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NoTrAaTION
1. LECTURE 3, HAUSDORFF DIMENSION OF BAD

Reference: See [Mat95] for more on Hausdorff dimensions. The main result in this
lecture follows [KM96]. Lemma 1.3 is taken from [McM87].

1.1. Prelude. When a set has Lebesgue measure zero, there is a more refined way of
measuring its size: Hausdorfl dimension. A Lebesgue-null subset of [0,1) could have
dimension from 0 to 1. The classical Cantor’s middle third set has Hausdorff dimension
}gig. In this lecture we will show that the set of badly approximable numbers, which is
small in terms of Lebesgue measure, is big in terms of Hausdorff dimension. Its Hausdorff
dimension is equal to 1, proved by Jarnik. We are going to follow the proof by Kleinbock—
Margulis, using the mixing property of geodesic flow to construct a Cantor-like set in
BAD with large Hausdorff dimension.

1.2. Hausdorff dimension. Let £ C [0,1). For s > 0 and £ > 0, define

H: = inf {Z diam(7;)®

For s > 0, define

EC U I; countable union of intervals, diam(I;) < e, Vi} .

H(E) = g% HI(E).

Note that such a limit indeed exists (possibly +o0) since HE(E) is non-decreasing as &
decreases to 0.
The Hausdorff dimension is defined by

dimy(E) :=inf {s > 0 | H*(E) = 0}. (1)
If non-empty (otws, dimg(FE) = 0.), then one can directly check that
dimy(E) :=sup{s >0 | H’(E) = o0}.
From the definition, one sees that

Lemma 1.1. Let a € [0,1] and E be a subset of [0,1). If there exist C,e > 0 such
that for every covering of E by countably many intervals (I;) with diam(1;) < e, one has
> diam(I;)* > C, then dimg(E) > a.

The main goal of this lecture is to prove that

Theorem 1.2. The Hausdorff dimension of BAD is equal to 1.

1 Email: zhangrunlinmath@outlook.com.
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1.3. Lower bound of Hausdorff dimension. For N € Z*, let .#y denote the collection

of intervals
i 1+1
==, — ,=0,1,.... N —1,.
f]N {[Na N )‘Z 077 ) }

Lemma 1.3. Fiz N € Z* and § € (0,1). Suppose that for each k € 7, we have a subset
& of Iy (by default, also set & = {[0,1)}) satisfying
(1) for every k € ZT and E € & there exists E' € &;_1 containing E;
(2) for every k € Z+ and E € &1,
# {F € & | F C E}

>1-—0.
N > 1)

Let Eoo = ozt Upes, E- Then

log((1 = 8)™").

di Ex)>1-
i (Foo) 2 log N

Here is a picture of Cantor like sets...

1.4. Convergence of measures. We claim that the “natural” probability measures

supported on Ugcg, E converges as k — -+oo under the weaks topology'. By Riesz’s

representation theorem (See Rudin’s book, real and complex analysis, Theorem 2.14.), we

may and do specify a measure by integrating compactly supported continuous functions.
Let f be a continuous function on [O 1], define

Li(f) := Z x)dx.
#gl E.c&

So this is integrating f against the normalized probability measure supported on | | e E.
Then one “refines” this measure by

2
! Z#{Ezefg,Echl} Y. N[ fla)dx

L pea Eo€&, EoCEy Eo

In general, for E € &y, let
bi41(E) :={F € &y+1 | F C E}.

Also, given k € Z* and E € &, define

E=FEcE1c..cE'CcE":=][0,1) (2)
by requiring F;_; to be the unique element in &;_1 containing F; € &; fori =k, k—1,...,1.
Further define the weight for E by

1
HE(EF ) - HEA(EF D) - #E(EY) - #E
Now for general k € Z1, a positive linear functional Ly, is defined for f € C[0, 1] by

ZWENk/f

Ecé&y,

WEg =

Using the fact that f’s are uniformly continuous, one can check that

1A sequence of measures (un) converges to p under the weak+ topology iff J f(z) pn(x) converges
to [ f(z) u(z) for every continuous function f on [0,1].

