain. For a € Z[w], we let Nm (a)) := - @. It is a positive integer
unless a = 0. If a = a + bw, then
Nm (a) = (a + bw)(a + bw) = a® — ab + b%.
Lemma 8.3. For x,y € Zlw] with x # 0, there exists q,r € Z[w] such that y = qx +r
and Nm (r) < Nm (y).

Proof. Find «, 8 € Q such that
y_ ym
r  Nm(z) @+ fuw.
Choose a,b € Z such that [a — al, |b— 8] < 3. We let ¢ := a + bw. Then

Nm (y — ¢gz) = Nm (2z) - Nm ((o — a) + (8 — b)w) < ZNm(z) < Nm ().

This shows that Z[w] is an Euclidean domain with respect to Nm (-)'!.

1O(R, +,0) is an Abelian group, (R, X, 1) is an Abelian semi-group and (zx +y) Xz =z X 2+ y X 2.
UFor other number fields K, it is possible that the Euclidean property fails for Ok with respect to
Nm (-), but holds for some other function.
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8.1.2. Units. One can characterize units (z € Z[w] is said to be a unit iff zy = 1 for some
y € Z[w] and the set of units is denoted as Z[w]* or U(Z[w])) in terms of Nm (-).

Lemma 8.4. Z[w]* = {z € Zw] |Nm (z) =1} = {1, -l,w, ~w,w? = -1 —w, —w? = 1 + w}.

Proof. If © € Z[w]*, then zy = 1 for some y € Zw]. So Nm (z) Nm (y) = Nm (1) = 1,
forcing Nm (z) = Nm (y) = 1. Conversely, if Nm (z) = 1, then 7 is the inverse of z.
The list of units is obtained by solving the equation
1 3
Nm (a + bw) = a® — ab + b* = (a — §b)2 + ZbQ =1.
The details are omitted. U

8.1.3. PID.
Lemma 8.5. The ring Z|w| is a principal ideal domain.

Proof. Let us assume I # {0}. Take I < Z]w] and choose xg € I satisfying
Nm (zg) = min {Nm (z) | x € I, = # 0}

We claim that I = (o). Otherwise, take y € I\ (zg). Then y = z - z¢ + 1o for some
Nm (r9) < Nm (zg). But ro € I, leading to a contradiction. O

Notation 8.6. For z,y € R, write x | y iff (x) D (y) or equivalently, y = xr for some
r € R.

8.1.4. UFD. The notion of prime numbers can be generalized to rings in two ways.

Definition 8.7. An element 11 € Z[w] is said to be prime iff the ideal generated by
is a prime ideal, that is to say, if xy € (w) for two elements x,y € Z[w] then one of
x,y has to be in (m). An element mzo € Z[w] is said to be irreducible iff m = xy for two
elements x,y € Z[w] implies one of x or y has to be a unit.

By definition 7 € Z[w] is prime iff 7 |2y = 7|z or 7 | y.
Lemma 8.8. Let w4y € Z[w|. Then m a prime iff w is irreducible.

Proof. First let us assume 7 is prime and suppose 7 = zy for some z,y € Zw]. We
must show one of them is a unit. Indeed, we know that one of them belongs to (7). Say
x € (), so x = wa’ for some &’ € Z[w]. So w = zy =72’y = 1 =2'y. So y is a unit.
On the other hand, suppose 7 is irreducible. Assume z,y ¢ (7) and it suffices to show
zy ¢ (m). Since Z[w] is a PID, we find &’ such that (m,z) = (z/). Write 7 = 2’ - 7’. Since
(m,x) # (m), 7' is not a unit. But 7 is irreducible, so 2’ must be a unit and (z') = Z[w]
and we can find a,b € Z[w] such that az+br = 1. Multiplying by y, we get axy+bry = y.
Since y ¢ (m), we must have zy ¢ (7). O

Lemma 8.9. The ring Z|w] is a UFD (Unique factorization domain). Namely, the
following two things hold:
(1) For every nonzero x € Z[w]\Z[w]*, there exist irreducible and non-unital elements
(71, ...,m) in Z[w] such that x = Hézl .
(2) Ifx = H;nzl g;j s another factorization into irreducible non-unital elements, then
m =1 and up to reordering, q; = p;u; for some units u;.

Proof of (1). If x is irreducible, then we are done. Otherwise, write x = y - z, neither
of which is a unit. If they are both irreducible then we are done, otherwise we could
continue. Repeating this process, either we end up writing « as a product of irreducible
elements, or we find a sequence 1, s, .... such that x,, = z,11y,+1 for some non-unit
Yn+1 € Z[w]. So we get an increasing sequence of ideals

(z1) G (w2) & -
This is strictly increasing since y,41’s are not unit. But this is a contradiction against
the PID property. Indeed, let I be their union, then [ is an ideal and hence generated by
some z, but by definition z € (z,,) for some n. So I = (z,,) = (Tp41) = ... O
Proof of (2). Say
T=q1 e =T1 " e+ T

Since irreducible = prime, we have

G lme T = @1 | 7oy
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for some oy € {1,...,k}. But q1, s, are both irreducible, so 75, = gu; for some unit u.
By permuting, we assume o1 = 1 and we are left with

iU/QlZQQ'---~qz=u1~772~...-7rk

It suffices to repeat the above process. O

We can also define the notion of coprime. Two elements are said to be coprime iff the
primes dividing them are disjoint from each other.

Lemma 8.10. If x,y € Z[w] are coprime, then ax + By =1 for some «, § € Z[w].

Proof. Let z be such that (z) = (z,y). Then any prime dividing z necessarily divides
both z,y. By assumption, there are no such primes. That is to say, z is a unit. O

8.2. Arithmetic of Z[w].

Theorem 8.11. Let p € Z* be a prime number, then

p=—-w?(l—-w)? p=3.
p=m-T for some primes m € Z[w] p=1 (mod 3)
p remains a prime in Z[w] p=2 (mod 3)
Moreover in the second case, () # (T).
Proof. That 3 = —w?(1 — w)? can be checked directly.
So let px3 € Z* be a prime number, factorized as p = my - ... - m in Z[w]. Then

pQ:Nm(p):HNm(m) = [=1,2

When [ = 2,
7 -m=p=Nm(m)=m -7 = Nm (m2) = w2 - T3.

So p = 7y - 71 is the prime factorization. If m; = = + yw, then p = 22 — zy + y2. Modulo
3 implies that p =1 (mod 3).

It remains to assume [ = 1 and we are going to show p = 2 (mod 3). If not, thenp =1
(mod 3). By reduction theory, p = 22 — xy + y* = Nm (z + yw) for some z,y € Z. One
sees that z 4+ yw is not a unit so p is not a prime. This is a contradiction. O

Theorem 8.12. Let 7 be a non-unital irreducible element in Zlw], then either m = p is
a prime number in Z with p = 2 (mod 3), or Nm (7)) = p is a prime number in Z with
p=1 (mod 3), or (m) = (1 —w).

Proof. Let w be a prime. Then n = 7w -7 is an integer in Z. By uniqueness of prime
factorization, n is either p or p? for some prime number p. Moreover, in the latter case,
p = 7u for some unit w. This finishes the proof. O

Lemma 8.13. Let (m) be a prime ideal of Z|w], then Zw]/{n) is a field consisting of
Nm (7) elements.

Proof. That it is a field follows from the fact that prime ideals are maximal.

If 7 = p is a prime number in Z, then Z[w]/(p) = Z/pZ &7 /pZ.w as an additive group.
So it has p?> = Nm (p) many elements.

Otherwise, m - T = p for some prime number p € Z and hence (m) # (p). So
Zw]/pZlw] — Z[w]/(m) is surjective homomorphism with nontrivial kernel, implying
#Z|w]/(m) divides #Z|w]/pZ[w] = p* and is not equal to it. Thus #Z[w]/(7) = p =
Nm (7). O

Also note that in whichever case (1) NZ = p.Z. Indeed if an integer n is equal to
n = m -z for some x € Z[w], by taking norm on both sides we get

n?®=p-Nm(zx) = p|n.

Thus, the natural map Z/pZ — Z[w]/{m) is injective, which may be viewed as a finite
field extension.
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8.3. Associates and primary elements.

Definition 8.14. Given two elements x,y € R, y is said to be an associate of x iff
y = ux for some unit u, or equivalently, iff (x) = (y).

Definition 8.15. An element m = a + bw € Z[w] is said to be primary iff a = —1
(mod 3) and b=0 (mod 3).

We record here an observation

Lemma 8.16. Let 719 = a+ bw € Zw]. Then x has exactly siz associates given by
a+bw, —a—bw, b+ (a—bw, b+ (b—a)w, (b—a)—aw, (a —b) + aw.
If m is an irreducible element not dividing 3, then exactly one of the six associates is
primary.
Proof. If m = a + bw with (a,b) = (—=1,0) (mod 3), then
(—a,-b)=(1,0) (=b,a—>b)=(0,-1) (b,b—a)=(0,1)
(b—a,—a)=(1,1) (a—b,a)=(-1,-1) (mod 3).
It thus suffices to show that (a,b) modulo 3 takes one of the forms (+1,0), (0,41),+(1,1)
if 743. If 7 € Z, then b = 0 and this is true. Otherwise p := a® — ab + b? is a prime

number different from 3. If (a,b) = £(1,—1) or (0,0), then p =0 (mod 3), contradiction.
So we are done. O

9. CUBIC RECIPROCITY LAW

We will present a cubic reciprocity law in this section. Whereas many ideas are bor-
rowed from the quadratic case, the arithmetic of Z[w] is used in an essential way.

9.1. Motivation of cubic reciprocity. Let p,q be two different prime numbers, when

does
2> =¢ (mod p)
has a solution?
Well, equivalently, we are asking whether [g], lies in U(Z/pZ)3. Note that U(Z/pZ)

is a cyclic group of order p — 1.

9.1.1. Trivial case: p = 2 (mod 3). In this case, the order of U(Z/pZ) is coprime to 3.
Hence
z+— 23 (mod p)

induces an automorphism U(Z/pZ) = U(Z/pZ). The conclusion is
for every integer n, x> =n (mod p) has exactly one solution.

9.1.2. Nontrivial case: p =1 (mod 3). In this case, exactly one thirds of U(Z/pZ) has a
cubic root modulo p.

Question 9.1. Fiz g, let p=1 (mod 3) vary. Is it true that

whether /q exists modulo p depends on the congruence class of p modulo g7

It turns out that the answer is surprisingly NO! There is a theorem in algebraic number
theory implying that'?

Theorem 9.2. Let M € ZT and a € Z witha =1 (mod 3) and ged(a, M) = 1. Consider
the set of primes Py :={p=1 (mod 3), p=a (mod M)}. Then
#{p € Pa,m | /q exists mod p} = #{p € Pam | /q does not exist mod p} = +o0.

9.2. Mimicking the quadratic case. Let us recall some elements from the quadratic
case

(1) there is a Legendre symbol <q) € {£1} recording whether /g (mod p) exists
p
or not;

(2) there is certain law relating the value (q) to (p>;
p q
(3) in the process of establishing this law, we found an expression for \/£¢ using

27i

a
“Gauss sum” g, = ZaEZ/qZ () C;‘ where (;:=e .
q

12\e are not going to prove this.
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9.3. Cubic residue character. Since Z/pZ has order p — 1, for any integer n coprime
to p, n"5" is a cubic root of unity modulo p. Thus we would like to say that n"s" is one
of {1,(3,¢2} modulo p. But wait, what does this mean? How to put (3 inside Z/pZ?

One could just consider’® w modulo pZ[w], namely [w], € Z[w]/pZ[w]. It has been
shown that Z/pZ — Z[w]/pZ[w] before. So we would be happy if [w], just happens to lie
in the image of Z/pZ, which is, of course, not true.

Luckily we have learned the arithmetic of Z[w], so we know how to remedy this'?.
Indeed, by Theorem 8.11, p =1 (mod 3) = p = m, - 7, for some irreducible element
Tp € Zlw]. Moreover, the natural map Z — Z[w] induces an isomorphism Z/pZ =
Z]w]/mpZ]w] (cf. Lemma 8.13). So the analogue of Legendre symbol can be defined.

Although we initially care only about n € Z coprime to p, it readily generalizes to all
x € Z[w] that is coprime to m,:

Lemma 9.3. Let p=1 (mod 3) be a prime number in Z, which factorizes as p = m, - T,
for some m, € Zw]. Then for each x € Z[w] that is coprime to mp, there exists a unique

number in {1,w,w?}, denoted as z , such that
T ) 5
o (w) (mod 7, Z[w]).
T ) 5

Proof. 1t remains to show that the images of {1,w,w?} in Z[w]/m,Z[w] are different from
each other. Indeed, Nm (1 — w?) = Nm (1 —w) = Nm (w — w?) = 3 is corpime to p and
hence 1 — w?, 1 —w and w — w? are coprime to . O
Remark 9.4. Let us note that

3 =¢q (mod p) has a solution <= (q) =1.
3

Tp

Remark 9.5. Given p, one does not have a preference of m, over m,, so let us note that

G-,
().t = (),

x
Remark 9.6. By Lemma 9.3, x +— (> can be viewed as a character (i.e. group
Tp

3
homomorphism) U(Z/pZ) = U(Z|w]/mpZw]) — {l,w,w?}. This character is clearly
surjective.

Thus for an integer n,

9.4. Gauss sums.

Definition 9.7. Let q be a prime number satisfying ¢ = 1 (mod 3). For a character
X : (Z)qZ)* — {1,w,w?} (we shall refer such things as q-cubic characters), we define
the Gauss sum

9000 = D x(a)] € Zlag] = 2w, (o]
a€Z/qZ
where x([0]4) := 0 for convenience.

Inspired by the quadratic case, one naturally wonders what gq(X)3 is.

Definition 9.8. Let q, x be as in last definition. Let
Jo(x) = > x(@)x(b) € Zlw]
a+b=1, a,b€Z/qZ
called a Jacobi sum.
Lemma 9.9. Let g be a prime number satisfying ¢ = 1 (mod 3). Let x be a nontrivial
q-cubic character. Then
2 2
94(X)” = 94(x7) - J4(x)
13From this point on, we set w := (3 to distinguish it from other ¢, or (4’s.
1yWe want to emphasize that even if one only cares whether this quantity is one or not and the related

reciprocity law, whose statement does not require this higher arithmetic, it is still essential to distinguish
w or w? to take advantage of the group structure. This will be used in the proof of reciprocity law.
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Proof.
9,007 = > x@)¢g- > x®)¢

a€L/qL beZ/qZ

= > xlab)¢et?
a,b€Z/qZ

= D &> xle=bnbh+ D> x(=b)
c€(Z/qZ)* be(Z/qz)* bEZ/qZ

= Y Gox@ D> x(-b)
c€(Z/qZ)* be(Z/qZ)>

gq(XZ) ) Jq(X)-

Lemma 9.10. Let q,x be as in last lemma. Then

94(X)94(x*) = q.

Proof. x being a cubic character implies that x> = x~!.

900940 = > x(a)¢g- > x0T

a€L/qZ beZ/qZ

> x(ab gt

a,beZ/qZ

Yoo D xe=mbhH+ D> x(=D)

cE(Z/qL)*  bE(Z/qL) be(Z/qZ)*

= > ¢ > x+@-1

ce(Z/qz)* b €L/qZ\{[-1]}

Y+ a-1)=¢

ce(Z/qZ)*

Corollary 9.11. Let q,x be as above. Then

9q(X)3 = Jg(X) ¢
Corollary 9.12. Let q,x be as above. Then

94(x) 'm = Jy(x) ‘m =gq.

Note that gq,(x) = g4(x?)-

9.5. Interacting two different primes. By Corollary 9.11 above ¢"7 Jq(X)pT_1 =
9q(x)P~1. And we are led to compute the p-th power of g,() modulo p (or more precisely,
modulo pZ[(s,]).

Lemma 9.13. Let q be a prime number with ¢ =1 (mod 3) and x be a q-cubic character.
Let p # q be another prime number also satisfying p =1 (mod 3). Then

9()" = 9400 - X*([plg)  (mod pZ[(3q])
Proof. Note that p =1 (mod 3) implies that x? = x.

gq(x)”:( > X(a)C§>pE > x(a)¢? (mod p)

a€Z/qZ a€Z/qZ
= Y x-lp)¢ = 9400 - xX*([plg)  (mod p)
bEZ/qZ

Combining results from last subsection, we get

Lemma 9.14. Let p,q, x be as in last lemma. Then

Jox) 7 ¢ 5 =x3([plg) (mod p).



54

Proof.
9000 Je00) T 4T = (9,00)” = 94(x) - ¥3([p)g)  (mod p)
= ¢J,(0)7 ¢"F = ax*(lply) (mod p)
= J,00"7 ¢"7 =x2([ply) (mod p).
where we used g4(x) - 94(x) = ¢ from Corollary 9.12. O

9.6. Primes above ¢ as a Jacobi sum. Take a prime number ¢ = 1 (mod 3) and
factorize ¢ = m,m,. To kill the ambiguity, we require 7, to be primary, that is, 7, = —1
(mod 3). With this condition, at least the set {my, 7} is uniquely determined from gq.

Specialize to the g-cubic character xr,(—) := (_) . By Corollary 9.12 above,
Tq/ 3

Jo(Xry) - Ja(Xm) = 4
We further have
Lemma 9.15. Notation as above, J4(xx,) = —1 (mod 3).
Proof. By Corollary 9.11,

0 40e) = (X @) = Yo a2, (@) (mod 3
= cha =-1 (mod 3)
a0
Since ¢ =1 (mod 3), the above implies
Jy(Xr,) = —1 (mod 3).
O

Remark 9.16. If one use the original definition of J,(xx,), then by taking third power
one can show Jq(Xx,)* = —1 (mod 3). But this is insufficient to conclude that Jq(Xx,)
itself satisfies this congruence condition.

Therefore Jy(xx,) € {7y, Tq}. We claim that
Lemma 9.17. Notation as above, J4(Xx,) = Tq.
Proof. By the definition of xr,
Jq(Xr,) = Z a%(l —a)%1 = Z Z MNa! (mod m,)
a€Z/qz a€Z/qL0<1<2(q—1)/3

for some \; € Z. We show the latter summation over a vanishes for each .
For | < q — 1, there exists zg € (Z/qZ)* such that x} # [1],:

Z at = Z (zoa)! = z) Z ad = Z al=0.

a€L/qL a€L/qZ a€Z/qZ a€Z/qZ

So we are done. O
9.7. Cubic reciprocity law, I. It’s time to state and prove (a case of) cubic reciprocity.

Theorem 9.18. Let p # q be two distinct prime numbers satisfying p = ¢ =1 (mod 3).
Let m, (resp. mq) be a primary prime that lies above p (resp. q). Then

().~ ().

Proof. By Lemma 9.17 first and then 9.14,

1 p—1 p—1

7 1" =(qJy(xx,)) © =xn,([Plg)? (mod pZlw))

Therefore,

(5.2,
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Swapping the role of 7y, m,, one obtains

(), (2).- (2).(2),

Multiplying them together:

9.8. Cubic reciprocity law, II.

Theorem 9.19. Let p,q be two different primes satisfying p = 2 (mod 3) and q = 1
(mod 3). Let mq be a primary prime lying over q, then

().-C)

Tq/ 3 b /s

where (7Tq> is defined to be the unique number in {1,w,w?} satisfying
P /3

p2—1
g = (Wq) (mod p).
3

p

Proof. The proof is similar to Theorem 9.18.

gq(XTrq)pz = Z Xq (G)Cgpz = X ([pL;Q) *Yq (Xﬂq) = Xﬂq([p}q)gq (qu) (mod pZ[(34])
a€L/qZ

Since g4(Xx,) - 9q(Xx,) = ¢, we have gq(xx,) is invertible modulo p and hence can be
eliminated from both sides:

2_; p2-1

T = xm(lPly) (mod p) = (7;)5(1’) (mod p)

Tq

as (q) = 1. This completes the proof. O
3

p

9.9. Primes of the form z2 + 27y?. We return to the question raised in the beginning
in two special cases.

Lemma 9.20. Let p be a prime number.
p=1 (mod3) <= 4p=2>+427y*> Jz,y<cZ.
Proof. By reduction theory, a set of representatives of Cl(—4 - 27) is
x? 4+ 27y?, 4x® — 2wy + Ty?, 42?4 2y + Ty
Then one applies the theory of composition. O

Notation 9.21. Whenever p is a prime with p =1 (mod 3), we will fix a pair z,,y, € Z
satisfying
4p = mf, + 27y§, zp =1 (mod 3).
Note that such a pair exists. We also consider
dp = a2 4+ 2Ty> = (zp + yp - 3V=3) (2 — yp - 3V/=3)
= ((zp + 3yp) + 6yp - w) ((xp — 3yp) — 6yp - w)

and define
3
Tp 1= w + 3yp - w € Zlw].
Then
_ Ty =3y
= —3yp - w € Zw].

Thus {mp, T} are all the primary primes in Z|w| that lies above p. Note that z, = y,
(mod 2) so 2t s indeed an integer.

Theorem 9.22. Let p be a prime number, we have

p=a?4+27y? Iz, y€Z < p=1 (mod3), z>=2 (modp) has a solution.
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Proof of = . One finds quickly that p = 1 (mod 3) from p = x? + 27y%. Thus one of
z,y is odd and the other is even, i.e. +y =1 (mod 2). Then 7, := x + 3v/-3y =
(x +3y) + 6y - w is a prime above p. Replacing x,y by —z, y if necessary, assume that m,
is primary.

2
It remains to show that () = 1. By reciprocity law,
Tp/3

E),- @), -~ (50),- ()~

2
Proof of <. By assumption <) = 1. Also, write 4p = xg + 27y§ as above. By
T/ 5

1:(@> = prrZByp"_?’yp'w
2 /3 2 3'

The only element in Z[w]/2Z]w] that is a cube is 1 (mod 2). So we must have
3yp =0 (mod 2),

O

reciprocity law,

implying z, =y, =0 (mod 2), so p = (%)2 +27 (%’)2 with z,/2,y,/2 € Z. O

Remark 9.23. From the proof, one sees another equivalent condition: p = 1 (mod 3)
and x, (or equivalently y,) is even.