2For a topological space X, let C(X) denote the Banach space of continuous functions on X equipped
with the sup-norm.
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Lemma 1.4. For every f € C[0,1], the limit Loo(f) := limg_yo0o Li(f) exists and f —
Loo(f) is a bounded positive linear functional on C[0, 1] mapping the constant one function
to 1. Consequently, there exists a probability measure p such that L (f) = fol f@)p(x).

We reserve p for such a measure till the end of the proof of Lemma 1.3.

1.5. Proof of Lemma 1.3. For E € &, find E =: E* c E¥-' c ... c E' Cc E’ :=[0,1)
as in Equa.(2). Then u(E) = wg. By assumption, each #¢&;(E*~!) > (1—§)N. Therefore,
1
By ———.
Fix a covering of E C |JI; by countably many intervals. For each 4, let k; be the
unique positive integer such that

Let &, (I;) collects intervals E in &, with E N I; # (. We note that
Lemma 1.5. #&,(I;) < 2.

On the other hand, for E € &, (I;) and « € [0,1],

u(E) < = 5)]151\;1%“ < q Jgil;f?k(ﬂ)(la) = 5)}1_(1)& N diam(I;)?,
which is < N® diam(I;)® provided (1 — §)N'=% > 1, or equivalently,
log((1-0)")

log N '
Therefore, for a satisfying the inequality above,

L=p(B) <> )<Y D uE)< 22 - N® diam(I;)®

i BEE&, (1) 2
1
Z lam( ) - QNa
As 0.5N~ is a positive constant independent of the covering (I;) chosen, this completes
the proof of Lemma 1.3 by Lemma 1.1.

<1

1.6. A remark. One could have rewritten the above proof into two steps (let a < 1 —

log((1—8)~ ") ):
log N .

(1) Construct a probability measure p on Eo, with the property that for some C' > 0,
for every r small enough, u((z —r,x 4+ r)) < Cr® holds for p almost all x;

(2) Show that whenever a set has positive y-measure, it must has Hausdorff dimension
at least a.

It turns out that the second step has a converse to it. Namely, if a set E has Hausdorff
dimension > «, then one can find a probability measure p supported on E (meaning,
#(E) = 1) such that for some C' > 0, for every r small enough, p((x —r,x +r)) < Cr®
holds for p almost all . This is called the Frostman Lemma.

1.7. Construct Cantor-like sets in BAD. We give a construction of (&%), whose
intersections F,, lies inside BAD. For this we start with a positive integer N and a

compact subset € of X5. Define ¢’ := u?’_1 1].%.

For z € X5 and I = [ay,br) € Sy, define

¢1(2) = ay oy NG, T = { NE 0 , } { é alj ] .
Hence
ay logNu}r.a: = u[JBJ).qS[(x).
For x € X5, define a subset .#,(Good) C £n by
I € 7,(Good) <= ay g NUT - Z NG # ) — ufal).m(x) NeE #0.
Thus ¢r(z) € € if I € #,(Good).



1.7.1. Initial steps. Let xg := Z?, we define & = &, (Good).
Let

72 (Good) := {(11,12) ‘ I € 4,,(Good), I € 7, (ZO)(Good)}

For an interval I = [as,br), let o be the unique (orientation-preserving) affine transfor-
mation sending [0,1) to [ar, br), namely,

or: [0,1) — 1= [a[,b])
t s tar + (1 —t)by.