9.10. Supplementary laws. Although we will not prove it'®, we state the supplemen-
tary law to the above cubic reciprocity laws.

Theorem 9.24. Assume p =1 (mod 3) and m, is primary, written as (3m—1)+(3n)-w.

Then
1—
( CLJ) _ w2m’ (3) — wQTL.
LR /)3

1
Likewise, if a prime number p = 2 (mod 3) is written as p = 3m — 1, then (w) =
3

p

w?™,

Using this, let us prove a statement about cubic root of 3 modulo p, also conjectured
by Euler.

Theorem 9.25. Let p =1 (mod 3) and write 4p* = m12,+27y§ for some xp,,y, € Z. Then
23 =3 (mod p) has a solution <= y, =0 (mod 3).
Proof. Indeed
3

z3=3 (mod p) has a solution <= (> =1
T/ 5

Since m, = % + 3yp - w, we have, by the supplementary law,

(3> :LUZyp
Tp/3

which is equal to one iff y, = 0 (mod 3). This completes the proof. O

In principle, equipped with Theorem 9.18, 9.19 and 9.24, one should be able to calculate
any cubic symbol just as we did before in the quadratic case. Here is one example

Example 9.26. 23 = 15 (mod 19) has no solution.
Proof. We first find by hand that
4-19=176="T7%+27-1%
Thus 79 can be taken to be 5+ 3w (or its conjugate, does not matter). It remains to

15
calculate () using Theorem 9.18, 9.19 and 9.24.
719/ 3

1536¢ Ireland-Rosen’s book, Chapter 9, Exercises 24-26. It is interesting to note that the proof makes
use of the above already established cubic laws.
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(15) _ (3> <5>
19/ 3 19/ 3 719/ 3
5+ 3w w
— 2-1 . — 2 . —
Y ( 5 )3 ¢ <5)3

2 521
=w’w 3 =w#l

9.11. Theta function. Reference for material presented in the next few sections:

e Diamond, Shurman, A First Course In Modular Forms, section 4.11, 5.9, 5.10;

e Hiramatsu, Saito, Introduction to NonAbelian Class Field Theory, section 1.1.
The book by Diamond—Shurman is an accessible yet modern and comprehensive intro-
duction to modular forms. The book by Hiramatsu and Saito is quite advanced, but the
first section is worth reading (one must also mention the write-up of Serre, Modular forms
of weight 1 and Galois representation. This is also quite advanced.). I also recommend
the beautiful introduction to modular forms by Zagier in the book “The 1-2-3 of Modular
Forms”. The most relevant material is in the section titled ”Binary Quadratic Forms of
Discriminant —23”.

Definition 9.27. For {r € C,Im(7) > 0} = H define the Dedekind eta function
n(z)=q"* [ -q"),
n=1

where q = €2™7. Note that n(7) is indeed a convergent infinite product. Also define

0(r) :=n(67)n(187) = ¢ [ (1 — ¢ [T (1 = ¢"*"),
n=1 n=1

Define (ax) by its expansion in q:

0(t) = Z arq®.
k=1

Here are a few leading terms
(1) =q(1 —¢® — g2 — ¥ + > + 243+ ...)
= =B O P2
(see Apostol: Introduction To Analytic Number Theory, Section 14.4)

Lemma 9.28 (Pentagonal Number Theorem).

) —+oo
[la-a= 3 0
n=1 k=—o0

Remark 9.29. When ezpanding W, the coefficients are exactly the partition
n=1

function p(k): the number of different ways of writing k = k1 + ... + ki, a sum of positive
integers.

Corollary 9.30.
o(r) = Z (_1)m+nqi[(6m71)2+3(6n71)2].

m,n€’
Let, for k € Z*,
Ay =4 {(m,n) € Z* | 4k = (6m — 1)* + 3(6n — 1)} .
Lemma 9.31. Ifp # 3 is a prime, then

0 ifpZ£1 (mod 3),
A,=<1 ifp=1 (mod 3), p & Rep(x? + 2742 .
2 ifp=1 (mod 3), p € Rep(x? + 27y?)
Moreover, if A, =1 then m +n is odd, if A, =2 then m + n is even.

Ap =0alsoif p=2,3.
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Corollary 9.32. For a prime number p # 3,

0 ifp#Z1 (mod 3),
a, =1 —1 ifp=1 (mod 3), p & Rep(x? + 27y?) .
2 ifp=1 (mod 3), p € Rep(a? + 27y?)
Remark 9.33. Thanks to the cubic reciprocity law, this can be rewritten as
0 ifpZ1 (mod 3),
ap =14 —1 ifp=1 (mod3), > =2 (mod p) has no solution .
2 ifp=1 (mod3), > =2 (mod p) has solution

Note that in whichever case,
ap+1:#{x€Z/pZ|xSE (mod p)} .
The function 7 satisfies
W(=2) = V=T ().

The function 6 is enjoys certain symmetric property so that it becomes a modular form.

d
Theorem 9.34. § € M;(3 - 62,v) where ¥(d) = x(d) - (3) Furthermore, it is a
normalized eigenform.

Here v is the transformation of # under the group

To(108) := {[‘; Z} € SLy(2)

So 1 should really be thought of as the composition

a b [alios  [b]10s d
€ I'p(108) — —x(d) | 5]
[C d} o(108) [ 0 [d] 108 x(d) 3
Also, x is constructed by a cubic character. Actually from the definition we see that 6 is
a cusp modular form.

The takeaway is that, the solution to 23 = 2 (mod p) is encoded in the coefficient of
some (weight one)'® modular form!

¢c=0 (mod 108)} .

9.12. Proof of Lemma 9.31. The case when p =2 (mod 3) is left to the reader.
Recall that whenever p =1 (mod 3), we have fixed z,,y, € Z such that

dp =2 +27y2, x, =1 (mod 3).
Consequently

Tp + 3Yp
2

Tp — 3Yp
2

p=mp-Tp, wherem,= + 3ypw, T, = — Jypw.

Both 7, and 7, are primary primes.
Now suppose we are given (m,n) € Z? such that
4p = (6m — 1)® + 3(6n — 1)°.
Then

p=(Bm+3n—-1)+ (6n—1)w) - ((3m+3n—1)+ (6n — 1)w).
Multiply by (—w) - —w:
p=((6n—1)4+ (3n—3m)w) - ((6n— 1)+ (3n — 3m)w).

Thus by the UFD property and uniqueness of primary element,

Tp+3Yp

7Tp = -5 + 3ypw
(6n—1)+ (3n —3m)w = ¢ or

—_— Tp—3Yp

Tp = — Jypw

In the former case,

12
3y, +2 .
n—m=uy, — g = ZeE3Ypt2 — Y,

6n—1:% — = Zpt3Upt+2
2

16vveight 2 modular forms would correspond to elliptic curves.
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In the latter case,

12
Tp—3Yp+2
2

bn—1=23 — = 232
1

n—m=—Yp - m= —|—yp.

Note that if n,m are given by such formulas, then naturally 4p = (6m —1)% + 3(6n — 1)%.
The only potential issue is that it is not clear m,n are integers or not. In 1st case

mneZ < z,+3y,+2=0 (mod 12) <= z, +3y, +2=0 (mod 4).
In the 2nd case,

mneZ < z,— 3y, +2=0 (mod 12) <= 2, -3y, +2=0 (mod 4).

Recall the remark following Theorem 9.22. If p & Rep(z? 4 27y?), then z,, y, are odd.
Also, z, + 3y, is even. Hence exactly one of
Tp+3ypy+2=0 (mod4) or z, —3y,+2=0 (mod 4)
would happen, implying that the number of m,n is one. Moreover,
m+n=y, (mod?2)

is odd.
On the other hand, if p € Rep(z? + 27y?), then x,,y, are even. Hence % must be
odd, implying both

Zp+3ypy+2=0 (mod4) and z, — 3y, +2=0 (mod 4)
are true. So the possibilities of m,n are two. In any case
m+n=y, (mod?2)

is even.

9.13. Number fields. An important goal in algebraic number theory is to study field
extensions K of Q and how primes in p splits in these field extensions. To understand
what this means, let us define Ok to be the algebraic integers contained in K, then it
has the following important property (assume K/Q is Galois)

e Every non-zero ideal of Ok can be uniquely written as a finite product of prime

ideals, which are also maximal ideals. This is a substitute for the UFD property,
which does not hold in general. So every prime p, the ideal

POx = P - L. (35)

for some ey, ...,e,. In the Galois case, actually e; = ... = e, = €.

e Fach B; is called a prime ideal “above p”. It induces a finite field extension:
F, =7Z/pZ — Fy, = O /%Bi. So there is a corresponding Froby, € Gal(Fip, /F)).
One has a surjection

{o € Gal(K/Q) | o(PBi) =B:} — Gal(Fy, /Fp).
One often denotes by Frobgy, its lift to Gal(/&/Q), which is well-defined up to
conjugation (so if the group is abelian, then it is well-defined).
e There is a number, called “discriminant of Og”. A prime p is unramified (that
is, e; = 1 for all 7) iff p does not divide this number.
e K is uniquely determined by the set of splitting primes: unramified and r equal
to the field extension degree K/Q (may not be true if K/Q is not Galois).
Now we consider a specific example K = Q(+/2,w) and study how prime p € Z* splits
in Og. Let us accept the fact that p # 2,3 <= p unramified.
Here are the relevant field extensions with Galois group labelled

K= Q(\S/ivw)

WW

Q(V2) Sa k=Q(w) -

noh %

Q
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The splitting pattern then is summarized in the following table (e := e; = .... = e,,
r is as above and f is the extension degree of the corresponding residue fields: Z/pZ —

Ok /PB):

Condition Frob Factor in K (e, f,r)
p =2 (mod 3) (=) Ok =P1B2Ps  (1,2,3)
p=1 (mod 3), (%)3:1 id  pOx =i Ps (1,1,6)
p=1(mod3), (Z) #1 () pOx =P (1.3.2)

TABLE 2. Splitting of unramified primes p # 2,3 in K = Q(w, ¥/2)

9.14. Class field theory. Given a number field k, we have a group C1(Oy) called ideal
class group, which is trivial iff O is a PID. For certain special k, the ideal class group
coincide with our form class group introduced before. This notion has a very important
variant. Take an ideal m of Op. Define

Ij.(m) := {ideals of Oy that is coprime to m}
Poi(m):={{a) |a € O, a=1 (modm)}.
Then one can check that I,(m)/ Py 1(m) is a group, called the ray class group of modulus
m. Class field theory asserts the following:

e There exists a unique Galois extension K/k, called the ray class field of mod-
ulus m, such that Lifting Frobenius induces an isomorphism

I (m) /Py 1 (m) = Gal(K/k).
This isomorphism is often referred to as the Artin reciprocity law. It does imply
many other reciprocity laws.
Now go back to the special case relevant to us:
e k=Qw), K = Q(w, V2) and m = (6).

One can check that indeed, K is the ray class field of modulus (6).
Let us try to understand Ij(m)/ Py 1(m). If p =2 (mod 3), then

—-p=1 (mod3), —p=1 (mod2) = —-p=1 (mod 6).

So (p) € P;1((6)). Now take p =1 (mod 3) and p = 7, - T,. Then since already —m, =1
(mod 3),
(mp) € Pr1({6)) <= —mp =1 (mod 2)

— () - (2> =1
2/3 Tp/) s
< 23 =2 (mod p) has a solution.

By pushing the argument further, one could see that (for p; = ps =1 (mod 3))

(Fp) = (M) (mod Pra((6))) <= < 2 )( 2 )

7TP1 7TP2

For (z) coprime to (6), decomposed as (x) = (m) - ...(m;), define

So x induces an isomorphism
X+ 1k((6))/Pea ((6)) = {1,w,w}.
On the other hand we can define a homomorphism from Gal(K/k) — {1,w,w?} via

o(V2)
7

Yo
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Then we have a commutative diagram

1 ((6))
P 1({6))

Artin map ———» Gal(K/k‘)

~ ~
cubsic residue ¥ cyclotomic char.?
~ g
{L,w,w}

9.15. L-function. cf. Diamond—-Shurman, section 5.9, page 203.
Define the (Hecke) L-function

L(s,0) = L(s,x) :== Z x(a)Nm(a)~% = Z anpn”®.

a€l,((6))
Since the coefficients are multiplicative, we have

L(s,x) = 11 !

p prime ideal of Oy, p{6 1= X(p)Nm(p)_g

1 1 1
- H 1_ -2 H 1—p-s)2 H 1+ p—s 1+ p-25
p=2 (mod 3) 1-p p=1 (mod 3) (1 p ) = Lp==+p
2\ _ 2
<7rp>3 ! (WP>37£1
where we used (1 —wp™*)(1 —w?p~™*) =1+p~* +p 2.
Theorem 9.35. Let N := 108. Let A(s,x) := N~3/2(2n)*T(s)L(s,x). Then L(s,x) can

be meromorphically continued to the whole C. Also, it satisfies the following functional
equation

A(s,x) = £A(1 — s, x).
10. ARITHMETIC OF IMAGINARY QUADRATIC FIELDS

10.1. Notation. Throughout this lecture, n # 1 is a positive square-free integer and
K = Q(/—n) is a degree 2 field extension of Q. This extension is sometimes called
mmaginary quadratic extension.

There are two useful maps that shall be used repeatedly. For a = a + by/—n, let

Nm(a):=a-a=ad*+nb?, Tr(a):=a+a=2a.

For an algebraic number «, its Q-minimal polynomial is the unique smallest degree
monic polynomial f, € Q[X] such that f,(a) = 0. And « is an algebraic integer iff
fa € Z[X]. Moreover, if a ¢ Q, then

fa(z) = 2% — Tr () x + Nm (z)..

So a € K\ Q is an algebraic integer iff Tr (o), Nm (a) € Z.
Also for z1,...,x; € K, we let (1, ...,2;) be the Ok-submodule(definition of Ok?) of
K generated by them and [z1, ..., z;] be the Z-submodule generated by them.

10.2. Ring of integers. Algebraic integers of imaginary quadratic extension can be
described explicitly

Lemma 10.1. Let

Z[/—n| n#3 (mod 4)
O = Z{Hg/jn} n=3 (mod4)’

Then O 1is the set of algebraic integers in K.
Proof. Write a = a + by/—n € K = Q[v/—n]. So

a is an algebraic integer <= 2a, a® 4+ nb* € Z.
This implies that

]_ —
Z1+Z-V=nCOxCL-5+Z- VQ”.

In particular, elements in Ok are algebraic integers. Since Tr <1+ Y _") = 1land Nm (H' Y _"> =

2 2
1'}'7", we find that O belongs to algebraic integers if n = 3 (mod 4).

Next we show that if a ¢ Z[/—n] is an algebraic integer, then n =3 (mod 4).
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In this case, a = % + m for some m € Z. Thus
1 1
a? +nb? = 1 +m+m? 4+ nb®> € Z, which implies 1 +nb® € Z.

This forces b ¢ Z and b = % + [ for some [ € Z.

1 1
Z+nb2:%+nl+nl262 = n=3 (mod 4).

The proof is now complete. O

There is one reason why we prefer Ok over Z[y/—n] when n = 3 (mod 4). It will be
shown that the ring Ok has the unique factorization property for ideals whereas Z[v/—n]
may not.

10.3. Ideals associated to quadratic forms.
Condition 10.1. From now on till the end of this lecture, n Z 3 (mod 4).
should drop this condition!

Notation 10.2. Let di := —4n. For a quadratic form Q = ax® + 2bwy + cy* € M*,, ,
letlog:=Z-a+Z-(—b++/—n)=[a,—b+/—n].
Lemma 10.3. For every Q € M*, | Ig is an ideal of Ok.

Proof. Since Ig is contained in O, it is sufficient to show that I is an Ox-module. As
it is already an Z-module, one only needs to check v—n - Ig C Ig:

V-n-a=b-a+a-(—b++—n)
V-n-(=b+vV=n)=—-by/—n—n=—-by/—n+b*—ac=—c-a+(=b)-(=b++—n).
So we are done. O

Next we work towards a converse statement.
10.4. Quadratic forms associated to imaginary quadratic numbers.

Definition 10.4. For an algebraic number o, its Z-minimal polynomial is the unique
f € Z|X] with positive leading coefficient such that ged(coeff(f)) = 1.

Lemma 10.5. For 7 € K with Im (1) > 0, let f; be its Z-minimal polynomial. Then
f-(z) = ax® + 2bx + ¢ for some a,b,c € 7.

Proof. Write f,(z) = Ax? + Bx + C with A, B,C € Z. We must show B is an even
number. If not, B2 —4AC =1 (mod 4).

VB2 —-4AC €O = VB?—4AC=y-v/—n, JyeZ

= B> - 4AC=y*-(-n) =1 (mod 4).

But 42 # 0 (mod 4), so > =1 (mod 4). Thus —n =1 (mod 4), a contradiction. O
Notation 10.6. For every 7 € K with Im (1) > 0, we let (ar,b,,c.) € Z> be the unique
- bT - UrCr
set of integers such that ged(ar,2br,¢.) =1, ar >0 and 7 = 29T Also
ar

let Qr(z,y) = a,x? + 2b,zy + c,y? be the unique (primitive) quadratic form associated
to T.

Lemma 10.7. Take 7 € K with Im (7) > 0. Then
[1,7] € Ox—mod <= b2 —a,c, = —n.
Proof of =>. For simplicity write a,b,c for a,,b,,c,. Also, 7 = x + y/—n for some

z,y € Q.
Find Ay, ..., \y € Z such that

V=n-1=X+ X7 = (A1 + Xaz) + yla - V-1
—ny+x-vV-n=V-n-7=X+ M7= (A3 + M) +y\s - V1.
By comparing coefficients, we get
1 A1 x —n — \?

Yy )\27517 Xy 4 Y 1, A3 Ao

(36)
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Thus,
2\

=-Tr(r)=—-2z = )\—21

A2 1 n+ X 1 -3
=N = 22 2=y = Lo =22

m(7)=z"+ny ¥ + nA% " " N

Since A2 + X\aA3 = —n and n is square-free, we have ged(Aa, 2A1, A3) = 1, from which it
follows that

sia o8

(a, b7 C) = :i:(/\g, )\1, /\3)

Consequently b? — ac = —n, as desired. O
Proof of <. It suffices to set A1 := b, Ay := a,, A3 = —¢; and Ay := —b, and verify
Eq.(36) is true. O
10.5. Ideals.

Lemma 10.8. Every nonzero proper ideal I <Ok is a rank-2 free Z-module.
Proof. Take ag € I, then
Z-Nm(a)+Z -Nm(a)y/-—nCICZ-1+Z-v/—n
is in between two rank 2 free Z-modules. Thus it also has to be so. 0

Lemma 10.9. FEvery nonzero proper ideal I < Ok takes the form I = il -Ig, for some
ar
Nm ()

ar

ael, 7€ K, Im(r)>0. Moreover, I -1 ={ ) with Nm («) /a, € ZT.

Proof. By last lemma, I<Og can be presented as [«, 5] and we may assume Im (5/a) > 0.
Let 7 := /. Thus

br + /=
la,8] =a-[L7]=a-1, +a7\/7n] = ag g, -

The rest of the claim follows from
Io, 'E: [a7_b+ \ _n] ) [aa_b— \% _n]
= [a®,a(b+ v=n),a- (2b),0* + n = ac] = (a).
O

10.6. Cancellation law and quotients of ideals: Corollary to Lemma 10.9. We
draw a few important corollaries from the fact that each nonzero proper ideal I admits
another I’ such that I - I’ is a principal ideal. The arguments here work word-by-word
for general number fields (of course I - I’ being principal requires a different proof).

Corollary 10.10. Let I,.J,a be nonzero ideals of Or. Then
ITa=J-a = I=J
Proof. Find o’ 4Ok, a € O such that aa’ = (a). So
Ia=J-a = [-(a)=J (o) = I=J.
O

Corollary 10.11. Let I,J be two nonzero ideals of Ok with I C J. Then there exists
a<1 Ok such that I = J - a.

Proof. Find J <Ok, a € R such that J - J' = (a). Thus,
[-J cJ-J ={a).

/

I
This shows that a := is an ideal in Ok . Consequently,

I-J={)a=J-J a= I=J-a

by Corollary 10.11.
O

Theorem 10.12. FEvery proper nonzero ideal in Ok can be uniquely written as a product
of finitely many prime ideals.
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10.7. Proof of factorization into prime ideals: Theorem 10.12. First we treat
the existence part.

Assume the conclusion were wrong, find some nonzero proper ideal I < Ok such that
I is maximal among those that can not be written as a product of prime ideals.

Find some maximal (and hence prime) ideal p containing I, by Corollary 10.11, I = p-J
for some J < Og. Then [ is strictly contained in J, implying that J can be written as a
product of prime ideals. But then I = p-J is also a product of prime ideals. Contradiction.

Next we prove the uniqueness.

Say

I:pl'---'pn:ql'm'qk
is a product of prime ideals.

Since q1 - ... - qx C p1, we have p; = q; for some i. Up to permutation, p; = q;. By the
cancellation law we have

Porci P =02 ...  Qk-
Repeating the above process we will obtain k = n and p; = q; after some permutation.