Define

602 = {0’]1 (_[2) | (Il,IQ) c szo(GOOd)} .
4
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&_L( ).LL> @1 (GOOJ: )(o)
= ¥ Se¢ G"QL\

it T T ot
hoUSXO € u[o,l] X'L]L Q ‘/{LO,Q_]€

ho Us Xo € Um,q Ty < u&)ﬂE

1.7.2. In general.... Given a finite sequence I := (I3, I, ..., ;) of elements in Zy, for
ie{l,.., k}, let
zh = ¢ 005, 0...0¢r (x0).

By default, set xf, := zo. Define, for k € Z*,

JF (Good) := {]I = (I, ..., Ip)

Ii € 4, (Good), Vi= 1,...,N} :
and
& ={op 0..oon  (I) | (I1, ... I) € FF (Good)} .

Lemma 1.6. Given N € Z% and a compact subset € of Xo. The family of sets (&%)
constructed above satisfy condition (1) in Lemma 1.3. And Eo = N2, Uges, E is
contained in BAD.

Proof. The first part follows from the construction. Turn to the second part. By defini-
tion, for s € & associated with I = (I, ..., I}), and for each i =1, .., k, x]i is contained in

% . Also, ai% log v U3 @0 C Uy jj.x;. Thus a’% og yUs %0 € €.
Now take s € E., we have seen that a% logNu;*‘.:ro C €' for every k € ZT. Thus
2
asoul.zg C (0,1 log N].% " is bounded. By Dani correspondence, s is badly approximable.

O

Note that actually BAD can be written as a countable union of such F.’s. And we
need to choose N, % such that condition (2) from Lemma 1.3 holds for ¢ fixed but N
tends to infinity.

1.8. Consequence of mixing. Recall from lecture 2.5 we have
Theorem 1.7. Fiz yg € Xa, g9 € (0,1) and a compact subset € of Xo. There exist
5, T >0 and M € 27 such that for every x € € and T' > T,
0.5
/ IByO(EO)(aT/u;r.x) dt > 6.
0.5

Fix some yo € X2 and ¢ € (0,1). Let 65 := u?’_g 3-Byo(€0). By Theorem 1.7, we find

6o > 0, Ty > 0 such that for every T' > Tj) and x € 63,
Leb {t € [-0.5,0.5] | apu; .z € By,(g0)} > do.
5
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For x € 65 := u[‘i2’2] .m, apply the above to ud .z € 3 , we get
Leb {t € [0,1] | aru; .z € By, (o)} > b0, VT >T. (3)
Apply the Cantor-like set construction to N with %log(N) > Ty and € = 61 =
u[tm].By0 (€0). For simplicity write hy := a1 j45(n)-
Take E € &}, we need to bound
#{F € &1 | FCE}
N

from below. Recall that E is of the form o7, o...0 o7, _, (I}) for some I = (I;)¥_, C Z.
And if I; = [a;, b;), we have defined

1 > l‘]}C = hNu;rk.x],Ig_l =..= (thl;_k) . (h’Nu;—k71) et (thl;_l).l‘o

where 2o = Z? is the identity coset. Moreover, we have a bijection
J (Good) = {F € &340 | F C E}
I'—opo0..00p(]).
Recall an interval I = [ar,br) € Sy is contained in .7 (Good) iff hyul .z € €. As
I'¢ 7, (Good) = hyuf .z, ¢ 6
= u[J(r)’l]h]\;u;LI.x],IC N By, (c0) =0

<= hyuj.z}, N By, (g0) = 0.

Thus,
#.7.1 (Good
Leb {t € [0,1] | aru/ @ ¢ By, (o)} >1— #
Combined with Equa.(3) (note that log(N) > Tp),
#.7,1 (Good)
1—9p>1— #
#{F € &1 | FCE}  #Iu(Good)
== N = N > do.
By Lemma 1.3 and Lemma 1.6, we have
: : log(d; ')
BAD) > E)>1— 8% J
dim g ( ) > dimy(Ey) > Tog(N)

Letting N — +o00, we get
dimy (BAD) > 1.

Remark 1.8. You can also show that dimp(FEw) is strictly smaller than 1.
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