10.8. Splitting pattern of prime numbers in Ok.
Theorem 10.13. Let p € ZT be a prime number. Then

p2 for some prime p <Ok, p=p if p| —4n
, ) ) —n
pOx = { remains prime if pt —4n, s #1
p-p for some prime p< Ok, p#p if pt —4n, _7;1 =1

Conversely, let p<Og be a nonzero proper prime ideal. Then pN7Z = p.Z for some prime
number p. Moreover,

p? ifp| —4n
. b
pOx = p if pt —4n, 7 #1
_ . —N
p-p ifpf—dn, | — | =1
P

Only the first part will be provided with a formal proof. Given this, the proof of the
second part is not hard and is left to the reader.
Before the proof, let us note that

Lemma 10.14. Let p be a prime number. Then the prime factorization of pOy has only

two possibilities
. ) = 2
2O = {p pop=)

p-p otherwise
It is possible that p = p.
Proof. Let p be a proper prime ideal containing pOg. Then (p) = p - I for some other
ideal I. By Lemma 10.9, p - p = m for some integer m € Z*. Thus
P>y =m-(J-J) = m|p* = m=por p>.
If m = p, then we are in the case pOg = p - p. If m = p?, then pO;, = p. O

10.9. Proof of Theorem 10.13: ramified case. First we assume p | n.

Decompose
(V=n)=pi--p
Then
(n) =pi - pf = (p1-P1) - (P - 1)
Without loss of generality assume p € p;. By Lemma 10.14, p; - py = (p) or (p?). But n
is squarefree, so the latter case is excluded. So we have pOg = p1 - p1. If p1 # p1, say
p1 = p2. Then
(n) C (p1-P1)?

a contradiction against the assumption that n is squarefree.

The proof is already complete if n is even. Now assume n is odd, that isn =1 (mod 4).
We need to show 20 = p?. Let p := [2,1+ \/—n]. Then

V-n(l++v-n)=1++v-n)—(1+n)€ep = p & Oxg—mod.
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Furthermore,
P21 von) = [2,-1- vou] =p
p? =[4,1+n,2(1 - vV=n),2(1 + vV=n)] = (2)
since 1 +n =2 (mod 4). Note that p is certainly a prime.
10.10. Proof of Theorem 10.13: unramified cases. So assume p{ —4n now.

First we further assume (n) = 1. Then p € Rep(Q) for some Q € M™T, . Up to
b

proper equivalence, we assume @ takes the form pz? +2bxy+cy?. Therefore I is a prime
ideal and

Iq-Iq = [p*,~bp +pv=n,2bp,pc| = (p).
It remains to show Ig # Ig. Otherwise
[, =b+V=n] = [p,=b— V=]
—=b+vV-n=A-p+B(-b++v—n)=(Ap— Bb)+ BV—n, 3A,BeZ
= B=1,b=Ap—-b = 2b=Ap = p|2b.
But —4n = (2b)% — 4pc, so p | —4n. This is a contradiction.

n
Finally we assume pOy is not a prime and show () =1.
p

By Lemma 10.14, pOg = p-p for some prime ideal p. By Lemma 10.9, p-p =
for some o € Ok and a € Z+. Hence

p|Nm(a)=2?+ny*> Ja,ycZ
This shows (—n) =1.
p

10.11. Class groups.

Definition 10.15. We define the class group of Ok :
ClOk) :={ Ideals of Ok} /{ principal ideals } equipped with [I] - [J] :=[I - J]
That this semigroup is indeed a group follows from Lemma 10.9.

Note that the map
az® + 2bxy + cy® — [a, —b+ v/ —n]
from M7T,, to ideals of O induces a map from Cl(—4n) to Ok (recall n # 3 (mod 4)
and Og = Z[v/—n]). We have shown (Lemma 10.9) that this is a surjection.

Lemma 10.16. This map is an injection.

Proof. Say the ideals corresponding to Q = ax?+ 2bxy+cy? and Q' = a’x% + 26 xy + c'y?
from M™T 4n, are the same modulo principal ideals. That is,

l:7]=~-[1:7], 3F~veK

where 7 = _b% VR = —17/4(;7/ Y—"_ Therefore, there exists (i g) € GL2(Z) such that

)= (D0 =
:"}/~ ’ —— T = .
T ros T p+qr’

Since Im (7) ,Im (7') > 0, we have (2; g) € SLy(Z).

The above also implies that

(G g)“ (7) = ar + 2 ) =0

where \ is some constant. As Q' is uniquely determined by 7/, we have

s p\[a b\ (s p\" _fd ¥V
r q)\b c)\r q/ T\ )
In other words @ is properly equivalent to Q’. O

)

That “Q’ is uniquely determined by 7'” can be more precisely stated as
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Lemma 10.17. We have a bijection

{7 |Im(7) >0, [Q(7): Q] =2} — {(a,b,c)€Z3 | a,c>0, gcd(a,b,c):l}
T — Z-minimal polynomial
the root with positive imaginary part <— ax?® +bx +c

Moreover, by restricting to suitable subsets, we get
{r]..1,7] is a Z[y/=n]-mod} <+— {(a,b,c) € Z*|..b* — 4ac = —4n, b even }

The proof is omitted.
Finally, we show

Theorem 10.18. The above map (a,2b,¢) — [a,—b + /—n] induces an isomorphism
between the groups Cl(—4n) = CYZ[/—n]) (n £ 3 (mod 4) as before).

Proof. It only remains to show that the map respects group structures.
Without loss of generality, we assume (@, Q' is Lagrange great (i.e., ged(a,a’) = 1 and
b=1"V"). Thus

Q) Q] = [aa's + 2bay + <)
On the other hand,
[a,—b+v/—=n] - [a/, —b+ vV—=n] = [ad’,a(—=b + vV—=n),d' (=b + v/=n),b* — n — 2b\/—n]
Since ged(a,a’) = 1, the above is equal to
[aa’, —b+ /—n],

as desired. H

So far we have a good understanding of how primes in Z “splits” in Og. However,
the understanding of class group of Ok is less complete. Indeed, a prime p { —4n is
represented as x2 + ny? iff the prime “above” p is a principal ideal, but we have no
criterion to see when this is true. Class field theory relates (subgroups of) class groups to
certain field extension of K. This connection will give us a criterion on when p splits into
principal prime ideals. Before getting to class field theory, the next lectures will review
basic facts about number fields.

11. FIELD EXTENSIONS AND (GALOIS THEORY.

This is taken from the appendix of Marcus’ book.
We start with a few definitions/facts/notations.

e Given a field extension K C L, we let [L : K| denote the dimension of L as a
K-vector space. It is sometimes referred to as the degree of the field extension
L/K.

e A subfield L C C, which necessarily contains Q, is said to be a number field iff
[L : Q] is finite.

e A number a € C is said to be an algebraic number iff the field generated by «,
denoted by Q(«), is a number field.

e Given an algebraic number « and a number field K, there exist a unique monic
irreducible polynomial f € K[X], called the minimal polynomial, such that
f(a) = 0. Other roots of f are referred to as K-conjugates of . It is not hard
to see that X +— « induces

¢x.o  K[X]/(f) = Klo] = K(a).

e Given a number field K and f € K[X] irreducible, all roots of f in C are distinct.
e Given two subfields K C L of C, we let Ebd(L/K) collect all embeddings of L
into C which become identity when restricted to K.

We start by noting that if « is an algebraic number, then K(«) is an extension of K
of finite degree. In general, every finitely generated field extension by algebraic numbers
has finite degree over Q.
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11.1. Embeddings. First we show that “there are enough embeddings”.
Theorem 11.1. Given two number fields K C L C C. #Ebd(L/K) = [L : K].

We start by considering the case K(«a)/K for some algebraic number «. Since each
o € Ebd(K(a)/K) is determined by the image of «, we obtain an injection:

Ebd(K (a)/K) — {K-conjugates of a}.

But this is also surjective. Let 8 be a K-conjugate of o, we define og by

—1
K[Oé] PK,a K[X]/<f(y> PK,B K[ﬁ] 1nclu513n(c
Now consider K(ay,as) = Klag,as]/K. Let K; := K(ap) and Ky := Ky(az) =
K(al,ag).
Lemma 11.2. Every o € Ebd(K1/K) admits an extension to some o’ € Ebd(Ky/K).

Proof. Let fy be the minimal polynomial of as over K;. Note that f +— o(f), by applying
o to the coefficients, defines an isomorphism between rings (they are fields)

ox : Ki[X]/{f2) = o(K1)[X]/{o(f2))
Also fix another root S of o(fz). The desired extension can be defined by

—1

Ky T8 KX/ f2) =T o (KX (0(f2)) 208 K (8) e

Now fix such an extension ¢’ for every o. Sending 6 — 6 o ¢’ defines an injection
Ebd(0'(K2)/0(K1)) < {¢ € Ebd(K2/K) | ¢|x, =0}

But this is also surjective by counting. LHS has [K3 : K;] many elements. Every ¢ on
the RHS is determined by ¢(az), hence has at most deg(f2) = [K2 : K] many element.

Now let o vary, RHS forms a disjoint union of Ebd(K/K) showing that # Ebd(Ks/K) =
[KQ : K}

The full proof can be completed by an inductive argument.
11.2. Primitive element. Given a field extension L/K, an element o € L is said to be
a primitive element iff L = K(«).
Theorem 11.3. If K C L are number fields, then primitive elements exists.

The proof is based on the last theorem. The essential case is when L = K(«, 3) for
some «, 8 € L. Applying this special case repeatedly yields the general case.

We show that except for finitely many ¢ € K, L = K(a+t3). By Theorem 11.1 applied
to L/K (o +1t5),

L+ K(a+t8) = o(a+tf)=a+tf Foxa € Ebd(L/K)
= o(a) —a=—t-(o(f)—B) Foxa € Ebd(L/K)

Note that o # id as above implies that o # (8 for otherwise caw = a and hence ¢ = id.
Therefore L # K (a + t) implies that ¢ belongs to the finite list

This completes the proof.
11.3. Normal extension.

O=id € Ebd(L/K)} .

Theorem 11.4. Let L/K be a finite extension of number fields. We say that this exten-
sion is mormal iff one of the following equivalent conditions is met

(1) o(L) C L for all 0 € Ebd(L/K).

(2) for every a € L, all K-conjugates of a live in L.

By Theorem 11.1, for every a,, &’ € L that are K-conjugate, there exists o € Ebd(L/K)
sending a to .

So if condition (1) holds, then all K-conjugates of a stays in L. Conversely, L =
K(ay,...,aq) for finitely many «;’s. So condition (2) says that o sends each «; into L,
implying o(L) C L.

Remark 11.5. It follows from the definition that for finite field extensions K C F C L.
We have L/K normal implies L/F normal.
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11.4. Normal closure.

Theorem 11.6. Given a finite extension L/K of number fields, there exists a finite
extension M /L such that M/K is normal.

The smallest M/L such that M/K is normal is called the normal closure of L/K.
Write L = K (a1, ...,aq). Let M be the field generated by K and all the K-conjugates
of all a;’s. Then M/K is normal be the last theorem.

Notation 11.7. When L/K is normal, we usually write Gal(L/K) for the automor-
phisms of L that fix K pointwise.

11.5. Galois correspondence.

Lemma 11.8. Assume L/K is normal. Then

(1) K={zeL|o(x)=x, VoeGal(L/K)};
(2) K#{zxeL|o(x)=x,Voe€ H} for H< Gal(L/K).

Proof of (1). The RHS is a field, call it K’'. If K’ is strictly larger than K, then by
Theorem 11.1, there exists nontrivial field embeddings K'/K, which extend to certain
o € Gal(L/K). Such a o does not fix K’ pointwise. A contradiction. O

Proof of (2). By primitive element theorem, L = K(«). Let f be the K-minimal poly-
nomial of a. So deg(f) = [L : K].
On the other hand, let
fu(@) = [ @ - o(a)).
ceH
Then fg, and hence the coefficients of fp, are fixed by H. But deg(fy) = |H| < [L : K],

so fp is not in K[X]. Therefore, one of the coefficients of f is fixed by H but does not
belong to K. O

Theorem 11.9. Assume L/K is a finite normal extension. For a subgroup H of Gal(L/K),
let L :={x € L|o(x)=x, VocH} Then we have the following bijection

{Intermediate fields K C F C L} =  {Subgroups of Gal(L/K)}
F — Gal(L/F)
Lt — H

Starting with F, we must show F = LE2(L/F) which is just Lemma 11.8.

Starting with H < Gal(L/F), we need to show H = Gal(L/L¥). That H C Gal(L/L¥)
is direct. If this were a strict inclusion, then L¥ # L by part (2) of Lemma 11.8 applied
to L/LH.

11.6. Composite of field extensions.

Theorem 11.10. Take a finite normal extension L/K and a finite extension E/K (not
necessarily normal). Let EL be the composite field of E and L, namely, the smallest
subfield of C containing E and L. Then

(1) the field extension EL/E is normal;
(2) the restriction map induces an injective homomorphism Gal(EL/E) — Gal(L/K),
which is surjective iff ENL =K.

EL
Gal(EL/y \
FE L
\ AI(L/K)
K

Proof of (1). Take o € Ebd(EL/E). Since o fixes E and hence K, we have
olr € Ebd(L/K) = Gal(L/K) = o(L) C L = o(EL) C EL.
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Proof of (2). Take 0 € Gal(EL/E). Since o fixes E, o is trivial iff o fixes L. This shows
the injectivity of the restriction map.
Note that

ENL=K < [EL:E|=[L: K| < #Gal(EL/E) = #Gal(L/K).
Thus the injective homomorphism is surjective iff ENL = K. 0

11.7. Finite fields. The morphism z — 2#©%/? belongs to and generates Gal(F,/F,).

12. NUMBER FIELDS.

We give in this lecture a quick introduction to algebraic number theory.

Recall that number fields refer to finite field extensions of Q. A number x € C is said
to be an algebraic number iff x is contained in some number field. For such a number
z and a number field K, the K-minimal polynomial is the unique monic polynomial
f € K[X] of lowest degree such that f(x) = 0. The degree of x over K, by definition, is
the degree of f(x).

12.1. The ring of algebraic integers.
Lemma 12.1. An algebraic number o € C is said to be an algebraic integer iff one of
the following equivalent conditions is met:

(1) the Q-minimal polynomial of « lies in Z[X];

(2) there exists a monic polynomial f € Z[X] such that f(a) = 0.

Proof. This follows from Gauss’ lemma. Details are omitted. d

Notation 12.2. For a number field K, let Ok collect all algebraic integers contained in
K.

Proposition 12.3. Ok is a ring.
For the proof, it is useful to note

Lemma 12.4. Assume K is a number field and o € K. Let A C K be a finitely generated
Z-submodule. If o preserves A, then o € Ok.

Proof. Assume A is generated by z1, ...,z for some x; € K. Then there exists a k-by-k
matrix M with Z-coefficients such that

(0% (l‘l, ...,J)k) = (331, ....,l‘k) - M.

Note that this implies
(21, .., xg) - (aly — M) = (0, ...,0).
Thus al — M is not invertible (as a square matrix over K), which forces det(aly — M) =

0 (otherwise Cramer’s rule gives the inverse). But f(x) := det(xI; — M) is a monic
polynomial in Z[X]. So « is an algebraic integer by Lemma 12.1. U

Proof of Proposition 12.3. Let a, 8 € Ok be given. Need to show that a+f3, a3 belongs
to Ok. In light of Lemma 12.4, it suffices to find a finitely generated Z-submodule A of
K preserved by them. Assume « has degree [; and 8 has degree [y over Q.
Indeed, one may take A to be the Z-submodule spanned by {a’37, i = 0,1,...,1; —
1, 7=0,1,...,lo — 1}.
O

12.2. Ok as a Z-module.

Lemma 12.5. Let K be a number field of degree | over Q. Then O is a free Z-module
of rank .

For the proof, it is useful to make the following definition:

Definition 12.6. Given a number field K/Q of degree | and x4, ...,x; € K that forms a
basis of K as a Q-vector space. Let Ebd(K/Q) := {01, ...,01}. We define the discriminant
of this l-tuple by

disc(z1, ..., x;) := det (Ui(gu‘j))2 .

Lemma 12.7. Notation as in last definition. disc(xq,...,x;) € Q.
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Proof. If K/Q is normal, then this follows from Galois theory since it is fixed by every
element in Gal(K/Q).

If not, let L/Q be its normal closure. Then applying o Gal(L/Q) amounts multiplying
by a permutation matrix. Hence disc(z1, ...,x;) is fixed by Gal(L/Q) and hence lives in

Q. O

Proof of Lemma 12.5. Take x € Ok of degree [L; K], which exists by primitive theorem.
Write d,, := disc(1, z, 22, ...,2'~1) We are going to show that

72®7x D72 ® ... Zat !
dy '

Since every submodule of a finite generated free Z-module is free, the proof is complete.
Take « € Ok, there exists Ag, ..., \;_1 € Q such that

Ok C (37)

a=N+Nx+ ...+ )\l_lxl_l.

Applying Ebd(K/Q) we get

1 1
(o1(@)or(@)) = Qe o) | T @)l
Ul(scl_l) Ug(scl_l) Ul(xl—l)
By Cramer’s rule, the inverse of the matrix to the right has coefficients in K . This
Z xr
implies that all A;’s lie in CZK NQ= T and proves Eq.(37). O

12.3. Finiteness of residue ring.

Lemma 12.8. Let K be a number field and I < Ok be a proper monzero ideal. Then
Ok /I is finite and I = ZOWK] 45 q Z-module.

Proof. Take axo € I, then Nm (a) € I NZ is nonzero. This shows that
INZ=NZ 3INEeZt.

which implies that NOxg C I C Og. But both NOg and Ok are free Z-modules of rank
[L: K]. Thus so is I. Since Og/NQOk is finite, we have O /I is finite. O

From this lemma we deduce that

Corollary 12.9. Let K be a number field and p <Ok be a nonzero prime ideal. Then p
is a mazimal ideal.

Proof. Let x € Ok \ p, we must show 1 is contained in the ideal generated by x and p.
Since Ok /p is finite, there exists m,n € Z* such that

2™ = 2™ (mod p), which implies 1 = 2" (mod p)
because p is prime. So we are done. O

12.4. Integrally closed.

Lemma 12.10. Let K be a number field. Then O C K is integrally closed, that is
to say, for each monic polynomial f € Ok [X] and a € K,

fl@)=0 = o€ Ok.

Proof. Take such a f and . We need to show x € Og, which holds if there exists a
finitely generated Z-module A in K that is preserved by .
Write

flx)=a" 4+ Xz P+ A\,
for some \;’s in Og. Let [; := degQ()\i). Consider the Z-submodule A of Ok generated
by
AR ol iy =0, — 1, j=0,..,n—1}
It can be directly checked that « preserves A and so a € Ok
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12.5. Dedekind domain.
Definition 12.11. Let R be a unital commutative ring. Assume R is an integral domain
(i.e, zy=0 = x=0o0ry=0). We say R is a Dedekind domain if

(1) every ideal of R is finitely generated;

(2) every proper nonzero prime ideal is mazimal;
(3) R is integrally closed in its field of fraction K := Frac(R).

Our efforts so far have shown
Theorem 12.12. Let K be a number field, then Ok is a Dedekind domain.
In the next few subsections we will show

Theorem 12.13. Let R be a Dedekind domain, then every proper nonzero ideal in R can
be uniquely written as products of prime ideals.

Remark 12.14. Axiomizing Dedekind domain this way is due to Noether.
12.6. Inverse of an ideal modulo principal ideals.

Theorem 12.15. Let R be a Dedekind domain and I <R be a nonzero proper ideal. Then
there exist J AR and o € R such that I - J = ().

Definition 12.16. Let K be a number field. Then the set of nonzero ideals of Ok forms
a semigroup under multiplication of ideals. If we say I ~ J iff I = aJ for some a €
K>, and denote by Cl(Ok) the set of equivalence classes together with the multiplication
[I]-[J] :=[I-J). By Theorem 12.15, Cl(Ok) is a group, called the class group.

An important theorem, which we shall not prove, is
Theorem 12.17. Cl(Ok) is finite.
Let us go back to Theorem 12.15. The crucial lemma behind the proof is

Lemma 12.18. R is a Dedekind domain'™ with fraction field K and I is a nonzero proper
ideal of R. Then there exists © € K \ Ok such that xI C R.

Proof of Theorem 12.15 assuming Lemma 12.18. Fix oz € I and let J := {z € R |
I C (a)}. By definition I - J C (o) and we wish to show the equality holds.
First we note that I
I-JC(a) < —=CR.
@
And if the first C is strict then so is the second. But then, by Lemma 12.18, we can find

v € K \ R such that
I I-J
« o)

Note that 1 € £ and so vJ C R. But vJ - I C (&) combined with the definition of J
implies that vJ C J. Now it is time to invoke Lemma 12.4 to conclude that v is integral
over R and hence lies in R by the Dedekind property. This is a contradiction. O

12.7. Proof of Lemma 12.18. If I is principal, this is direct. In general, take axq € I,
we certainly have 1 - (o) C R. We wish to find suitable 3 € R\ (a) such that B I CR.
e

This z := é then satisfies the conclusion.
«a
To construct 3, we make use of the following

Lemma 12.19. Let R be a Dedekind ring'® and I be a nonzero ideal of R. Then I
contains a product of prime ideals.

Proof. If I is already a prime ideal, there is nothing to prove. In general, let I be a
maximal element among those proper ideals that do not contain product of primes and
we shall seek for a contradiction.

Since I is not a prime ideal, there exist z,y € R\ I such that -y € I. As I + ()
and I + (y) are both strictly larger than I, each of them must contain a product of prime
ideals. So their product

(I + (@) (I +{y) = (I*,al,yl,ay) C I

also contains a product of prime ideals. A contradiction. O

17We do not need the integrally closed assumption.
18The integrally closed assumption will not be used.
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Now go back to the proof of 12.18. By Lemma 12.19, (@) contains a product of primes.
We let k be the smallest number such that (a) contains a product of k prime ideals:

ID(a)Dp1~...~pk.

Let p be a prime ideal containing I, then p must contain (and hence be equal to) one of
pi’s. Otherwise, one takes x; € p; \ p, then their products [[z; ¢ p but [x; € p1-... - Pr,
a contradiction.

Wlog, assume p = p;. Take 8 € pa - .... - pi \ (@), which exists by the minimality of k.

Then 81 C Bp1 C («), or equivalently, — - I C R. This completes the proof.
@
12.8. Proof of Theorem 12.13. Just as the case of imaginary quadratic fields, Theorem

12.13 follows from some corollary of Theorem 12.15. We only recall some statements but
omit the proof, which is the same.

Lemma 12.20. Let R be a Dedekind domain and I, J, a be nonzero ideals of R. Then
l-a=J-a = I=J

Lemma 12.21. Let I,J be two nonzero ideals of R with I C J. Then there exists a< R
such that I = J - a.

12.9. Extension of prime ideals. Next we study the behaviors of prime ideals under
field extensions. We will treat the special case of normal finite extensions.

Definition 12.22. Let L/K be a normal finite extension of number fields. A prime ideal
q of O, is said to lie over a prime ideal p of Ok iff qN O = p. Equivalently, q appears
in the prime decomposition of p - Of,.

Lemma 12.23. Given a finite normal extension of number fields L/K. Let q,q" be two
prime ideals of O lying over some prime ideal p of Og. Then o(q) = q for some
o€ Gal(L/K).

Proof. Let

a:= H o(q), o= H o(q)

c€Gal(L/K)/~ c€Gal(L/K)/~
where Gal(L/K)/ ~ is to indicate we modulo the stabilizer of the ideal being acted on.
If the conclusion were wrong, then a would be coprime to @’ (i.e., the ideal generated
by them is the full ring). By CRT, we find « € Oy, satisfying

r=0 (moda) z=1 (modd).
Applying the Nm () map we find
Nm(z) =0 (moda) Nm(z)=1 (moda’).
But Nm (z) € Og and O Na=0Og Nd =p. So
Nm(z)=0 (modp) Nm(z)=1 (modp).
A contradiction. O

Notation 12.24. In light of the above lemma, there exist e,g € Z and distinct prime
ideals q1,...q4 such that

POL = a5l
Also, there exists f € Z such that f =[O /q; : Ok /p] for every i.

Theorem 12.25. Given a normal extension of number fields K C L and pOp, = qf-...-qg
as above. Then [L: K| =efg.

Proof. By CRT, we have
OL/pOL = 0/q;@ ... O/qy.
Then we claim that as Op-module, for any prime ideal q of O,

Or/a=q/q*=..=q"/¢" 1.

We only prove the first isomorphism, the rest can be proved similarly. Take a € q \ ¢2,

define )
Or/qa—a/q
T+ q— ax+q2
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It is quite direct to show that this is an injective morphism. To show surjectivity, note
that

We conclude from above that
#0L/pOL = (#O0x /p)T.
On the other hand,
Or D01 @ ... 0 Og.vp, @ finite
= pOr D pv1 D ... B p.vx @ finite (38)
= OL/pOL ~up to finite part’ BOK.V;/P.v; = & Ok /p
where | = [L; K]. This shows that
dimo, /p O1/pOr = [L: K| = #OL/pOr = (#O0x /p)!"].
By comparing with the above computation we finish the proof. 0

12.10. Ramified prime ideals.

Definition 12.26. Given a finite normal extension L/K of number fields and a prime
ideal p< O . We say that

ramified ife>1

. unramified ife=1
P splits completely ife=f=1
wntertial ife=g=1.

It is possible to give a criterion on when p ramifies.

Theorem 12.27. Given a finite normal'® extension L/ K of number fields, a prime ideal
p <Ok and another prime q< O above p.

p ramifies in O, at @ < q | diff(OL/Ok).

where
diff (0L /Ok) :=={a€L|a-{B€L, tryx(B-0OL) C Ok} COL}
is an ideal of Of.

There is a case when diff can be calculated more explicitly

Lemma 12.28. Let L/K be a finite normal extension of number fields. If there exists «
such that O, = Okla], then

diff (01 /Ok) = (fi(@))
where fo € Op[X] is the K-minimal polynomial of a.
A key question in algebraic number theory is
Question 12.29. How to determine the splitting behaviours of unramified prime ideals?

12.11. Discriminant. In this subsection we treat a special case of Theorem 12.27. Let
L/Q be a normal finite extension of degree I. For a Q-basis (z1,...,2;) of L, we have
defined what disc(z1, ..., 2;) is. And we also fix, in this subsection, a basis a1, ..., aq of Of,
as a Z-module.

The discriminant has an geometric analogue. An example is, consider the projection

{(xay) € R27 T = y2}
{z e R}

In terms of rings, one might think of R[z] — R[z][y/z]. We think of the projection

“ramified” at x = 0, which can be detected by g—;‘ being zero. Here we have something

similar:

Lemma 12.30. If O, = Z[a] and f is the Q-minimal polynomial of o, then disc(Or) =
1(1—1)

(=1)7= " Nm (f"(a)).

19The theorem is stated in a way that the normal assumption can be removed.
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Proof. This is a direct calculation. Our assumption O, = Z[a] implies that Op, = Z-1 ¢
Z-a®..®Z- o't Thus (list Gal(L/Q) = {01, ...,01})

disc(Op) =disc(1, a, ..., a7 1)

1 oi(@) o(@)?\?
(ifl=3)=det [ 1 o2(a) o1(a)?
o) mfo) )
=[[(oi(@) = 5(a))
i>j
=(-)" V2T (0u(@) = a5()).
i#£]
On the other hand
fl@) =]l =0i@) = f@ =Y [[-0i)
i i
— ['(or(@) = [[(ox(@) = 05(a)) = o (f(a))
J#k
Combined with Eq.(39) we have
disc(Or) = (=)™ - Nm (f'(a)) .
U
Let us also point out a relation between diff and disc.
Lemma 12.31. The absolute norm of diff(Or,) is equal to |disc(Oy,)|.
Proof. Tt can be checked from the definition that
diff(Or) - 0}, = O,
where O :={x € L | Tr(zy) € Z, Yy € Or}. Then
|01/ diff(OL)] = |OL0L/OL diff (O)| = |01 /OL|.
If (B1,..., 1) is the dual basis to (aq,...,q;) and
(011, veoy Oél) = (517 ...,ﬂl) -A
for some integral matrix A, then
disc(ay, ..., )
05 /0L = |det A = ———1 1
O/ O] | | disc(B1, ..., B1)
But
(0i(ay)) - (0(B:)) = I = disc(au,...,qq) - disc(B1, ..., [1) =1
So we are done. O

12.12. Discriminant and ramification.

Theorem 12.32. Let L/Q be a finite normal extension and p € ZT be a prime number.
Then

p ramifies in O <= p | disc(OL).

Idea of =>. The idea is: if pOp, ramifies, say, as p2. This allows us to pick xg € p\ pOp.
Then z( is a primitive vector in Op, at least at p. Therefore we can complete z( to a
basis. Then disc of this basis consists of linear combinations of o ()(z¢)0o;(x¢) which lives
in p2 = pOy. Thus it is divisible by p! O

Proof of =. Now we start the formal proof. Write pO, = p - I and assume p ramifies.
Then

I is divisible by all prime factors of pOp.
Take o € T\ pOy,, written as
a=miay + ...+ myay, m; €Z, ptmy.

Thus

disc(a, g, ..., o) = disc(myiog, as, ..., ;) = m? disc(ay, g, ..., o).
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Since p { mq, it suffices to show p | disc(a, ag,...,a;). Let me use the case | = 3 to
illustrate this:

o1(a) o1(ag) o

disc(a, ag, ..., 7)) = det | o2(a) oa(az) o1(as) oo(a) oa(as) o1(asz)
0'3(04) 0'3(&2) 0'3(043) ad(a) 03(0[2) 0'3(&3)
=Y oi(a)oj(a)- By Py €Oy

1<j
Note that o;(a)o;(a) = oi(a-0j(a)) € pOr: a € 1, oji(a) € ojs(I) C p so their product

is contained in I - p = pOy.
O

The proof of the other direction uses results in the next subsection.

Proof of <—=. Now assume

(A) p|disc(OL);

(B) pOr = p1 - ... - py factorizes into distinct prime ideals,
from which we will derive a contradiction. Roughly speaking, being unramified implies
that the symmetry is faithful when acting on things related to p. But disc(Op) = 0
(mod p) would say the objects that the Galois group could act on is limited. Contradiction
arises from this tension.

Let us start the formal proof.

Condition A = disc(Or) = det (Tr (a;r;)) =0 (mod p)
= dmy; =1,mg,....m; €7Z s.t.
mi- (Tr(craq), Tr(aias), ... Tr(aia))
+
mo (Tr(a1ar), Tr(aiasz), ... Tr(aqag))
Jr

i

my- (Tr(c‘y‘loq), Tr(ogas), ... Tr(aiqp))
0
(mod p)

As a result, if a := > m;a;, then
Tr(a-0)=0 (modp), VO0e€OL.

Note that a € pO;, = « ¢ p; for some i. Without loss of generality assume this ¢ = 1.
On the other hand, we take 8 € ps - ... - pg \ p1 and let

Dy, = {0 € Gal(L/Q), o(p1) = p1} = {p1, -, ¢r}-

be the decomposition group at p;. Since pOy, is unramified, reduction modulo pi, o — T,
induces
DPl = Gal(Fm/Fp)

An important consequence is that if A\,..., A\ € Z and
f
> Xigi(0) =0 (modpy) VOEOL, = X\ =0 (modp) Vi=1,.f  (40)
i=1

That is to say, ¢;’s are linear independent modulo p.
Let me illustrate how to get this when f = 3. By the existence of primitive element,
we find 6y such that F,, = Fj,(6). Then ¢;(6o) # ¢;(6p) whenever i # j. Thus

1 ¢1(60) ¢1(60)?
det 1 Y2 (90) »2 (90)2 7& 0.
1 3(00) ¢3(00)?

This proves Eq.(40).
Now we combine the condition A and B. For every 6 € Oy,

Tr(af-0)=0 (modp) = Tr(af-0)=0 (mod p;).
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But

Tr(af-0) = Z olaf-0)+ Z olaf-0).

o€Dy, o¢ Dy,
We note that o(3) € p; whenever o ¢ D,,. Thus
Z o(af-0)=0 (modyp;) VOeO,.
o€Dyp,
Since af ¢ p1, this implies
> o(0)=0 (modpy) V6€OL.
o€Dy,

But this contradicts against Eq.(40).

12.13. Decomposition group and Frobenius elements.

Lemma 12.33. Let L/K be a finite normal extension of number fields. Let p < Ok be
a prime ideal and q <O be a prime ideal lying above p. Then we have an extension of
finite fields Fy :== O /p — Fy == OL/q.

In the unramified case, the Galois group of finite fields is related to the global one.
Definition 12.34. Given a finite normal extension L/K of number fields, a prime ideal
p <Ok and a prime ideal q< O lying above p. The decomposition group at q is

Dy :={oceGal(L/K) |o(q) =q}.
Theorem 12.35. Notation same as in last lemma. Every o € Dg induces some o €
Gal(Fy/Fy). If p is unramified, then Dy = Gal(Fy/F,) via this map.

In the abelian case, we can lift the distinguished Frobenius in automorphism group of
finite fields to Dy.

Lemma 12.36. Let L/K be a finite abelian extension. For each unramified prime ideal
p of Ok, there exists a unique Frob, € Gal(L/K) such that for every prime ideal q above
p one has,

(1) Frob, preserves q: Frob,(q) = q;
(2) Froby(x) = xI9%/?l (mod q) for all x € O,.

Corollary 12.37. Let L/K be a finite abelian extension and p be an unramified prime
ideal of O, the following two are equivalent:

p splits completely in O, <= Frob, =1id.

13. SPLITTING OF PRIMES AND RECIPROCITY LAWS.

27
q

13.1. Cyclotomic fields. Let ¢ be a prime number and (; := e “ be a g-th root of

unity.
Theorem 13.1. f(z) := 297! + 2972 + ... + 1 is the Q-minimal polynomial of (,.

Since all roots of f are powers of ¢;, we have Q({,)/Q is a normal extension of degree
q— 1.

Lemma 13.2. For o € Gal(Q(¢,)/Q), let cyc(o) be the element in (Z/qZ)* such that

() = ¢ Then o s cyc(o) gives a canonical isomorphism Gal(Q(¢,)/Q) =
(Z/qZ)*, called the cyclotomic character.

Lemma 13.3. If K := Q[(,], then its ring of integers is Z[(,).
We need to know the whether a prime ramifies in Z[(,].
Lemma 13.4. Nm ({, — 1) =g¢.

Proof. Indeed

Nm(G-1)= [ ()-1)=r1)=q
0€Gal(Q(¢q)/Q)

Lemma 13.5. disc(Z[{,]) = (71)%(111*2_
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Proof. By last lecture
qg—1

disc(Z[¢,]) = (1) 2 Nm (f'({,))
On the other hand,

f)e-1)=27-1 = f(2)(z—-1)+ f(z) =2 = f(G) = 253_1
Hence ) ) 1
: a1 g INm(G)* I3 g0
disc(Z[¢g]) = (1) = W =(-1)7g¢q 2

Corollary 13.6. If p # q is another prime number, then p is unramified in Z[(y].

13.2. Revisit quadratic reciprocity law. For simplicity, we only prove the following
case of quadratic reciprocity law:

Theorem 13.7. Let p # q be distinct prime numbers. If p=q =1 (mod 4), then

(5)-0)
q p
Assuming (q) = 1, we want to show (p) =1 as well.

p q

Since ¢ =1 (mod 4), —1

= 1. So 2 + ¢ splits as a product of two linear functions
in (Z/pZ)[X]. Thus we have ring isomorphisms
ZIV=q) = Z[X]/(X* +q),
which implies that
ZIN=ql/pZIV—q) = Z/pZX|/(X? + q) = Z/pZ X L[pZ
is not a field. Since p { —4q = disc(Z[/—¢q]), we conclude that
PLIV—q] = p1 - p2 with p1 # pa. (41)

That is to say, p splits completely in Q[/—¢].
On the other hand p { disc(Z[{,]), so p is unramified in Z[(,]. Say

PZ[G] =1+ Py
Also, we have
Frob,(¢,) =¢f (mod p;) Vi=1,..,g.

—1
The order of Frob, is the extension degree of F},/F),, which is equal to g LI 2 g,

then

q

1 _
ord(Frob,) 5 which implies 1 Ecg(q e

= Frob{" V/2(¢,) (mod p;)

q—1

= pz =1 (modgq) = <Z) =1.
And the proof would be complete.
It only remains to explain that 2 | g is indeed true, which would follow from Eq.(41).
Let H be the unique index 2 subgroup of Gal(Q(¢,)/Q). Then K := Q(¢,) is a qua-
dratic extension of Q by Galois theory. Since every prime different from ¢ is unramified,
a calculation of discriminant shows that K must be Q(y/—¢) (note that 2 ramifies in

Q(,/q), which has discriminant 4¢q).
Now we can invoke Eq.(41) to conclude that 2 | g.

13.3. Artin’s reciprocity law: unramified case.

Definition 13.8. For K a number field, a normal extension L/ K is said to be the Hilbert
class field of K iff

(1) L/K is unramified: every prime ideals of Ok is unramified in L;

(2) L/K is abelian: Gal(L/K) is abelian;

(3) [L: K] = [COK)|-

Theorem 13.9. Let L/K be the Hilbert class field of a number field K, p < Ok be a
prime ideal and Frob, € Gal(L/K) be its Frobenius. Then the map p — Frob, induces a
group isomorphism Artr i : Cl(Ok) = Gal(L/K), called the Artin reciprocity map.
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13.4. Explicit prime factorizations.

Lemma 13.10. Let L/K be a finite normal extension and

(1) o € Op with L = K(&), and ¢ € Ok [X] is the K-minimal polynomial of a;
(2) p<a Ok is an unramified prime ideal. Let f,g € Z* be its various indices.
(3) ¢ is a positive number and ¢; € Og[X] (i=1,...,9’) is such that

P=P1 Py

is the prime factorization of ¢ in Ok [p[X].
(4) Assume that @ is separable in Ok /p[X], that is, all roots of @ in the algebraic
closure of Ok /p are all distinct.

The conclusions are

/

(a) P := (p,pi(a)) is a prime ideal in Or for eachi=1,....,9';
(b) pOL =P - ... - P, is the prime decomposition of pOr,.

Note that @ being separable is equivalent to Nmg (¢'(a)) & p.

Corollary 13.11. Assumption as above, p splits completely in L iff p(z) = 0 (mod p)
has a solution.

Proof. Write pOr, = P - ... - B, for the prime decomposition. Since L/K is normal,
p(z) = Hi’:1(x —oi(a)) where Gal(L/K) = {01, ...,01}. Modulo P, we find

l

p(a) = [[(z = oi(@) = pr(@) - .- oy () (mod 1)

=1

= pi(z) = H (x —op() Vi=1,..,4
kel;

for certain subsets U;I; = {1, ...,1}.
Thus for k € I;, pi(or(c)) € Pi. On the other hand, o;(«) # oj(«) (mod PB1) by the
separability assumption. Therefore, p;(or(a)) € P1 if k & I;. Pulling out the oy’s,

pi(a) €01 (P1) = kel
In particular
o, (P1) # o (PBr) if k, & belongs to different I]s (42)
Sog>g'.
On the other hand,
{OL D Okla] D disc(1, a, ...,al 1) Oy,
disc(1, o, ...) = =Nmg (¢'(«)) is coprime to p
= O/Pi =Oxk/pla] Vi=1,..g
Same argument shows that Or/PB1 = Ok/p[a;] for all ¢ = 1,...,], which implies that

deg(p;) = f = [Or/PB1 : Ok /p] for every i. In particular, ¢’ = g.
Now Eq.(42) can be promoted to

0. (P1) # 0 (P1) <= k, k' belongs to different I/s

In other words, for each i € {1,...,g}, {0}, k € I,} is a right coset of Dy, , from which
we conclude the existence of unique 7; € {1, ..., g} such that

pila) € B\ | By
J#Ti
This shows that

(p,i()) ¢ |J B, which implies that (p, pi(e)) = R,
J#Ti
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13.5. An example of Hilbert class field. In this subsection we set
o K:=Q(/—14) and L := Q(v/—14,v/2v2 — 1).
Tt is easy to see that L/K is a degree 4 extension. Indeed, the K-minimal polynomial
of a:=V2v2—1lis p(z) = (22 +1)2 -8 =zt + 222 - T.

Lemma 13.12. L/K is normal.

However, L/Q is not normal.
Proof. Let us list Galois conjugates of \/2\@——1 over K:
\/2\/5— 1, —\/2\/5— 1, \/—2\/5— 1, —\/—2\/5— 1.
Only needs to check \/m € L:
V2vV2-1lel = V2el = V-T€l

\/2\/5_1.\/—2\/5—1:ﬁ2> —2\/5—1:2‘77_16L.

Lemma 13.13. Gal(L/K) = Z/4Z.

Proof. Elements in Gal(L/K) are in bijection with Galois conjugates of v/2v/2 — 1. We
consider the unique o € Gal(L/K) sending V2v2 —1t0 v/=2v2 — 1. Then

/142 I
VT avaop e V=T

V=T V=T -
\/Zﬂle\/—%@—l 2v2 — 1.

This shows that 02(v/2v2 — 1) = —v/—2v2 — 1. So ¢? # id has order 4, implying that
Gal(L/K) = 7,/AZ. 0

—\/-2v2-1=

For K, we have shown

e Ok = Z[/—14] and disc(Ok) = —56 = —23 - 7;
e p#2 7 < pis unramified in K;

—14
e pA£27, <p> =1 <= p is unramified and splits in K.

—14 _
Question 13.14. Fizing a prime number p # 2,7, () =1, hence pOg =p-p for
p

some prime ideal p A Op. When is p principal?

If L is the Hilbert class field of K, then Artin’s reciprocity law implies that p principal
iff Frob, is trivial, which, by Corollary 13.11, is equivalent to ¢(z) = 0 (mod p) has a
nontrivial solution.

Lemma 13.15. L/K is an unramified extension.

Proof. We will need to decompose L/K into two quadratic extensions:

L=K(H\2v2-1)
K' = K(V2) = K(V=T)

K = Q(v=Td)

The desired conclusion would follow from that K’/K and L/K' are both unramified.
Note that for 8 € Of, (or Ok+) with minimal polynomial ¢, we have p t Nm (¢'(5)) =
p is unramified. We will construct various 8 to show all primes are unramified.

K'/K is unramified.
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Take 8 := V2, then
blr) = 2% =2 = ¢'(V2) =2v3 = Nm (¢/(v2)) = 5.

So pt2 = p unramified.
Take £ := H'Tﬁ, we get

Ba) =2~z +2 = &

1+2ﬁ):2'1+;ﬁ_1:ﬁ

= Nm (qb’(H—;/j?) =-T7.

So pt7 = p unramified.
L/K' is unramified.

2v/2 -1 —2v2 -1
Take (8 := \/ V2 +2\/ V2 . Its trace is 0 and norm is 17\2/777. So its minimal

, 1—v=7

polynomial over K’ is ¢(x) = 2% — 5

#(8) = V2vE -1+ =221 = Nm(¢/(8)) =20 - V)

So primes not above 2 are unramified.

V24+14+v2v2 -1
Take 8 := 3
1. So ¢p(z) = 2% — (V2 + )z + 1.

s =2 YELEVIR L (s
= Nmg/(¢/(8)) = —(2v2 = 1) = Nmg(¢/(8)) = —T.

So primes not above 7 are unramified.

1
. Its trace is v/2+1 and norm is 1 (V2+1)2—(2v2-1)) =

O
We knew that C1(Ok) = Cl(Z[/—14]) = Cl(—4 - 14).
Lemma 13.16. #Cl(—4-14) =4.
Proof. Tt suffices to list all positive definite reduced forms of discriminant —56:
z? + 1492, 222 + Ty?, 3% + 22y + 5y
O
Summarizing efforts made:
Lemma 13.17. L is the Hilbert class field of K.
13.6. Primes of the form 2?2 + 1432.
Theorem 13.18. Assume p # 2,7 is a prime number.
p=x?+14y> Jz,yeZ < p=1,3,509,13,15,19,23,25,27,39,45 (mod 56);
2t +2:2—7=0 (modp) has a solution.
Proof.
p=2%+14y?> < In K, p splits into two different principal ideals : pOx =p-p
<= In K, p splits as p - p and p splits completely in L
= <14) =1, Frob, =id
b
— (;}4) =1, 2*+2:2—7=0 (mod p) has a solution.
It remains to calculate (_;4> and note that Ok /p = Z/pZ. g

13.7. Existence of Hilbert class field.

Theorem 13.19. Let K be a number field. There exists a unique Hilbert class field for
K.
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